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PREFACE. 

The importance of Graphics in modem mathematical training, 
and its numerous uses in practical work, render unnecessary 
any excuse for the publication of an elementary account of 
some of its applications, provided these applications are chosen 
with discretion and treated with clearness. 

The author is hopeful that competent judges will consider 
that the present book fulfils these requirements. It has not 
been written with a view to any particular examination ; but the 
easier parts will be found to meet the needs of secondary schools 
and of candidates in military and naval examinations; while 
students in technical colleges and candidates in the examinations 
of the University of London will, it is believed, find most of 
the chapters of definite use to them. 

All sections and exercises marked with an asterisk should be 
omitted in a first reading of the volume; students who wish 
further to curtail the course of work will find an easy First 
Course mapped out on page ix. 

Special attention is directed to the large number of concrete 
examples, worked out in detail, which are supphed in the 
various chapters. It is essential that the student should himself 
work out the graphical constructions according to the instruc- 
tions given, and afterwards compare his results with those 
obtainable by measurement of the figures in the text. To 
avoid the tendency to produce very small figures, which 
characterise the work of almost all students, the instructions 
supplied will be found to determine large drawings in nearly 
all cases. An endeavour should be made so to construct the 
diagrams that all lengths are correct to at least three numerical 
figures ; it is hoped that this degree of accuracy has been attained 
in the answers given at the end of the book. Owing to slight, 
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perhaps very slight, errors in construction the final result, 
obtained by measurement, will often be slightly incorrect in 
the third figure. 

The student is strongly urged not to confine himself to 
graphical methods only in statics and mensuration. The 
employment of calculation and graphics may be likened to 
the USB of our two hands ; no matter bow highly developed 
one instrument may be, much more can be done with the two 
conjointly than with one alone. Of necessity, in this book 
analytical methods and calculations are only incidentally 
touched upon, but students with a knowledge of Trigonometry 
will see that even roughly drawn vector polygons can easily 
be used for purposes of calculation. 

This opportunity is gladly taken to acknowledge a debt 
of gratitude to Prof. Henrici, F.R S., of the Central Technical 
College, London to whom the author's first knowledge of the 
true value of Graphics is due. His teaching showed Statics 
and Dynamics not merely as a branch of somewhat unsatisfying 
Mathematics, but as a real and interesting subject with important 
applications. Those acquainted with Prof. Henrici's work and 
lectures will appreciate the author's obligation to him. 

Thanks are also due to Mr. R F. Witchell of the Central 
Technical and Goldsmiths' Colleges for reading most of the 
proof sheets, suggesting improvements, and correcting some of 
the answers ; to Prof. R. A, Gregory and Mr. A. T, Simmons 
for their unsparing trouble during the preparation of the MSS, 
and while the book was passing through the press ; and finally 
to the Senate of the University of London and the Controller of 
H.M. Stationery Office for pennission to make use of problems 
set in various University, Civil Service, Naval, Military, and 
Board of Education examinations. The source of each such 
problem, and the date when subsequent to 1902, has been 
given after the question. 

G. C. TUHNER. 

SiDCUP, November, 1907. 
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INSTEUCTIONS TO THE STUDENT. 

Fob the ooustruction of the figures required in this book & set square 
with a 3-incl\ aide is useleea. The aide of the 45° set square shoald be at 
least 6 or 7 inohea. 

The Btondard scale used should be flat on one side and bevelled on 
the other and the scale divisions should reaoh to the edge. One edge 
should be divided into fiftieths of an inch and the other into millimetres 
or half- millimetres. Scales of this description can be obtained from 
Mesara. Aston A Mander, Old Compttin Street, London, W., and other 
makers, at Is. 6d. each. 

An angle is best set off or measured by means of its tangent or by a 
scale of chorda. If a protractor is used it should be a large semioiroular 
one of transparent material. 

Hard chisel -pointed pencils should be used for all the construotions. 
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Ch. VIII., pp. 284-303. 

Ch. XI., pp. 364-307. 



GRAPHICAL ARITHMETIC. 

Scalar Quantities. In Mechanics and Physics, quantities 
such aa numbers, volumes, mosses, time, temperature, dis- 
placement, velocity and force are dealt with. Some of these 
quantities are related to direction in space and cannot be defined 
without reference to direction, others have no auch relation to 
space. 

Mass, time, temperature, volume and number are examples 
of quantities which are completely given when we know the 
kind of quantity and how much there is of it ; they are called 
Scalar Quantities. 

To specify the amount needs reference to some unit, a gramme, 
a degree centigrade, a cubic centimetre, the number 1..., so 
that Scalar Quantities are specified by giving 

(1) the unit quantity, (2) the number of unit^. 

Vector Quantities. Those quantities which require for their 
specification some reference to direction in space are called 
Vector QoantitieB. Examples of these are displacement, velo- 
city, acceleration, force, — 

An hour differs from a minute only in amount, but the 
pull of the earth on a book differs from the pull of a locomotive 
on a train not only in amount but also in direction. 

Time is a scalar quantity and force a vector quantity. 

Qaantities to Scale. The word scalax is used because these 
quantities can be graphically represented to scale by lengths 
(Latin sealae — a ladder — divided into equal parts by the rungs). 

Thus, if we agree to represent unity by a length of 3 cms. then 
the number 3 would be represented by a line 9 cms. long, and a 
line of length lOo cms. would represent the number 3-5. 
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In all oases of the ropresentation of physical quantities by 
lengths, the scale of the representation, i.e. the length repre- 
senting the unit quantity, must be given either directly or by 
implioatiion. 

Masses to Scale. 

Example. To cmslmd a scaie of masses so that the mass 
ccnrespOTiding lo any length, and the length eorre^wnding to any 
mass, can be read off ai once. 

The given line u (Fig. 1) represents 1 lb. mass. Transfer this 
length to your drawing paper, by pricking through with needle 
points or by the aid of dividers (having fine adjustment), and 
mark the end points (left) and 1 (right). Mark off on this 
line produced, lengths giving 2, 3, 4, ... 10 lbs., as follows: 

In the figure 0\ is (intentionally) not the same length as u. 

(i) With dividers accurately adjusted to the length m, and with 
the right-hand point &a centre (marked 1 in figure) describe a 



Bemicircle clockwise, pricking a slight mark at the point (marked 
2 in figure) where the semicircle cuts the line. With 2 as 
centre describe a semicircle contraclockwise, pricking through 
at 3, and so on by alternate clock- and contraclockwise half 
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revolutions, pricking through points 4, 5,,.. 10. With a properly 
adjusted straight edge and set square draw fine sharp, short 
lines perpendicular to 01 through the points marked. 

(ii) Draw a straight line through making some angle 
between 20° and 60° with 01, and mark off from inches 
1', 2', 3', ... 10' along it. 

Adjust a straight edge and set square with one edge of the 
latter passing through 1 and 1', so that when the set square 
is moved parallel to itself along the straight edge to 10' it 
still intersects 01 produced. Mark the points on 01 produced 
when the set square passes through 2', 3', ... 10' by short, sharp, 
fine lines. 

These point* so determined should coincide with the pointe 
already marked on 01 produced ; why ? 

We have now 01 representing 1 lb. mass, and 07 a mass of 
7 lbs., etc. 

(iii) To obtain, by method (ii), the division marks perpendicular 
to 01. 

Draw a fresh straight line and mark off 01 = m on it. Place 
the inch scale and set square so that 1' 1 is perpendicular to 01 
when the scale edge passes through 0, and mark off the points 
2, 3, ...ashefore. 

E3CAMPLE. To find the length which represeiUs 3-7 Ihs. 

(a) With a scale, adjusted at as before, mark the point 
S-?" from along the scale, and with set square adjusted at 
this poiut parallel to 3 3', mark a point on 01 produced 3'7, 
then the length from to 3-7 represents 3'7 lbs. 

(4) Produce 10 and I'O backwards through 0, and with an 
inch scale mark tenths of inches along the latter up to I inch, 
and from these points draw parallels to 3 3' cutting 01 produced 
in points marked 0-1, 0-2, 03, ... 0'9. ' Then the distance 
between 0-7 and 3 represents 3'7 lbs. 

The final result in (b) is a scale of masses from which the 
length corresponding to any mass between and 11 lbs. or the 
mass corresponding to any length may he found. 
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(3) On a plan of a, houae i inch represents 3 feet. Draw a acale giving 
feet and J feet. What length represents 7 ft. 6 in, , and what length is 
represented b; 3'2iiiB., and D; the line a! 



(4) The areas of certain fields are represented by lengths to the scaie 
of 6 cms, to an acre. Draw a scale giving 1 to 5 acres, tenths of an acre 
and hundredths of an aore. Read off from your aoalo the area represented 
by 17'3 cms. and the lei^th whiob repreaenta 4'26 acres. 

Addition. 

Example. The lines a, b, o, d, represent numbers tn the scaie of 
J cm inch to unity. Find the sum of the numbers. 



Take a strip of paper with a straight edge and apply in turn to 
the lines, marking with a line sharp line the beginnings and ends 
of the segments ao that the segment Oj4 is equal to a, AB is 
equal to b and so on. 

The edge, then, is marked OABCD as in Fig. 5. 

In Fig. 5, OD is one-half the true length. 



Measure OD in half inches (or in inches and multiply mentally 
by 2), this number of half inches is the required sum. 
Notice that the order of addition is immaterial. 

{5) A scale pan is suspended frum the hook of a. spring balance, and it is 
loaded with small shut. The shot in put in hy means of a small eooop. 
The weight of shot added each time is given by the linea a, b, c, d, e, and 
the line u represents 1 oz. 



Find graphically the reading of the spring balance at each addition to 
the load. 

(Add the lengths aa above and then draw the u scale along the straight 



(7J What is the peri- 
meter of the room uf which 
the accompanying figure is 
the plaD, drawn to a scale 
of06"tollft. 



T_ 



Subtraction. 

Example. The Urns a, b, c, d, (Fig. 9) represent numbers to the 
scale of 1'5 cms. to vmly. Find the difference betu'een ike second 
number and the sum of the rest. 

Add the lengths a + c + d as before and obtain OD on the 
straight edge, cut off from D to the left DB=b, then OB is 



the length representing the required number. (In Fig. 9, 
0^, ... are half their true lengths.) Eead off the length of 
OB on the 1'5 cm, scale. 



Notice that since addition is performed as a continuous process 
by adding lengths from left to right, subtraction must be 
performed by setting off distances from right to left, if we wish 
to measure our result from 0. 

Example. Required the number equal (o the sum of Oie Jirst and 
third numbers minvs the mm of the second and fourth. 

Mark, as before, on a straight edge, OA=a, AC=e., then to 
the left, CD^d and DB = b. The point B comes to the left of 

BO A C 

Fia. la 

the starting point (the origin), and the length OB, measured 
to the left instead of the right, corresponds to the fact that the 
required difference is negative. Measure OB on the proper 
scale and prefix a negative sign to the number. 

If distances to the right of represent positive nnmheis, 
distances to the left mnst represent neeative nnmbers. 

Scale of Numbers. Such a line as BODAC (Fig. 10) when 
produced both ways represents numbers to the scale of 1'5 cms, 
to unity. Every distance to the right of represents some 
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definite positive number, every distance to the left represents 
some definite negative number ; conversely, to every number 
corresponds a definite point in the line. 

, the Boale 



(9) Find tlie algebraic sum corresponding to a + 6- e+d. 

(10) Find the algebraic sum corresponding toa-b- c-d, 

(11) Shew by actual measurement that 

and that a-b-c-d= -6-c+a-d. 

Similar Triangles. The construction on page 3 depended 
for ite validity on a property of similar triangles, viz. the ratios 
of the Bides, taken in order, aboat the equal angles are equal. 

For triangles we can always ensure similarity by making them 
equiangular. Generally, one figure is similar to another when 
it is a copy of the second drawn to the same or a different 
scale (in the first case the figures are congruent, i.e. identically 
equal). 

(12) Draw any triangle ABO and by the aid of the rieht angle of a set 
square and a straight edge conatruot another triangle A^,C,, whose sides 
are perpendicular to those of the llrst. Scale the sides and calculate the 
ratios AB^ BO CA_ 

A^Bi B^ OjAi 

(13) By aid of the 30° set square oonstmot ^iSjO. such that A^B, is 
turned oloekwiao through 30° from AB. and so on for the other sides. 
Verify again that the triangles are similar. 

A property of similar triangles often useful in graphical work 
is that the ratio of thoir altitudes is equal to that of their bases. 

(14) Verify this fact for the triangles drawn in the last exercise. 
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The graphical con'atructions for multiplicatioii, diviBion, et«., 
depend on these properties of Bimilar triaagles. It should be . 
borne in mind that if the only object is to obtain the product^ 
quotient, root, or power of numbers, the graphical conetructione 
are but poor substitutes for abridged arithmetic, the slide rule 
and logarithms ; it is only when in the course of other graphical 
work it is found necessary to obtain, say, the product of two 
numbers represented by lengths that the full advantage of the 
methods becomes apparent. 

Notation. To avoid circumlocutions and the constant repeti- 
tion of 'the number represented by the length,' it is convenient 
to use small letters a, b, c, ... for the lengths of lines, the numbers 
represented by tbeae lines being denoted by the corresponding 

capitals A, B,C, When the lengths a, b, ... are set off from 

an origin or U, they will be lettered OA, OB,... or UA, U£,.... 
The line representing unity is designated by u, unless some 
measure in inches or centimetres is given. 

Multiplication. 

Example. The UngSa a (5-98 cms.) and b (8-84 cms.) r^esmt 
numbers to the scale \'5" to unity. Find, fi) the length mhich gives 
the product of Ihe nurrOiers, (ii) the product itself. 

(i) Draw any two intersecting lines (Fig. 12). From the point 
of intersection set off Of/— 1 -5" and OB = b along one, and on 
the other set off OA = a. Place a set square along AU and 
move it parallel to itself until it passes through B, mark C 
on OA where the set square cuts it. 

00 is the required length, measure it by setting off the u scale 
along OC and obtain the product. 



"DLn 
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(ii) The conBtruetion given involves the transfer of lengths 
from the given to the drawn intersecting lines. If the lines 
a and b be already on the drawing paper this can be avoided. 



From one extremity of a draw i* perpendicular to a (Fig. 13), 
From one extremity of b draw a line c perpendicular to b, and 
from the other a line perpendicular to the hypotenuse of the first 
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right angle constructed. Then two similar triangles have been 
drawn, the aides of the one being perpendicular to those of the 
other. 

Construct the w scale along c and measure e on that scale ; it 
gives the product required. 

Proof From Fig. 13 | = ?, or ^ = j, and .-. C=A.B. 

If the lines a and b are not parallel, draw u at one end of a 
parallel to I, and complete the triangle; then from the extremities 
of b draw tines parallel to a and to the third side of the first 
triangle. 



The two triangles are similar (since they are drawn equi- 
mgular) and the line c giving the product is parallel to a. 

For ~~y '*'" "^ ~ ""• ^"'^ A .B=C. 

Measure c on the « scale and compare with the previous 



(16) Draw two lines ot lengths 7'2 and .I'S ems. Let these repreaert 
numbers to the Boale of O'T" to unity. Find the product by the methods 
given. If unity be represented by I'l", find the product of the now 
iiambera represented by the old lengths "2 and 3 9 oma. 



Multiplication on Squared Paper. 
ExAMprj:. // u = 2', a =■ 8-38 cms., b = 6- 



i crm.,find tkeprod^tct 



Take a sheet of ordinary squared paper (inches and tenths). 
Mark off as indicated in Fig. 15, OA=a, OU=u, and VB = b. 
Join OB and produce. Read off at once by the aid of the ruled 
lines the length oi AO {AC being parallel to VB) on the 2 inch 
scale; it measures the product of A and B. 
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The side of each small square represents the number 0-05. 
With a little practice a fifth of this, or the number 001, can be 
estimated by the eye. To render the figure clearer in ita 
reduced size, the side of the smallest square shewn represeiit» 
0-1 and not 0-05. 
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Mark the pointe on OA and OA produced corresponding to 
the numbers, 0-5, 1, 1-5, 2, 2-5, 3, 3-5 and 4, and to - 1 and - 2, 
On the line through perpendicular to OA mark off the 
pointe corresponding to the same numbers. 

This method is exceedingly convenient when more than one 
number haa to be multiplied by the same factor. Any other 
number being given by a length a^, we set off OA^ = a^, and then 
read off the length of the corresponding perpendicular AjC^, 
which is the product A^ x B. 

(17) Bead off the produota of fi a,nd 27, 3-1 and 0-6. 

(18) What number is represented by b! Read off the products of this 
number and 1 '4, 2'3, 2'3S and compare the resolta with those obtained by 
oatual multiplication. 

(19) Multiply graphicaUy 1 "75 by 1 "16, 235, 4-e4, 3-88 and 6-26, uaing it 
Boale of 2" to nnity. 

(20) Multiply graphically 0'18 by 6'6, 2-4, 7'S, 6-9, using a scale of 
1" to unity horizontally, and 10" to unity vertioally. R«ad the produote off 
on the vertioaJ Boale. 

Equation to a Straight Line. Let any distance 03f along 
the line OA (Fig. 15) be x, and the corresponding perpendicular 
distance PM be y. Then, wherever M may be along OA or OA 
produced, « 6 , 

- = - always 

= 1-34 

= tangent of the angle OP makes with OM 
(called the slope of the line). 

The equation y = I ■34a: is called the equation to the straight line 
OP. X and y are called the coordinates of the point P, and the 
lines OA and its perpendicular through (lettered Ox and Ot/ in 
Fig. 15) are called the axes of coordinates. FM or y is called the 
ordinate, OM or x the abscissa of the point P. is the origin. 

The straight line is called the graph of the corresponding 
equation y=r34a^ and any number of points on it could have 
been obtained by giving x values 1, 2, 3, ... , and calculating the 
corresponding values of y and marking* the points having these 

'The points should be marked with a x, the two limbs of which must be Gue 
and sharp and intersect at the point. 
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coordinates, or at once by drawing a straight line through 
at a slope = r34. 

Tate any point A^ on OJ produced to the left, then OA^ 
repreaenta a negative number (A^). Read off what this number 
is. Produce OB backwards through the origin and read off the 
length on the 2" scale of the perpendicular line A2C2. This 
number is the product BxA^. How does the figure shew that 
the product is negative ? 

(21) Find the product ot B and -0-8, - TS, -2-3. 



Since distances upwards along Oy represent positive numbers, 
distances downwards along Oy produced must be considered 
negative. 

Note also that since — = -. the equation -= 1-34 represents 

the line POC^ produced indefinitely both ways. 
t23) Draw the straight lines whose ef^uations ore 



g=0-Sa! 
y=01a! 
i.e. draw linea through the origin the tangent of whose luigles with the 
axis of ir are 3, 1,.... 

(24) In the third equation of the Uat exercise suppose x to have valaea 
-2, - 1, 0, 1. 2, 3, in turn ; oaloulate the corresponding values of y, and 
shew that the points having these numbers as coordinates lie on Che hue 
dlreadj drawn. 

Notice that i/ = 0-lx, j^ = 0-013:, y = 0-001/, y = 000012 are 
successively nearer to the axis of r^ and hence y — O.x or y = 
must be the axis Ox itself. Similarly a = must be the axis of y. 
(26) l^e lines a and b represent numbers to the aoale » to unity. 



(20) Find the product by method {■). 

, find the product of 

Different Scales. It is not necesBary to use the same scale 
horizontally and vertically. Suppose we wish to multiply 0'27 
by 6'6; it would be better to represent the first number to a 
scale 10 inches to unity, and the latter to a scale 1 inch to unity, 
than ta take the same scale and have lines differing greatly in 
length. If the vertical scale be chosen as 10" to unity, then 
the product must be read on that scale, for 
CA_OJ 
BU~OU' 
and if OA and OU he measured on the same scale bo must CA 
and£fr. 

Perform this multiplication graphically ; mark points U where 
0U= r, and A where OA = 6-6" j set up, perpendicular to OA, 
UB=2'T', i.e. 0-27 of ten inches ; join OB and produce and read 
off on the ten inch scale the length of AC. 

(28) Multiply 0-037 by 8-1, 7-3, 50, 3-9 and 10-3. 

Bivision. If C=A.S then y^~r'' *"'^' therefore, to iind 

our construction for multiplication. 

Example, a artd b represent nwnAers to (he scale 2 cms. to wnity. 
Find the line Tepresenting the guotteni = and ihe wumber itself. 
a = 3-92", b = l-3r. 

Notice that if we do not wish to find the line representing the 
quotient, but only the number itself, we may take any length 
whatsoever to represent unity. This follows from the fact that 

r = .^ whatever the scale may be. 

(i) Draw any two intersecting lines (Tig. 17), from the point 
of intersection set off 0(7=2 cms. along one, and OA = a and 



OB = b along the other. Mark the point C on OU produced 

where the line through A 

parallel bo BU cuts it. Then 

OC is the required length c ; 

read the length on the 2 cm. 

scale and the required quotient 

2-93 is obtained. 



(ii) Draw w (Fig. 18) perpendicular to 6 at ite extremity. On 
a construct a triangle similar to the one on b having its sides 




parallel to those of the first. 
Then c being the side corre- 
sponding to tt we have 

a b . A £ ^ A 
- = -, t.e. -p! = — or C=^. 
c M 6' 1 £ 

(iii) On squared paper 

(ram.) take two axea at right 

angles. Set off 0/7= 2 cms. 

(Fig. 19) and 0£ = b along 

the axia Oz {the axis of x), 

BA = a parallel to the axis 

Oy (the axis of y). Finally, 

UC, perpendicular to Ox, 

cutting OA in G, is the 

length representing the 

quotient. Read this length 

off on the 2 cm. scale and 

obtain the quotient C. 

(29) Using squared paper find 
the quotient correaponding to 

J i .-d f (Fig. 201, 

where 5 onis. representa unity. 

(30) Find by aid of squared 
paper the quotients of 5-6, 4-7, 
2-8. \% -2-6 and -1-5 by 2 6. 
(The negative q'b must he set off 
downwards. ) 

(.SI) What are the equations C 
to the sloping lines used in the 
two previous exercises ? 



GRAPHICS. 
) Find by method (ir) the quotient representing ^ where u reprcaents 



Fia. 21, 

onity. Change the length of » to 2" and 
Bee that the quotrient is the same, bnt 
that the line representing it ie altered. 
{33) Find by direct graphical con- 
struction the quotienta of 28, 5-T, iS, 
3-7, -21 and -1-8 by -33. 

Combined Hultiplication 
and Division. 

Example, a, b awi c represent 
three numbers and u represents 
unity. Find Ike line which 

' — and the number , 



itself. 
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(i) Draw two intersecting linea and set off along one OU=u 
(Fig. 22), OA = a, and along the other OB = b and OC=c. Mark 
the point D on OA where BD, parallel to AC, cuts it, then OD is 
the required length. 

ODOB_^ „_J.B 



Proof. 



OA 00 



and D = 



Construct the m scale along OD and read off the number D. 

(ii) Multiply the ratio — by a set of numbers B-,, B^, B^, ... , 
unity being represented by 0'5 Inches. 

On squared paper mark two axes Ox and Oy (Fig. 23) ; set off 
along Ox 



X the distance c and draw CA = a parallel to Oy. 


- — ' I'l' 1 1 




' 


T -r- i"" 
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^_^_:fc^ 


— -^ 


y 


/ ! 


lyi -, 




Z__^^_ 










" / - -^^ " X- - 




\M\ ' , U ■ ' hi H 


"---?-t4--si--5--— 



Join OA and mark the points on it « here the y ordmates through 
B^, Bj, B^, ... , cut it, via. D^, D^, D^. Then /fj/Jp B^D„, B^D^ 
are the required lengths. Read off the corresponding numbers. 
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(34) Draw four lines of lisngthB 7-8, 26 and 3-1 cma. and 0-4 inoh. If 
the last represents unity, find the product of tlie numbers represented by 
the third and tbi: rutio of the first to the second. 

OoQtitmed Multiplication. 

Example 1. Find a line reprtsenling ffie product A.B.C.D 

jskere u represents unity, the nuwhen being given by the lines a, b, c, d. 

Set off along any line 0U= u (Fig. 24), 

OA=a, 

OB=b, 

OC=c 

and along an intersecting line OD=d. 

Mark X^ where AXj, parallel to UD, cuta OD produced. 
„ X^ „ BX^ „ UX^ „ OD. 

„ Zj „ CX3 „ UX^ „ Oi) produced. 

Then OXj is the length required. Measure OX^ on the « scale 
and obtain the product A.B.C.D. 



Pioof. 



OX^_OA 

1JD~W 

OX^OB 

OX^'OIT 

0X3 _ OG 

OX~OTJ' 
Multiply these ratios together and obtain 
OX^.OX^.OX^ 
OD. 0X1 . OX^ 

OA.OB.OC 

or Xs = A.B.C.D. 

Example 2. The scale being 1 inch lo unity, find, on squared papa; 

the continued product of the numbers r^esented 6y a, b, c and d. 



CONTINUED MULTIPLICATION. 
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Mark positions for U, A, C and D along Ox (Fig 25), and 
set up UBj =b, parallel to the axis of y. 

Join' OBj and produce. Mark the point ^^ on 05, where the 
ordinate at J cuts it. Mark the point A^ where A^A^, parallel 
to Ox, cuts Z/S,. Join' OA.^ and produce and mark ori it G^ 
where the ordinate at C cuts it. Join' OC^ and mark Cg on 
UB where C^C^, parallel to Ox, cuts it. If OCg be joined, the 
ordinate at D would not intersect it on the paper, so mark Cj- 
on the ordinate at 2t^ and join OCy, marking D^ where the 
ordinate at D cuts it. Then 2DD^ gives the product required. 
Measure this on the u scale and write down the product 
OA OU 00 OU OD 10U , 



^^- AA-mi 



OA.OC.OD 20 U^ 



■ " AAi . at\ . DD^ UB^. UA^.UC^ 
BatAA^=UA^ CC^=UC^; 

■ A .CD 3 . 

DD^ '~B' 

:. A.B.U.D = 2DDg. 

Do the multiplication again, taking A, B, C, on Ox and UD^ 

vertically. When the consti'uction lines go off the paper use 

the 2m line instead of the u line. 

Change of Scale. When the lengths u, b, c, etc , are long 
compared with m, or when there are many multiplications to be 
performed, the lines OC^ ODg... in (ii) become so steep that their 
intei'sections with the verticals CC^ DD^ ... will not be on the 
paper. Similarly in (i) Xj, X„, Jfj-.-get farther and farther 
along OD, and the lines joining them to V become more and 
more nearly paniUel to 01). 

When this is the ease the triangles become ill-conditioned. 
To avoid this difhculty the scale must be changed. Thus, in 
(i) if OCA'j becomes an ill-conditioned triangle in consequence of 
u being much larger than in Fig. 24, either halve OX^, or double 

> Th« lines need not actually be drawn, it is sufScient to matk the points. 



CHANGE OF SCALE 
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OU, and proceed as before ; the resulting length OX^ must now 
be measured on the scale of Ju. 

Should OCX^ be still an ill-conditioned triangle, take \ of 
0X3 or quadruple OU; if still ill-conditioned take ^V "^ ^-^g or 
ten times OU, and read the answer on \ or y'^ of the u scale. 

A similar change can be made in method (ii) if necessary. 

(36) Find the value of ^-^, where 

o=6-2", 



(36) Find, on squared paper (mm.), the value of -^ 



(37) Find the vaJne of Miil^Ai^ii:^ graphioaUy. 

(38) Findthevalueof .i.fi.a. i>.£, where 



Continued Prodnct of Ratioa. 

Example. Find the line representing to the scale u to unity the 
product B ■ fi ■ p' '^ numbers being given by the lines 

ffl = 9'9 cms., e=10-6 cms., 

6-5-52 cms., /= 13'05 cms., 

c = 6'3cms., u= r65 inches. 
d=3'iS cms,, 



PRODUCT OF RATIOS. 



Set off OA, OB, OC, OD, OE, OF from alorg any convenient 
line and OZ/ along an intersecting one (Fig. 26) 

Mark on OU the points X^, X^, X^, whoro AX^ is parallel to 
BU, CX^ is parallel to DX^, BX^ ia parallel tofXy 




Then OX^ gives the required product; measure this c 
u scale. 

qx^ OA qx^ qc gx^_OE. 

OU'OB' OX/'OIf ox' OF' 



Prool 



OX^_qA OC OE 
UU OD' OD'W 



^ A C E 



(39) Draw lines of bngths 10'3, T'S, 6'5, 4-3, 3-9, 27 oms., and find tlie 
continued product of the ratioB nf tfie first to the second, tlie third to tfio 
fourtli, etc., if 0"7" represents unity. 

(40) Find tlte continued product of the firat four Dumbers in Es. 39 and 
the value of (^Y. 



IntOgral POTers (Positive and Negative). Since A* 



A xA i<A xJ a,nd A~' 



1 



1 



, it is evident 



xA^A' 

that the const luctions already given cover the cases In which 
numbers have to be raised to positive or negative integral 
powers. It is, however, simpler to use the subjoined con- 
struction. 
Example. Gitm a (1-62") and the iinil line u (3-08 cms.) to 

consinid lines qivim A\ A^, A'', '... and —-, — -, -r-s, .... 
A A^ A^ 

Draw any two Knes intersecting at right angles. Set off along 
these OU=u and OA — A. 

Join UA, and draw AA^, A^A^, A^A^ ... so that each line is 
perpendicular to the one drawn immediately before it, as in 
Fig. 27. Also, draw UBi, B^B^, 
B^Bg . . . where the lines are 
parallel to AA^, A^A^, .... 




Construct the u scale along a straight edged piece of paper. 
Measure OA2, OA^, OA^ ... on the u scale; they are A'', A^, 



OB^, OB^, OBg ... on the same scale; they are 

A' A-'' A^"" 
Proof. All the triangles drawn are similar, and hence 
OA^_OA^_OA„_OA 
0A^~ 0A2~ .OA ~0U' 
Multiplying the ratios, we get 

OA^fOAV 

ou you) ' 

but OU represents unity, 

.-. A^ = Ai. 

.'. A^ = A^, et«. 
For the reciprocals we have 

OH, OB, OB, UU OA' 
Multiplying together 

OB, (0U\' 

UU \oa) ' 

■■■ -.4- 

Similarly, B^ = ^^, etc. 

For positive powers the construction stops at A^, since A^ 
would not be on the paper. Take, then, jij of OA^ and proceed 
as before ; then 

OA^ OA,, 
^TiOA° OA3' 



The succeeding intercepts must, therefore, be read on the 
Y^th u scale. 

Again OS^ is too small to measure accurately, t«ike 10 OB, 
and read on the 10 u scala 

The points ... B^, B^, B^, Bi, U, A, A^, Ag, ... are points on 
a curve called the eqaiangulax spiraL The intermediate points 
on this curve would give fractional and decimal powers, and 
would thus enable one to find the values of such expresBions 
as A^, A^. It is not difficult to construct such a curve geo- 
metrically. 

Square Boots. 

ExAHFLK Find ike square root of A^ given a and a. 

Set off OA=a. (Fig. 28) and OU=it in opposite senses along 




a straight line. On UA describe a semicircle UOA, and measure 
OC where OC is perpendicular to UA. 
Then C=^. 

Proof. Since UA is a diameter of a circle and OG a semi- 
chord perpendicular to it ; 

0C^ = 0U.OA\ 
:. C^ = A or C'^/1. 
By repeating this process we can find rapidly A^, A^, ... . 

(41) Draw a line 6'5 im 
powers of the number up t< 

(42) Draw a, line 6 '5 cms. long. If unity be represented by 3*, find the 
square, cube and 4"" power of the nnmber, and their reoiprooala. 

(43) Find the aquare end 4"^ roots of the given numbers in (41) and (42). 
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Powers by Squared Paper. 

Example. Construct a curve which gives by ivspection the squares 
of all Miwntws, integral and decimal, from - 3 fo + 3. 

Take two axes (Fig. 29) along the thick lines of the squared 
paper, the axis of x horizontally and the axis of y vertically. 
Mark the krge divisions along the axis of x 0-5, 1, 1-5, 2, ..., 

and those along the axis of y 1, 2, 3, I>raw OP through 0, 

and the point a; = 3, y = 3. In Fig. 29 part only of the squared 
paper and the -curve is shewn. 




Mark any point A-^ on OP by a sharp short line perpendicular 
to OP. 

From A-, go horizontally to ^j a point on the ordinate at 1, 
put a straight edge along OA^, and mark the point A^ where 
it cute the ordinate through A^ . 
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Proceed similarly with points B^, (?j, ... , along OP, taking at 
least twelvo points. In Fig. 29, to save confusion, the construction 
lines for only 2 points A^ and B^ have been shewn. With a 
little. care and practice the points A^, B^, ... can be marlced 
accurately without actually drawing any construction lines 
except OP, the ruled lines in the paper being a sufficient guide 
for the eye. 

Take point* also on OP, produced backwards through the 
origin, such as L^, and repeat the construction and find a 
number of points like ij. Join all the points so obtained by a 
smooth curve drawn by freehand ; see that it is a smooth curve 
by looking along it, and smooth down any humps and irregu- 
larities that appear on it. 

The curve thus constructed is such that the ordinate for any 
point on it represents the square of the number given by 
the corresponding abscissa. 

Proof. OAJg is similar to OlA^, and 0A=2AAi as lengths; 
. AA^_OA_AA^ 

■■ \A^~ o\ ~aa; 

But AA^ and OA represent the same number, viz. A, though 
to a different scale ; hence A^ being the number given by AA^, 
A^ = A\ i.e. AAj represents the square of the number A, the 
scale being one half that on which A is measured. 

A similar proof holds for negative numbers, and the construc- 
tion shews that the square of a negative number is positive. 

(44) Bead off from the curve aa accaratsly as possible the aq viares of 0'52, 
0-68, 0-84, 1-75, 1-98, 2-24, 2'5, 2-85. 

(45) Read off the square roots of O-M, OSfl, 2*54, 3'S, .1-6, 4'54. 

(46) Find tho squareB of the numbers given by lengths, 1, IS, 2-3, 4-6, 
5, 6'7 and 7 em. if nnity be represented by 2". 

(47) Find the square roots of the numbers given by the lengths, 2, .3*8, 
47, 6-S, 8-.5, 10-3, 11-1 cms. if 2" represents unity. 

Evidently the curve as drawn is not adapted for finding the 
squares of numbers much greater than 3, To find the squares of 
greater numbers, the scale of numbers along Oy must be made 
etill smaller than that along Ox. Thus for numbers from to 
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100 take I inch to represent 10 along Ox, but along (»f take 1 inch 
to represent 1000. The construction isalmost exaclly the same ; 
tie line OP joining to the point for which iK=100, y=]00. 

(48) Find graphioftlly the aquares of 2-7, 3-6, 77, 9-8, usinj a tenth scale 
along the y axis. Find the square roola of 87, 73, 60, 31, 20and 12. 

(49) Construct a curve givina 7 of the squares of the nunberi ranging 
from - 4 to +4. (The line OP must now go through the poiit (7, 1).) 

Eqaation to Graph. The curve just constructed (p. 30) is 
such that every ordinate likfl BB^ represents a nambtr which is 
the square of the number represented by the abscisai OB. If, 
then, y and x are these numbers, y = ^, and since thi! equation 
holds for all point* on the curve it is called the equation to the 
curve, and the curve is the graph of the equation. 

It must be clearly understood that the equation y^-fi is only 
true if, by y and x, we mean the mtmbeis represented by the lines 
and not the actual lengths of the lines themselves. 

If y and x denote the lengths representing the numier then 
the equation y—x^ is not true. 

Let u be the unit length along Oy, and 2m the unit lengii along 
Ox, then, referring to Fig. 29, we have OA=x, AA^=y, and 
since AA^ _ AA^ 

OA 01 ' 

weget ' M^.or, = X..,org) = gy. 

The last form of the relation brings us back to the original 
equation; for " is the number represented by the length i, and 
5-- is the number represented by the length x. 

(60) If the scale along y had been 1" to unity, and 5" to unity aloig x, 
what would have been ttie equation connecting the lengths x and p rf the 
coordinates ot any point on the curve, and what woSd be the relilion 
between corresponding numbers? What length would represent tlie 
BCjoaro of the number 3 ? 

(51) If n be the unit of length along x, and b that along y, what is the 
equation connecting the lengths x and y! If n=2-3"and & = 1'5", whatarc 
the lengths representing the squares of 1 and 3 ? 

Another construction for the curve y = x^ follows from .he 
geometrical method explained on p. 26. 



Take two axes oa squared paper (Fig, 30) ; let unity be repre- 
aeiited by 1" ilong Ox and ^" along Oi/. 

Take any point A on Ox and 
by the aid of set squares draw 
JA-^ perpenilieulai' to the line 
joining A aid - 4 (on Oy). 

Mark on jhe ordinate at A 
the point A2 where A^A^, 
parallel to Ox, cuts it. 

Repeat tlis construction for 
a number a points like A, and 
join the pints like A2 by a 
smooth cirve ; this is the 
curve of iquarea. 

Proof. As on p. 28, 
OA^~OAixO(-4). 

Takin; all measurements 
in incha, we have, if OA=z 
and OA, - y, 

a^ = 2y 
(x and ( being in inches). 

Hen<e, if the axis of y be 
markec J" to unity, we have, 
as nimbers. 



_X = --"! 


h"" = " T 
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(92) Construot, by a dintlar method, a ourve giving directly 1 '6 times the 
equareof Dumbors from - 3 to + 3. 

CiAea and Cube Boots. 

Ejamplb. Frirni the oarve y = x^ amstrud a curve giving the cubes 
of nmiers from - 2 to + 2. 

Ftst construct the curve of squares, the origin being in the 
cenlre of the squared paper, and the y scale \ that of the x. 

Take any point A^^ (Fig. 31) on the curve, go horizontally to 
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A^ on the vertical through 1, mark ^^ on AAj where OA^ cuts 

it, then j4A^ gives the cube of A. 

Proceed similarly with a number of other points like A^ Join 
all the points similar to A^ (for negative as well as positive a^s) ; 
this la the curve giving the cubes. 






= OA" (as numbers) 

, lA^_AAs. 
01 OA ' 
.'. 0A^ = AA^ (as numbers). 
If, then, y denote the number corresponding to any ordinate 
AA^, and x the number for the corresponding abscissa, y = 3?, 
is the equation to the curve. 

Notice that for a negative number x, y is negative. 



GRAPHICS, 

1-7, 1-9. 21, 2-8 and 3-1, and the 
,he curve giviog the fourth powers 



(55) Read off from the curve y = x^, the values of 
i'2, V5, s/9, (1-22)', (1-85)* 



Curve giving" Reciprocals. Let 1 inch represent unity. 
Take the origin at the centre of the squared paper. Mark any 
point yfj (Fig, 32) on the unit line parallel to Ox, mark also A^ 
where OA, cuts the unit line parallel to Oy. Go horizontally to 
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^3, the point where A^^ cuts the ordinate through Ay. Then 
A.4^ represents the reciprocal of the number A. 

Repeat this process for a number of points like A^ on the 
positive and the negative sides of Ot/. Join all the points like 
Ag by a smooth curve. This curve is such that the ordinate at 
any point Ag gives the reciprocal of the corresponding abscissa 
number. 

Proo£ AA'^=IA2 and ^^i = 01. 

Also l^^dAi; 

01 UA ' 

■'. AAg='Yr-j (aa numbers). 

ciprocalB of 0-36, 075, 1-2, 1-85. 2'15, 



Equation to Carre of Reciprocals. Let y be any ordinate 
number, and x the corresponding abscissa number; then evidently 
from the construction 

y 1 1 

f = - or ^=1> 

which is the equation to the curve drawn. 

Since -x.-y^xt/^l, 

we see that the two parts drawn by graphical construction are 
really branches of the same curve. 

Notice also that for very big afa the y'a are very small, and 
vice versa, hence as we travel along x in the positive sense the 
curve approaches nearer and nearer to the axis but never crosses 
it Similarly, for very large negative J^s the curve gets very 
near to the axis of x (negative side) but is below it. 

a which gives } of the reciprocals of numbers. 



Carre of Reciprocals Sqaared from the curve y--, 
amstnict the curve y = -^ giving the squares of the reciprocals of 
nun^ers. 

The construction is very similar to the laat. Put a straight 
edge along OA-i where A^ is any point on the curve m/=l, 
mark A^ where the straight edge cuts the ordinate at 1, go 
horizontally to A^ on the ordinate AA^, then 'AA^ gives the 
required reciprocal squared. 

How does the construction shew that ( — J is positive) 

(61) Conatmot from the onrvey = - the eurvoa 

y=2^ and y=^. 

(62) CoDBtruot from y = j the curves 

V^^ and y=^- 

(63) Fromy=a^ oonstruot y'=a^, or y-x'. 

So far multiplication, division, etc., have referred to numbers, 
represented by lengths. On page 1 it was pointed out that 
a length may represent any other scalar quantity, the length 
representing the unit quantity being given. 

Areas to Scale. The product of two lengths a and h is 
defined as the area of a rectangle having a and i aa adjacent 
sides 

The product of two unit lengths is unit area. To represent 
the product of two lengths by a line, we must first choose a line 
to represent unit area. This line may be the unit of length, or, 
if more convenient, some other length. 

The methods, for finding the lines representing areas or volumes, 
are exactly the same as for multiplying numbers together ; it is 
only the interpretation that is different. 



I line, Kfiit area 




AREAS TO SCALE. 

Example. Represent the product '/ a x b by n 
being r^esenied by u, the unit nf lm.gth. 

Set off OU^u (Fig. 33), OA = a along any line, and UB = 
perpendicular to it, then 

AG.OU^OA.VB 
or AC.n^a.h. 

AG is the height of a rect- 
angle having unit lengtJi ae 
base. Measure this on the 
u scale ; it gives the number 
of unit areas contained in 
0.6. 

Note that although the ^ 

same line u represents unit 
area' and unit length, it is not 

correct to say that lengths " ; — 

and areas are represented to 

the same scale. They are different physical quantities, and all 
we can say is that the same length repreeents the same numbei- of 
units of length as of unite of area. 

Example. Lines of lengths 7 and 15 ems. represent the sides of a 
reclan^lar room, to the scale of 1' to 10'. Find a line giving the floor 
area, when the unit area is 

(i) 10 aq. ft, (ii) sq. yds., (iii) 17 aq. ft 

(i) Draw, as in Fig. 33, 0^7= 1", 0A = 15 cms., UB = 7 cms.; 
produce OB to cut AC, the perpendicular at .^i to OA, in C. 
Then, as before, AC.OU=OA.UB. 

This equation remains true whatever the scale on which we 
measure the lengths. If, then, we measure on the tenth inch 
scale, each tenth represents one ft. (for OU represents 10 ft.), and 
AC represents the height of a rectangle of base 10 ft. ana area 
equal to the given floor, i.e. gives the floor area in 10 sq. ft. 

(ii) Set off 0i/ = 0'9'' and measure AC in tenths of inches. 

(iii) Set off 0/7= I'T" 
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Any Scale. Suppose the given lengths OA and UB repre- 

aented leogths to the scale 1" to a: ft. and we want to find the 
area represented by OA x UB in sq. yds. 
X being a number we can always set oft a line representing 

that number of feet, and - of this will be OU, and AC must be 
1 on the acale f- J to 1 sq. yd. 

Thus, if x=T we must divide 1" into 7 equal parts {or if 
more convenient 10' into 7 equal parts), 9 of these will equal 
OU. Make the construction as before, and measure AC on the 

scale of ^'' to 1 sq. yd. 

(64) Linea ot lengths 2'3 and 4-7 inohea represent, to the scale of 10 oms. 
to 7 ft., the sides of a rectangular room. Find by oonstruotion the floor 

(65) Lines ot lengths r82 and .S'65 inches represent the altitado' and 
base of a reotougle to the scale of 1 inch (o 350 cms., tind geometrically the 
area iu 100 sq. cms. 

*(66) Find a line representing the volume of a rectangular box, in ob. ins., 
whose edges are 7, 16 and 17 cms. in length, unit volume being represented 
by 01 inch. 

ectangulor room whose dimensions 
. cms., the scale being 1" to 10*, 
(ij ID 00. yoB ; (2) in 10 ob. ft. 

Work done. The vork done is lifting a bod; vertically 
npvards is defined as the product of the weight of the body 
and the vertical distance moved through. If the weight be 
expressed in pounds and the distance in feet, the product is in 
foot-pounds (ft. -lbs.). The work done in lifting a 1 lb. weight 
vertically through I ft is thus 1 ft. -lb., and is the unit of work. 
Obviously the work done in lifting 10 lbs. through 1 ft is the same 
as that done in lifting 1 lb. through 10 ft. or 1 oz. through 160 ft. 

Example, w represents the weight of a body to the scale n lo a W. 
weight, B represents the vertical distance moved lhr<mgh, to the scale f to 
a ft. ; Jmd graphkallg Ike work d<me m /(.-/6s. 

Notice that mx/ is the area representing a ft. -lb., and wxs 
the area we wish to find in terms of u x/. 
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We can moat conveniently do this by finding the rectangle 
whoBC base ia u or /and whoae area is u>x«. 

(i) Set off OU=u (Fig. 34) and 0}f'=w along one'axis, and 
OF."/ and OS'=ii along an intersecting one. 

Draw W^X parallel to US and measure OX on the / scale. 

This gives the work done in ft. lbs. 



Proof. ~ = ^ or OJ . 0(/^ OfV . OS ; 

.-. OX.u^w.n. 

Hence OX ia the altitude of a rectangle whose base is u and 

whoae area is w.s; and therefore OX represents the vertical 
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distance through which 1 lb. weight muBt he raiBed in order that 
the given work may be done. If, then, OX be meaaured on the 
/ scale the number of units in OX will be the 
_, number of ft -lbs. represented by w. s. 

(ii) Set off OF=f (Pig. 35) and OW^v) along 
any line, OS=s along an intersecting line, and 
draw IFX parallel to FS. 



Then 



OIV OF 




OX therefore measures the weight which, lifted 
vertically through 1 ft., requires an expenditure 
of work represented hy w.s. Hence measure OX 
on the w scale ; it gives the number of ft-lba. 
represented by w.s. 

(68) It 8 U actually 6", which o 



(69) lu tlm c.ii.s. ajatem the unit of work ia an erg^dyne x oonLi- 
nctre. If d (Fig. 36) ia the weight of a body in dyaea and 1,000,000 dynes 
a represented by u, find the work done in lifting the body through the 



MOMENT OF A FORCE. 

*(70) The speed of a body is given by v (Fig. 37), ■ 
fool per second. Find the time the body takes to go 
aeoted by d; /repreaents a fo<jt. 



(71) The weight of a body ia given by a line 4" long, the lb. being 
represented by 1 '3 onia. If 1 ft. ia repreaented by a line of length 4 , 
find the work done in lifting the body through a distance given by a line 
of length 15". 

(72) Findgra 
075 ton, through 1 

Moment of a Foirce. If a force be applied to the arm of a 
lever, the tnining moment or toriiae of the force about the axis 
(fulcrum) of the lever ia measured in magnitude by the product 
of the force and the perpendicular on its line of action from the 
axis. The geometrical representation of a moment ia (like that 
of work done) an area. The difference between the two products 
we shall see later. 

(73) A straight bar PQ, 12 ft. long, is hinged at Q, a forae of 13 lbs. is 
applied at P making an angle of &° with PQ. If a force of 1 lb. lae 
represented by a line 1 era. long and if 1 ft. be rfroreaented by O'l", find in 
two waye a line which repreaenta the moment about Q, and read off the 
moment by scale. 



MISOELLANEOnS EXAMPLES. I. 

1, Draw the lines a, 6 and c of lengtha 4-7, 39, and 5'2 oma. Find 
lines representing -=., A . B, A — , to the soale of 0'5" to unity, and the 
numerical values of those quantities. 

2, Find a lino which represents the fraction * to the seale uf 9 cms. 
to unity. 

3, Determine graphically the value of VB and 1/6. 
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iresenta •J7'2 to the soale of 0'7 inch 
le square root. 

5. Ckmatniot the lino whose equation is r7y = 5&i;, and from the line 
road off the values of ?:^i^. ^'^^^'^ wld ill^. 

6. Construot geometrically the curve y=2'7a^ and find the Tftlues of 
3-7x4-l», 3-6»x27 and yj"^. 

7. It a line of length 7"2 oma. repreeenta nnity, find the produot of the 
ratio 4 and C, where a = 3'48", 6 = 1 -85" and ,: = 1 -62". 2<I8", 3-55", 4-28" 



8. In oonetruoting the curve of oul 
2" and along Oy by OS". What ii 
X and £) tor any point on the curve 1 

9. Find the product A . Bin three ways, whore a^S"? cms. , b — 4 Soma. 

10. W-2-S" repreaentfl, to the Bcale 2 cms, to 1 lb., the weight of a body ; 
A^7'2cniB. represents, Ui the scale 1 om. to 1', the vortical diatanoo tne 
body ia moved through ; find the work done in ft. -lbs. 

11. Construct geometrically the curve xy-S^ and find the values of 
3-2 times the reciprocals of 1 -3, 2'7, 4-2 and O'S. 

12. By aid of a straight line divide 2'72, 0'85, 3-64, 1-88 in turn by 1-35. 
*13. The volume of a pyramid being J base area x hBight, find graphically 

the volume in cubia feet when the banc is a rectangle, the aide's of the 
rectangle boing given by lines of 7'2 and 3'9 cms. and the height by a line 
of 43 cms., the scale being 2" to 1 foot. 

14. To divide a set ot numbers by 544 use a straight line graph, talcing 
the vertical scale (for the numbers to bo divided) as 1 quart«r-inch for 11), 
and the horizontal scale (for the quotients) as 1 quarter-inoh for 1. Obtain 

■- -' " ■ ' ot 60 and 218 by 5'44, and verify by 

olain why the graphical method gives the 
(Military Entrance Examination, 1905.) 

15. Find graphically the values of 2'38, 18'3, 47 '6 when multiplied by 
0-763 

5-4y 



CHAPTER 11. 

GRAPHICAL MENSURATION. 

The chief problem studied in this chapter may be concisely 
stated as follows : Given a« arm bounded by straight or curved lines, to 
find a length which toUl represent to a givm scale the magnitude of the 
area. 

The process for efTecting this is called redncing tto giveii area 
to unit base. The required length is the altitude of a rectangle 
whose base is the unit of length and whose area is equal to the 
given area. 

The Triangle. The area of a triangle being half the pro- 
duct of the base and altitude, if we can find another triangle 
of equal area having one side twice the unit of length the 
altitude of this second triangle measures the area. 

Method I. Transfer ABC (Fig. 38) to drawing paper. Draw 
through A a line 
parallel to BC: 
with B aa centre, 
describe an arc of 
a circle of radius 
2 inches cutting 
AA-^ at Aj {or 
put a scale at B 
in such a jxtsition 
that BAi = 2") 
By the aid of set 
squares, draw CD 
perpendicular to 
BA^. Put the 
inch scale along 
CD and read oS j>, the number of square inches in ABC. 




FiooC Since A/i, is parallel to BC, the area of ABC^avea. 
of A^BC; and, since BA^ = i inches, 

the area of ABC=\y.2'x.p=p (sq. ins.). 

(1) Draw a triangle having sides 3'T, 2-S and 4-3 incheB, and find a. line 
giving its area in sq. ins. (In this case 2 inahes ia leea than anyperpen- 
dioular from a vertex to the opposite side, so take 4 inahes for BA^ and 
read p on the i" scale.) 

(2} Draw a triangle having aidea 9, 7'3, S'G cma. and find a line giving 
the area insq. cms. (Take B-di, lOoms. and read pin mms.) 

Method n. Since the lengths of BA-^ and CD may be inter- 
changed without altering the area (i.e. we may make CD =2 
inches or in general = 2u}, if BDC be kept a right angle, the 
line from A to the base, parallel to BD, measures the area. 

Transfer ABC (Fig. 39) to drawing paper. With C as centre 
describe an arc of a circle of radius 2 units. Place the set 
squares, in contact along one edge, so that an edge of one going 
through £ is perpendicular to an edge of the other going through 
C; a position can easily be found for the set squares in which 
these edges intersect on the arc at D (say). In this position BD 
is the tangent to the arc at D and CD is the radius to the point 
of contact.* Move the B set square, parallel to itself, until the 
edge passes through A, and draw AE to cut the base in E. 
Measure AE ( =p) ; it gives the area of ABC (3'23 sq. ins.). 

Proof. From (Fig. 39) we see that the areas ABC and J^BO 
are equal, and that the area of the latter is 

^AjC X altitude = ^AE . 2m, 
and hence AE measures the area in sq. units. 

When does this construction fail 1 See that the difficulty can 
be got over by taking u, ^u, Jm, ... instead of 2m. 

(3) Repeat this tacaaurement bj describing a semioircle on BC and 
Betting off a chord, CD = 2u, in it, and then proceed as before. 

(4) Find the area in sq^. inches of the triangle whose sides are 7'5, 63 

Method m. Transfer ABO (Fig. 40) to drawing paper. Set 
ofF along BC, BD^^Im. Mark the point E on AB where CE, 

et squaie ont; if the comer 




parallel to ^D, cuts it ; measure EF ( =p), where EF is perpen- 
dicular to BO; p gives the area (158 sq. ins.). 
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Proof. Join DB; 
then (as areas) AEC=DEC, /. JBC^EBC+DEC^EBD, 
and the last triangle haa 2h for its base. 

(5) Repeat the oonstruotioii. taking BA and AC as haaeB. Ib this 
conatrviction always possible ? 

Bectangle- Parallelograms and rectangles can be treated by 
the method given for quadrilaterals in the next section ; but the 
following way is a little simpler. 

Draw a rectangle ABCD whose height BA is S-5 cms. and 
base BC is 3-2 cm. To find its area in sq. inches, set off along 




BA, BU=V' (Fig. 41) and draw AE parallel to UC. Measure 
BE in inches, and the number so obtained is the area of ABCD 
in sq. inches. 

This is like the old construction of pp. 8 and 9 over again 
and needs no further demonstration. 

Quadrilateral. Transfer the quadrilateral ABCD (Fig. 42) 
to di'awing paper. With B as centre, describe an arc of radius 
2u (2"), and draw the tangent DE to it from D (or describe a 
semicircle on BD, and set off BE^2tt in it). From A and C 
draw AAj and CC^ parallel to BD, and measure A-jC^ which 
gives the area of ABCD (2'57 sq. inches). 

Proo£ Join BA^ and BC^ ; then (as areas) ABD=A^BD and 
BDC=BDC-„ :. ABCD = AiBCi, a triangle whose altitude is 
2u and base A,C,. 
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(6) The sides of a, qnadri lateral, takeo in the order ABGDA, ore 37, 

2, 4 aiid 2'8 inches, the angle ABC is a right angle ; find the area (i) by 
using the diagonal AC, (ii) by using BD. 

(7) From a point O in a field lengths are measured 0^ = 35 ft., 
0B = T2 ft. and 0(7=51 ft., the angles AOB and BOC heing 55° and 50° 
respectively. Draw the figure OABC to soale (2 cms. to 10 ft. say). 
Reduce the figure to unit base, and detamiine the area niiirked out on the 
field by the contour OABO. 




Re-entrant Quadrilateral The construction already given 
holds for a re-entrant quadrilateral. Transfer ABCD (Fig. 43) 
to drawing paper and proceed exactly as before. In this case, 
using the diagonal BD, A^ and C, are on the same aide of E. 

Measure .^jO^ in inches, this gives the area in sq. inches (0'9T). 
Notice that A^Cj is now the difference between ji^D and C^D 
instead of the sum 

Proof. Join BA, and CAj ; ABCD is now the difference between 
the triangles ^£i) and CBD, and BAD = BA^D, BCD=BCjD. 
Hence BADC=BA^D-BC,D=BAiCj, 

a triangle of altitude BE (2tt) and base A^C, . 
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* If (7, in Fig. 42, be moved nearer and nearer to BD, BCD 
gets smaller and smaller and vanishes when C ie on BD. If C be 
moved still further, so that it crosses BD, the triangle becomes 
negative and has to be subtracted from- ABD. Corresponding to 
this change of sign of the area, there is a change in the sense of 
the boundary as determined by the order of the letters. In 
Fig. 42 the boundary, in the order of the letters BCD, is described 




clockwise, whereas, in Fig. 43, the boundary, taken in the same 
order, is described contraclockwise. On changing the sense of 
the boundary of an area, we must, therefore, change the sign of 
the area- The equation JBCD = JBD + BCD holds, therefore, 
for both Figs. 42 and 43, and since BCD= - CBD, we have 

ABCD = ABD'CBD, 
where the three areas have the same sense to their boundaries. 
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It is usual to consider an area, whose boundary ia described 
contraclockwise, as positive, one with a clockwise boundary as 
negative. In Fig. 43 ABCD is a negative area, but BADC is 
a positive one. 

(8) Given BAD^W, AB = 7-2, AD~6, BC^B and GB~3-3 bids., find 
the at«a in sq. inohee. 

* Cross Qaadrilatdrol. If C is taken on the other side of 
AS or AD the figure is called a cross qnadiilateral, and the 
area is still the difference between ABD and CBD. 



Transfer the annexed figure ABCD (Fig. 44) to paper and 
reduce to unit base as before. See that A,0^ (0'65") still repre- 
aente the area ABD - the area DCB. Hence the area ABCD is 
that of the triangle AOD - the triangle BOC. On going round the 
figure ABCD in the order of tbe letters from A back to A, it is 
seen that AOD is described clockwise and BCD contraclockwise. 



The triangle AOD being greater than BOC, the figure ABCD, 
taken in the order of the letters, is negative, but ADCB is 
positive. 



FoljG^ons (including the quadrilateral as a particular case). 

Transfer ABCDEF (Fig, 45) to drawing paper. Produce 
AB hoth ways. Witli set squares mark Cj on AB bo that CC^ 
ia parallel to DB; mark D^ m that DD^ is parallel to C,B, 




then on the other side mark F-y eo that FiF is parallel to AE ; 
find the area of EF^D^ by reducing to unit base; this is the 
area of ABCDEFA (19 sq. cms.). 

In general, to reduce any polygon to a triangle having ite 
base on a side AB of the polygon, put a set square along the 
line joining B to the next but one vertex D, and bring down the 
omitted vertex to C, on ^^ by a parallel to BD. 

Then put the set square along the line joining C^ to the neict . 
but one vertex E, and bring down D ta Dj on AB as before. 
This process ia to be continued until only one vertex is left 
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above AB, Should the construction lines become awkward, the 
transformation can be transferred (o the end A ol AB, or b. 
new base line may be taken on another side of the polygon. 

Proof. Since BCD = BC\D in area 

the hexagon ^5Ci>£i'^ = the pentagon ACJ)EPA. 
Join DyE; then, since O^DE=C-^D^E 

the pentagon ^CiI>£F^-the quadriUteral AD^EFA. 
Join FyE; then, since AEF=AEF^ 

the quadrilateral AD^EFA = the triangle F^D^E. 

(10) Reduce the s&me polygOD to a triangle having its Iibm (i) on BG, 
(ii) on AD. 

(11) Bednoe the ra-entrant pentagon AEDCB (Fig. 46) to unit baae. 

AB=iS', B0=2-S^, AE^em'. ED=Z%'. 




Example. To find the arm between a polygon and one enclosed 
■within U. 

Instead of reducing the two polygons separately, the mensur 
ation may be effected by a continuous process. 

Transfer the figure ABC... (Fig. 47) to drawing paper. 
Produce KH to cut FA at £, then ABCDEFA - HKJlll - the 
re-entrant polygon ABCDEFGHIJKLA when G and L are 
coincident. 

Reduce this polygon to unit base as before (32'3 sq. cms.). 



For many sided figures the process is tedious and errors may 
easily accumulate unless very great care is taken. In such cases, 
and for curved boundaries, the strip division method (p. 68) may 




he used. The planlmeter, ^here one is obtainable, is, however, 
heat for such cases. 



(12) ABCDEA ifl a smaU pentagonal field, 
were measurod and found to be 136, 52 and ! 
the angles ABG, BCD, DEA and EAB had 
50°. I^aw a plan of the field t<i a scale of 1 cm. 
to unit base and determine the area of the field 



.he aides AB, BC and AE 

yds. long respectively, and 

lagnitudes 75^', 70°, 60° and 

10 yds., reduce the area 

Circular Arc Draw a circular arc AB (Fig. 48) of radius 
3 inches subtending 90° at the centre. Draw the tangent AB^ 
to this at A. Set the dividers so that the distance apart of tbe 
end points is about 1 ■.*)". Step off the arc from B towards A 
with alternate clock- and contraclockwise sweeps, prick a point 
oa AB^ where the last semicircular sweep would cut it. From 
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thiH point make aa many steps a]oiig .^B, as were taken for 

the arc, mark i/, the end of the last step. Then AB^ is very 

roughly the length of j4B. 

Adjust the dividers again eo that the length of step is ahout 

J" (ronghl,), .„d 

repeat the operation ; 

you will come to a 

point B„ near £, . 
Which most nearly 

givea the length of 

the are Bj4, BA^ or 

BA^, and why 1 
Adjust the dividers 

again so that length 

of step is about J" 

(roughly). Repeat 

the operation again, 

and find a point B^ 

on AB. Can you 

distinguish between B^ and BgT 

AB^ is approximately the length of the arc AB. 
Professor Rankine gave the following construction for finding 
as a straight line 
the length of a 
circular arc AB. 
Produce the 
chord AB (Fig. 
49) to G making 
BC=hAB. Draw 
the tangent at B, 
and with C as 
centre describe 
the arc AD cut- 
ting BD at D, then BI) is the length of the arc AB approxi- 
mately. 
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For an angle of 90° the error is about 1 %, so that the method 
should not be used for arcs greater than a quadrant. 



(14) Draw the oiroular arc whose base ia lO'd cms. and aro length H'loms. 

In this problem the length AB is given and therefore AO is known. 
The point D is therefore riven by the intersection of two cirolea. The 
centre of the circular are AS ia therefore found as the point of ii 
of the perpendicular at fi to BD, and the perpendioukr tc 
mid-point. 



For the arc of a aemicircle there is a method due to a Polish 
Jesuit, Kochansky {area 1685). 



Draw a semicircle JBC (Fig. 
50) of radius 3". Draw a tangent 
at one end of the diameter (B) ; 
set off BD 80 that £00 = 30". 
From D step off i>£ = three 
times the radius, then AE is the 
length of the ai'C A0£ nearly.^ 

Any arc greater than a semi- 
circle can be now found by first 
finding the length of the semi- 
circle by the above construction 
and the remainder by Professor 
Rankine's construction. 



(15) Find the length of a semioiroular arc of 4-72" radius and compare 
with twice the length of the oorresponding quadrant given by Rankine's 
rule and the length given by stepping off the arc along a tangent. 




^The theory of the coiuitTUction gives a vi 
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CIRCULAR SECTOR. 
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Area of Oircnlar Sector. Draw a circular arc AB (Fig. 51) 
of radiua 3-5" subtending at the centre an angle of 70°. At any 
point C of the arc draw a tangent, and step off CB-^ equal to the 
arc CB, and CAj equal to the arc CJ. 

Reduce the tri- 
angle A^OB-y to unit 
base by one of the 
given methods, and 
measure the alti- 
tude in inches. This 
number is the area 
of the sector AOB 
in sq. inches. 

Proof. If the arc 
be supposed divided 
up into a very great 
number of small parts LM (LM as drawn is not very small, but 
this is only because if it were very small the points L and M 
would seem to the eye coincident). LM being very small, it is 
very nearly straight, and its area is therefore approximately 
\LM y. the perpendicular (p) from on it. 

In addition, if all the chords like LM are equal, the per- 
pendiculars are all equal, and therefoie 

Area of sector AOB is approximately equal to 
Jp X (the sum of the steps LM) 
= yZLM. (Read : "the sum of all terms like LM") 

As the number of steps increases indefinitely the length LM 
diminishes without limit; but 2i^/ approaches and ultimately 
becomes the a,rc AH, p becomes the radius r of the are, while 
^pT.LM becomes the area of the sector. 

Hence, area of the 8ector = area of AfiBy 

The formula for the area is : Area = Jr^S, 
where r is the radiua, $ the circular measure ' of the angle, and r6 
the length of the arc. 

' 3«e Not» A, p. 37*. 
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(17) Find the area, of a quadrant of a, oircle of radius 3'4 iocheB. 

Area of a Segment of a Circle. 

(i) Segment leBB tiun a semicircle. Draw a Bector AOBC 
(Fig. 52) of angle 75° and radius 4" ; join AB, cutting off the 
eegment ABC. Set off the arc along the tangent at C, C£^ = CB 
and CAj = CA. B, 

Join BBi and draw — ^fc :^- — +- 

OB^ parallel to it; 
similarly, draw OA^ 
parallel to AA^, then 
AyA^B^B^ haa the 
same area an ABC. 

Reduce this quad- 
rilateral to unit hase, 
and measure the area 
in sq. inches. 

* Proof. Since segment ACB 

= sector OACB-A OAB = A 0^ jB, - A OAB 
= aOA^B^ + aOAjA^ + aOB^Bi + A^iB^B2--&OAB 
= A OA^B^ + A 0^^3-1- A OB^B - A OAB + A^A-^B^B^ 
.'. segment = ^^.^jSjig' 

A simplification is effected by taking at A, so that A^ is at 
A and the quadrilateral reduces to a triangle AB^Bj. Draw the 
figure and make the construction. The proof then simplifies to : 
.t^£C=86ctor^0SC- aO-S^ 

--ixAOB^ - aAOB^-aOBB^ 
= AAOBj-AAOBt'AOBiB^ 
^aAB^Bj. 
Find the area of this triangle and compare it with the previous 
result. 
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(18) Take AOB = e(f, 0A=3". Findthe area graphioally, and ooin- 
pare with the value o( isf^-'^V 

[a - Bin 2a), where r ia the radios 

(ii) Segment greater than a semicircle. Draw a segment 

ACB (Fig. 53) of a circle such that AOB= 150°, and repeat the 




previous construction (p. 56). A crossed quadrilateral A^A^^B^ 
is obtained. Reduce this to unit base. 

Verify, by means of the formula in Ex, 18. 
* Proof. This is very similar to the preceding one. 
Segment .^t7S = sector OACB + aAOB 

= A^^B^B2 + A0^Ii^-0A^A^-0B,£^ + A0B 
= A^^B^B^ + OA^B^ - OA^A ~ OBB^ + AOB ' 
= A^jB^B^. 
For the same segment, draw the tangent at A and step off the arc 
along it. The area is thus reduced to a triangle AB,^^. Find 
the area of this triangle and compare it with the previous result. 

(19) Reduce a semicircle of radius 7'3 cms. to unit base. 

(20) Reditoe a Begment having three quadrants to its arc to anit baae, 
the radius being Z'f'. 

Irregular and Curved Figures. The areas of figures 
bounded by curves or many straight lines are best obtained by a 
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planimeter. The method of strip division gives, with care, a 
very good approximation. 

Place a sheet of tracing papter over the accompanying iigure 
and" draw its outline. Divide the distance between the two 




extreme points and Oj into 12 strips of equal width. To do 
this, set a scale slantwise between two parallel lines drawn at 
and 0^ (the whole figure must lie between these parallels), 
in such a position XY that there are 12 equal divisions between 
Xand r. 
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Mark the mid-pointB X^, X^, ... of these divisions, and 
through these points draw lines parallel to XO. 

Take a long strip of paper with a straight edge and add up 
graphically the segment* of the mid-lines intercepted by the curve. 

The given area is approximately that of a rectangle whose 
base is the width of the strips and whose altitude is the length 
on the long strip. Calculate this in sq. cms. (53-2). 

The approximation made is in the assumption that each atrip 
haa the area of a rectangle whose height is the line through the 
mid-point (the mid-ordinate) and of the given width, and this, 
again, assumes that the little shaded areas outside the figure are 
just balanced by the shaded areas inside. 

A more accurate value of the area is obtained by using 
B Bole, viz. 



Aj'ea = g[»/o + y.+4(yi + ya+---) + 2(y2 + y4+...)], 

where the area is divided into an even number of equally wide 
stripe of width k; y^ is the length of the first, and y, the 
length of the second side of the first strip ; similarly, y, is 
the length of the first, and y^ ^^^ length of the second side 
of the second strip, and so on; shortly put, y„, j/„ y^-.-y. are 
the lengths of the bounding straight lines of the strips. Since 
the number of strips is even, n must be even. The rule only 
holds for an even number of strips. 

Apply the rule to determine the area of Fig. 54. Here, 
taking the strips from bottom to top, ^(, = 0, y, is the length of 
the first dotted bne within the curve, y^ the second ; the other 
y's are not shewn, but yxi = (n=12). Add the ordinates 
according to the rule, and compare the result with that obtained 
by the mid-ordinate rule. 

Place the tracing paper over a sheet of squared mm. paper and 
count up the number of large si^uares wholly within the curve, 
and then the number of small ones between these squares and 
the curves, estimating for any decimals of a small square. Find 
the area by this means and compare with the previous results. 



GRAPHICS. 



p. 50 by the atrip division method. 
a squared paper. 




(21) Obtain the area of the hexagon oi 

(22) Uraw-asemicircltot radius 3'1" 
Find the area by 

(1) The mid-onjinate rule. (2) Simpsoo'e Rnle. 

(3) Counting the squares, (4) Calonlating from formula : Area--1«T'. 

* Another Method for Figures bounded by Curved Linea. 

For these figures it is usual to assume that the boundary can be 
divided into parabolic arcs. In most elementary text books on 
Geometrical Conies, it 
is shewn that the area 
of any parabolic seg- 
ment, such as ACB 
(Fig. 55), is equal to ^ 
of the triangle having ' 
as l)ase the base of the 
segment, and having 
its vertex on the tan- 
gent to the curve 
parallel to the base. 
In Fig. 55 ^ of triangle ACB = area, of segment. 

We may, therefore, choose any convenient point P on the 
tangent, divide jIP into three equal parts, produce to Q, where 
PQ^one of these parts, and Join QB. Then the area of AQB is 
the parabolic segment area, 

le (16) by treating it 

Any curved area such as ABCDEA (Fig. 56) may be divided 
into a number of approximately parabolic arcs, AB, BC, — 
Each arc must be curved in one way only (i.e. must not contain 
a point of inflexion) and through considerably less than 180° : 
the procedure is as follows. Start with the base BC say ; draw 
a tangent parallel to BC and produce AB to cut it at if ; divide 
BK into three equal parts and make BB^ equal to four of these; 
join (7Bj. Then C£Sj = given parabolic segment in area. 
Again, produce B^C to cut the tangent parallel to CD, and take 
the I point C^ on B^C and join C^D. Then C(7,/J=area of corre- 
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spending segment. Proceed in this way round the curve and 
reduce the curved area to the rectihnear one Bfi-^D-^E^A^B. 
Keduce this to unit base in the usual way (6'9 b^. ins,). 



This method ia, however, rather tedious, and errors dne to want 
of parallelism may, unless very great care be taken, lead to 
considerable final error. It is generally better to use the method 
of strip division and either the mid-ordinate or Simpson's Eule 
for such cases. 

Volnnies of Revolution. Any such volume may be found 
by a double reduction. Suppose the given area in Fig. 57 to 
revolve about the line XX ; then it will generate a figure called 
a Tolnme of revolution. In particular, if a right-angled triangle 
ABO revolve about. its base AB, it will generate a cone; if a 
semicircle revolve about its diameter, it will generate a sphere ; 
a rectangle about its base will generate a cylinder ; a parallelo- 
gram about one side will generate an oblique cylinder ; a circle 
about an exterior line in its plane will generate an anchor 
ring; and a rectangle about a line ^rallei to its base will 
generate a figure like the rim of a fly-wheel. 

The construction to be explained ia one, therefore, of great 
generality. 

Make a tracing of the outline of the given figure. 

Divide the area up into 10 equally wide strips, parallel to XX, 
and draw the mid-lines for each of these as in Fig. 57. Only 
the mid-lines are shewn. 

Ihnw a line FY above XX and parallel to it at a distance 
a inches, given by a = — (that in Fig. 57 is purposely not at 
the correct distance). 

Project the end points, like AB of each mid-line up to A'B', 
on YY, AA' and BB' being perpendicular to YY. Join A' and 
B' to any fixed point on XX, cutting AB in A^ and B■^. 
Connect all the points like A■^B^ by a curve. The area of this 
curve is proportional to the volume If a' planimeter is not 
obtainable, add up all the mid lines like A-^B^ of the new figure 
(called the First Eqnivaleut Pigure) by the straight-edged paper 
method, and obtain the area approximately in square inches ; 
multiply this by 20; the result is the volume of revolution in 
cubic inches. 



VOLUME OF REVOLUTION. 
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*Proof SuppoBe the area divided up, not into 10 only, but 
into a very great number of equally thin stripe, of which A£ 
may represent any one. The strip must be considered infinitely 
thin, so that it is all at the same distance from JCX. Let x be 




the length AB, and /(.the width of the atrip, then, however snmll 
h may be, ^kx (read : " the sum of all terms like hz ") will be the 



Let p be the distance of AB from XX, then when the strip 
revolves round XX, keeping always at the same distance 1/ from 
it, it will generate a very thin hollow cylinder. The height of 
this cylinder is x, its cirenmference is 2jry and its thickness is h ; 
its volume, therefore, will be 2iri/xh. 
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All the other strips into which the area has heen divided, will, 
on revolution about XX, also generate very thin hollow cylinders, 
and the sum of all these hollow cylinders is the volume of 
revolution of the original area. Hence the 

volume of revolution = ^2in/hx, 

In this sum, x and y change from term to term, but 27rA is the 
same, and is therefore a common factor to all terms in the sum. 
Hence, if F is the volume, 

F— 2tA 2ot/, 

Let a be the distance of YF from XX, then, from the method 
of constructing the First Equivalent Figure, we see that OA-^B^ 
and OA'S are similar triangles, and therefore 

y a a a' 

nence xy = a.A-yB^. 

A similar equation holds for all the strips like AB, and hence 
SArcj = ^okA^B-i , 
= a■2hA^B^. 
But hA^B^ is the area of one strip of the Equivalent Figure, 
and ^AyBy is therefore the whole area, 

.', "Skcy or KS.xy ^ax area of Equivalent Figure, 
.'. 2jrA 2a:y = Sjra x area, 

i.e. V= 2ir« X area of Equivalent Figure. 
If, then, in our special case 



and r= 20 x area of Equivalent Figure, 

and is in cubic inches if the area be in square inches. 

(24) Find the volume generated by a. right-angled triangle ABC in 
revolving about its base AB, if AB=i", liC—Z". 

*(25) Find the volume of a aphere of radius 1 ■73". 

•(26) The ooordinatea of three points A, B, C are, in inches, (0-5, 0-61, 
(1, 2'5), (3'5, 0). Find the volume generated by the revolution of ABO 
about the axis of x. Take point (3 '5, 0) as 0. 

*(27) Draw a segment of a circle of base 4-4" and height 2-9", Find the 
volume generated by revolving the segment about its base. 



MISCELLANEOUS EXAMPLES. 



MISCELLANEOUS EXAMPLES. H 

1. Reduce an eqiulaterfti triangle of side 9'1 oms. to unit base u — 1" by 
the three methods pven, and oorapare these determinations of the a 



a being the length of a. side in inohei. il inob=2'51 cma.) 

2. The ooordinateB of four points A, B, G, D are (2-3. 0), (4'1, 2-1), 
(1-2, 4-9), (-0-8, 2-2) in inches. Find thearewof the quadrilateral .iSCi) 
and ACDB. 



3. Find the area of the figure ^fiCi>£ 

(Fig. 58) in square inches, where AB-51 
eras., fiC=9-8 eras., and AUD ia a oir- 
ouIat arc for which EF=Z cms. 




5. Find also the area of ^(7£>£'d. 
[If O be the point of intereoction of AG and BE, tJien 
the difference of the areas OCDE and ABO has t< ' 
found ; the construction for effecting the reduutio: 
unit base is enaotly as on p. 60.] 



6. Reduce to unit base the area of the lens seotion 
shewn (Fig. 59), AB = i'\ GE=1-S", ED=l-5", (i) by 
drawing the figure to scale on squared paper and counting 
up the contained squares ; (ii) by reducing the segments 
separately to unit raise. 



7. Draw a circular sector of radius 12 cms. and angle ISO degrees. Find 
the area of the ugmtait (i) by the conatruotion given in the text, (ii) by 
treating it as a parabolic aegment, (iii) by dividing it up into eight strips 
of equal width and adding the mid-lines. 




"8. The oironlar segment o£ question 7 revolves about ita base ; find the 
volume of the solid generated. 

9. One aide of a fieM ia straight and of length 200 ft. At distanceB 
inoreaaing by 20 ft. from one end, the width is measured and found to bo 
70, 100, 100, 130, 137. 180, 150, 145, 100 ft. Find approximately the area 
of the field. 

10. Reduce to unit base the area ABCD, where AB = 5% AD = S-1 cms. 
and AB is perpendioulflor to AD, and BCD is a circular are of 13-5 omB. 
length, convexity outwards. (The are may be drawn by reversing 
Rankine's r — ' — ''- ' 



H. The comers of a triangular iield PQB are determined with reference 
to a base line AB by the dimensions PAB^5T, PBA='ii'', QAB^G*", 
QBA^\ll\RAB-\W,RBA-i,T. ^ B ia 50 feet long. Drawadiagram 
to a Boale of aa inch to 100 feet, and determine the area of the field. 

(Military Entmnoe Ejiamination, 1905.) 



13. Test or prove geometrically the accuracy of the following graphical 
method of determining the area of a quadrilateral ABCD: "Join BD ; 
through C draw CE parallel ta BD meeting AB, produced if necessary, 
in E i with oenti* E and radius equal to twice the unit of length, describe 
a circle ; from A draw a tangent to this circle, to meet DX, which ia 
parallel to AB, in X. Then the number of units of length in AX a the 
number of unita of area in ABCD." Data for the teat figure : BD—2 in., 
AB=l-9iti.,BC=l-Siti., 0D = 1-Gin., DA-l-3m. 

(Military Entrance Examination, 1905.) 




JZ» = 175 yards, .^^=130 yards, LBAC=iT, lCAD^^\ lDAE=2 
Draw B plan to a scale of an inch to 30 yards, and find the area, of the field 
from your plan, (Naval and Engineer Cadets, 1004. ) 



MlSCEIiANEOUS EXAMPLES. 




16. Above (Fig. 61) is a, rough plan of the city of Paris drawn to the 
scale of 1 centimetre to the kilumetre. Find the area of the city in squnre 
kilometres liy measuring any lines you like. (Naval Ciiaaets, 1903. ) 




16. In any way you please, find the area of the given ligure (Fig. 62) 
bo ttie nearest square inoii. State your method. 

(Naval and Engineer Cadets, 1909.) 



CHAPTER III. 

VECTORS AND THEIR APPLICATION TO VELOCITIES, 
ACCELERATIONS, AND MASS-CENTRES. 

Displacement. If a point moves from bo A (Fig. 63} 
along some curved or straight path, the line drawn from to A 
is the displacement of tlte point This displacement is inde- 
pendent of the actual path of the point, and depends only 
on the relative positions of the new and the initial points. 




To specify the displacement, there must be given not only 
the magnitnde of OA {e.g. 133 inches), bnt the direction or lie 
of the line (e.y. the North-South line) ; and not only the direction 
of the line, but the sense of the motion in that line (e.g. towards 
the North). 

The displacement 0A| though equal to OA in magnitude and 
direction is of the opposite sense. 

Displacements may be represented by lines drawn to scale, if 
the linea be placed in the proper directions and given the required 
senses. The sense of the displacement is indicated by an arrow 
head on the line. 

To indicate that the line from to A involves direction and 
sense as well as magnitude, it is convenient to print the letters 
in block type ; thus OA means the length OA in its proper 
direction and with its correct sense. 
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In writing it is extremely difficult to keep the distinction 
betweeu the block and the ordinary capital, and so, when writing, 
it is better to use a bar over the letters ; thus, OA (" Maxwell " 
notation) means the same thing as OA. 

Sam of Two DisplacementB. If the point moves trom 

to A and then to B, the final displacement from is OB, 

while the displacement from A is AS and that of A from is 

OA. These facts are symbolised by the equation 

OB = OA + AB. 

Such an equation does not mean that the length OB is the 
sum of the lengths OA and AB; but simply, that the final 
position of the moving point is the same whether displaced 
directly from to 5, or first to A and then from A U> B. 

Sense and Sign. If the second displacement brings the 
point from .4 to {so that £ ia at 0), then the final displace- 
ment is zero, and 

OA + A0 = 0, or 0A= -AO. 

Hence, changing the sense of a displacement changes the sign 
of its symbol. (See also p. 6.) 

ExAMPi^. A train kavels due N. for 20 mUes, then, N.E. for 
10 miles, what is its displacemmt? Another train goes 10 miles 
N.E. and then 20 miles N., sh&w that its total displacement is the 
same as that of the first train. 

Represent 10 miles by 05 in. 

(i) Set off OA = i" (Fig. 64) vertically upwards and AB = 2" 
making i5° with OA produced. Measure OB in tV 'I- f"d 
divide mentally by 2 ; this gives the magnitude of the displace- 
ment (28). With a good protractor (the vernier protractor is 
beat), or by aid of a scale of chords, measure (15°) ; then the 
displacement of the train is 28 miles 15° to the East of North 
(approximately). Measure also by the aid of p and a table of 

Notice that OB itself with the arrow head gives the displace- 
ment, but, if it is necessary to state the displacement in words, 



ADDITION OP DISPLACEMENTS, 71 

we must give not only its magnitude but also the direction and 
aonae compared with some standard direction and sense — in this 
case the liue drawn totoards the Korth. 



[It is perhaps as well to notice that, drawing 
OA parallel to the bound edge of the paper 
and towards the top of the page, is only the 
conventional way of representing " towards 
the North." The line OA will only represent 
the true displacement when the book is placed 
BO that the arrow head on OA does point 
due North.] 



Tia. M. 

(ii) Set off 0B-^ = 2' at 45° with the N. line, then 4" due N. ; 
arrive at £ as before, for OB-^BA is a parallelogram. 

Order of Addition. The order in which two displacements 
are added is immatetial ; as an equation 

and the displacement B^B is equal to OA and OBj is equal to AB. 




(1) . 



eirouB horse trots with uniform apeed round a circus of radius 
n I minute. Starting tram the Bouth position, give the diaplftoe- 
15, 30, IS and 60 seconds. Make the drawing to the scale 2 nana. 



The rod now rotates through 70° about ita West end in a olockwi 
the ring remaining in the same position relatively to the rod ; fii 
total displacement of the ring, it it starts at the E. ead o£ the rod. 



re 
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Addition of any nomber of Displacements. 

Example. A point is di^laced svaxsdvely from to A, from 
A to B, io and to D, the diqilacemenls being given, in magnitude, 
direction and sense by O^A], O^Bi, O^Oj, O^D^. Find the resultant 
displacement. 

OjJi^i-2, Oi£, = 7'93, OjCi = 10-5, 0ji>, = 4-I cms., 

AfiiB^ = 25\ B,OiCi = 120° and C,0,/>i-80°. 

From any point draw OA (Fig. 65) equal and parallel to 

Oj^j ; from A draw AB equal and parallel to 0,Sj ; from B 




draw BC equal and parallel to 0,Cj ; and, finally, CD equal and 
parallel to O^D^. Then OD is the sum of the displacements 
OD = OA + AB + BO + OD = 0,A, + OiBi + OjCi + 0,Dp 
Measure OD and the angle AOD; these measurements give 
the displacement in magnitude, direction and sense. 

(3) From the same point O add tbe displncementa in a different order, 
e.(f. find 

0, Ai + 0,0, + CD, + 0,Bi 
O.D.+0,B, + 0,A,+OA. 
and Bhew that the eame resultant displacement is obtained. 

(4) Find the sum of the diaplacementa 

0,A,-OB, + 00,-OD, 
and 0,0i - CB, - CD, + 0,A,. 

Since 0A= -AO. to subtract a displacement AC we have only to 
change the sense and add. 
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Relative DisplaMmeilt. AH displacements are relative, for 
there is no point in space known to be fixed. The earth turns 
on its axis, the axis moves round the sun, and the sun itself is 
moving in space. 

Example Givmt the displacement of two points A and B relative 
to O, to find the displacement of B relative to A. 

In Fig. 66 OA and OB are the displacements relative to ; 
then AS is the displacement of B relative to A. 




and AB is the difference of the displacements of A and B 
relative to 0. 

If the displacement of A relative to B, viz. BA, had been 
required we should have had 

BA = BO + 0A = 0A-0B. 

Complete the parallelogram OABB^ then 
AB = OB,=OB + BBi. 

The displacement of B relative to A may therefore be regarded 
as follows. Give to both A and B a common displacement 
BBi = AO, making the total displacement of A zero; then the 
total displacement of B is the relative displacement required. 

Vectors and Vector Quantities. Wsplacements are 
examples of directed, or vector quautitiefi. The magnitude of 
the quantity — e.g. how many feet displaced— being represented 
to scale by a length, then, if this length be placed in the proper 
direction and given the proper sense, we have a complete repre- 
sentation of the vector quantity. Velocities of 20 and 30 miles 
an hour due N. and E. respectively are represented by lines of 
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lengths 2 and 3 inches respectively, if the lines be placed in the 
given directions and arrow heads marked on them to give the 
senses : the scale is 1 inch to 10 miles an hour. 

To specify a vector, magnitude, direction and sense must be 
given, and a vector is defined as a. geometrical quantity {e.g. a 
line) which has magnitude, direction and sense. 

Position. A vector has no definite position, it may be con- 
ceived as occupying any one of ^n infinite number of parallel 
positions. 

In Fig. 67 AB and CD are equal vectors, and we write 
AB = CD. 



But by changing the sense of CD we have 

AB=-CD, or AB + CD = 0. 

The connection between sense in geometry and sign in algebra 
was considered on p. 70. 

Notation. In order to avoid the repetition of the word 
vector, Greet letters will often l>e used to symbolise them, the 
corresponding English letter denoting the magnitude; a, b, c, 
d, e denote the magnitudes of a, ^, y, S, O Block letters are often 
used in books to denote vectors — A, B, .. — this is the "Heavi- 
side" notation. Owing to the difficulty of writing these, small 
Greek letters are to be preferred — " Henrici " notation. When 
the vector is denoted by the letters placed at its ends, block 
letters will be used ; in writing, use the Maxwell notation. 

Addition of Vectors. The process is exactly the same as 

for displacements, the formal enunciation is: To add vectors, 

place the first anywhere, at the end of the first idace the 

beginning of the second, at the end of the second the beginning 

'Far tbe pronunciation see Note B, p. 374. 
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of tlie third, and so on ; then the vector from the beginning of 
the first to the end of the last is the snm of the given vectors. 

The vector giving the sum is oFteD called the resultant vector, 
and in relation to this the vectors are called the components. 

When the end of the last and the beginning of the first vector 
coincide, the sum is zero and the vectors are said to cancel. 

(5) Draw any five lines and give tbem senaee. Denoting these lines by 
o, fi, 7, I, t prove that 

B + ^ + 7 + * + e=^ + * + < + 7 + o = J + T + ^ + o + (. 

(6) Find the vector sum of 

(7) The lengths of five vectors are 3-5, 26, 47, 6-2 and 7-8 ema. 
respectively, and they point N., S.W., SO" S. of E., 25° E. of S. and E. 
Find the resultant vector, taking core to give its magnitude, direotion (uid 



Order of Addition. The order in which vectors are added 
s immaterial. 



In Fig. 68, 

o- = a+/3 + y + 5, 

:. c^=o^-7+/3^-S. 



By changing the order two at a time, any desired order may 
)e obtained, and hence the theorem is established. 




Average Velocity. When a body moves, its displacement, 
from some standard point or origin, changes with the time. 

The total displacement in any time divided by the time is 
defined as the average velocity for that time. 

This average velocity is then measured by a displacement and 
ia therefore a vector quantity. 
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ExAMPU. A train at 10 a.m. is 100 miks N.E. oj London, at 
noon ii is 80 miles 15° JV". of E. What is its avei-age velocily i 

Draw OPj (Fig. 69) and OP^ to scale, giving the displace mente ; 
measure P^P^ on same scale and find its direction. BisecC P^P, 




at M. Then PjP is the total displacement, and P^M gives the 
average velocity lii miles pter hour. 

It should bo evident, that, as nothing is known of the motion 
between 10 a.m. and noon, the displacement in one hour is not 
merrily JP^. 

The average velocity means only that velocity which, if it 
remained constant, would give the actual displacement in the 
given time. 

The average epeod of a point for any interval of time is 
defined as the distance traversed divided by the time. 

(9) A man walks from towards the S.W. fnr 4 miks and arrives at 
A in fi5 minutea, he thon walks for 3 miles W. to B in 40 minntea, then 
6'5 miles due N. to O in U)5 minutes. What are his average velocities 
from to A, Oto B, Ut C, and what are his average speeds? 

(10) A man walks mund (olockwiae) a rectangular field A BOD in 
27 minutes. Starting at A he is at S (due E. nfA], distant 200 yds., 
in 7 minutes ; at C, diatant 150 yds. from B, in 16 minutes ; and at i) in 
21 minutes. What are his nverage velocities and speeds from .^ to .^ 
A to C, A to D and from A oack to j4 ? 



VELOCITY. 
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Ppeed and Velocity. A point moves on a curve from P 
(Fig. 70) to P, in time (. Ita displacement in that time is the 

chord PPj and its average velocity is — -1. 



Duriag this time it travel 



r the distance PP-^ (arc) and 



is defined as the areiage apeed. 

If we take t very small, then the arc, the chord, and the 
tangent at P become indistinguishable 
the one from the other at P. At the 
limit, when Pj approaches nearer and 
nearer and finally comes up to 1', the 
chord P^P produced becomes the tangent 
at P, and the magnitude of the velocity 
is the speed at P. The direction of 
motion is therefore always tangential to 
the path. 

At every instant of the motion the 
point is moving with a definite speed in 
a definite direction. 

The smaller the time interval, the 
smaller will be the vector PPp and the 
more nearly will the average velocity be 
the same as at the beginning or end of ^'"' ^^ 

the time interval. The problem of finding, in particular cases, 
to what fixed value this average velocity tends, as the interval 
of time is taken smaller and smaller without limit, belongs to 
the Calculus and cannot be discussed here. This limiting value 
of the average velocity is evidently the velocity at the instant 
under consideration, and its magnitude is the speed of the point 
at that instant. 

A velocity iB specified by giving the speed, the direction and 
tbe sense of the motion. 

Speed is constant only when the point passes over equal 
distances in equal times, no matter how small the equal J-imes may 
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be, or the average speed is always the same whatever the time 
interval. 

Velocity is constant only when the speed is constant, and the 
direction and sense of the motion remain unaltered. 

A point moving along a curved path may have constant speed 
but cannot have constant velocity. 

nnits. The unit of length being a foot, and the unit of time 
a second, the unit of speed is a ft. per sec. often written 1 ft./sec. 
Other units in common use are 1 mile per hour, or 1 m./hr,, and 
1 cm. per see. or 1 cm./seo. 

Definition, The Velocity of a point is its rate of displace- 
ment and is measured by the displacement in unit time, or the 
displacement that would have taken place if the velocity had 
remained constant. 

Velocity is, therefore, a vector quantity and can be represented 
by a line vector ; the length of the vector represents to scale the 
magnitude of the velocity (the speed), the direction and sense of 
the motion being shown by the direction and sense of the vector. 

Velocities are added or compounded like vectots since they 
are meaanred by displacements. 

Example. A ship is moving due If. at a speed of 15 miles an 
hour ; a passenger runs across the deck from S. to N. at 7 miles an 
hour, find the velocity af ike passenger relative to the earth. 




Set off a (Fig. 71) from right to left of length 15 cma. ; add 
of length 7 cms. drawn vertically upwards ; then y the sum 
(y = a + j8) gives the magnitude, direction and sense of the velocity 
required. Scale y in cms. and measure the angle 6. 
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(11) A ahip sails N. relative to the water at 5 ft. per sec. whilst a 
oarreDt takes it E. at 3 ft. per sec ; what is the velocity of the ship 
relative to the earth T 

(12) A river current runs at 2 mites an hour ; in what direction should 
a, swimmer go, who can swim 2'5 miles an hour, in order to orosa the river 
perpeudioular to the banks? [Draw the vector of the velocity of the 
current ; through the beginning of this, draw a line perpendicular to it, 
amd with the other end as oentro, describe a, circular arc of ra,dius 2'5 to 
out the perpendicular. This construction gives the velocities of the 
swimmer relative to the water and to the land. There are two solutions, 
giving the directions from both banks.} 

(13) A boat can be rowed at miles an honr in still water, a river 
current flows at 3 miles an hour ; how should the head of the boat be 
pointed if it be desired to cross the river at an angle of 45° up stream ^ 

(14) A train travels E. at 66 njites an hour, a shot is projected from the 
train at an angle of 30° with the forward direetion and at a speed of 200 miles 
on hour relative to the train ; what is the velocity of the shot relative to the 

(IC) A ball is moving at 10 miles an hour S.W. and is struck by a bat 
with a force which would, if the ball had been at rest, have given it a 
speed of 8 miles an honr due S. j with what velocity does the ball leave 
the bat ! 



* Relative Velocity. A point at any instant can only have 

one definite velocity ; it is impossible to conceive it as moving in 
two different directions, or with two different speeds, at one and 
the Bame instant. Relative to other moving points it may have 
all sorts of velocities. 

* Example. A train mKes 20° E. of N. ai 50 mtfes an hour; 
another train is moving W. at 226 miles an hour, and a third is 
tmvelli-ng due S. at 35-2 miles an hour. What are the velocUiea oj 
thejirst and third relative to the second/ 

Notice that the relative motions of two or more bodies are 
unaffected by any motion common to them all ; thus, the relative 
motions of trains, people, ships, et«., are quite independent of the 
motion of the earth round the sun. We may, therefore, suppose 
any common velocity given to the trains. 

In Fig. 72, o represents the velocity of the first train, j8 and y 
those of the second and third. 



at S,, then B^ is the required position of B. Through J, draw 
BiJj parallel to DA cutting the N, line at ^ in ^j ; .then A^ is 
the required position of A. 

(20) Two ships are 11 miles apart, and both are steaming direct towards 
the same point distant 11 and 7 miles from them respectively. They both 
travel at 14 miles an hour. Find their shortest distance apart and the 
corresponding time. 

* Total Acceleration. When the velocity of a body changes, 
the motion is said to be accelerated. This acceleration may be 

due to the velocity increasing or 

diminishing (retardation), or to ' '~ 

the change in the direction of 

the motion or to both. Thus, if — »- 

Oj (Fig. 74) gives the velocity 

at one instant and a.^ at a subsequent one, the magnitude only 

has changed, and the total acceleration is a^ - a, and is negative. 

If |S, and 13.2 (Fig. 75) denote the velocities at two instants, 

then the change in the velocity i) 

ft + r=^a or 7 = 

y, the change in [he velocity, is 
simply the velocity which must be 
added on — as a vector — to the 
initial velocity ^j to give the final 
velocity jS^. Change in velocity is 
then a vector quantity and must be 
represented by a vector. 



The velocity has changed both 
and y is the total acceleration. 




magnitude and in direction 



B tutal aooeleration ! 



* Aver&ge Acceleration. Dividing the total acceleration by 
the time we get the avera^ acceleration. 



ACCELERATION. S3 

* Acceleration. Notice that both total and average accelera- 
tions are vector quantities, and the latter gives the average 
velocity added per unit of time. 

If the acceleration is constant, i.e. if the same velocity be 
added during equal intervals of time, no matter how small the 
latter may be, then the velocity added per second is the 
acceleration. 

If the acceleration changes, then the value to which the 
aTeiSge acceleration approximates, as the time interval becomes 
smaller and smaller without limit, is the acceleration at the 
instant (cf. Velocity, on p. 77). 

* Definition. Acceleration is the rate of change of velocity, 
and is measured by the velocity added per unit time, or the 
velocity that would have been added if the acceleration had kept 
constant. 

Acceleration is therefore a vector quantity, and accelerations 
are added (or compounded) as vectors. 

It can be shewn by experiment that bodies falling freely under 
the influence of gravity have a constant acceleration directed 
towards the centre of the earth, and measured by a velocity of 
33-2 ft. per second added per second, or 322 ft. per sec. per 
sec. (at Greenwich). This aoceleration is usually denoted by the 
letter g. 

(22) A train at noon is moving 35° E. of N. with a speed of 32 m./hr. 
At 12 h. 35 m. p.m. it ia moving with a Bx>eed of 27 m./hr. 50° E. of N. 
What are ita total and average aj^celeratioiis during thia time! 

(23) A puint movea in a horizontal cirole of radius 5'3 ft. in the contra- 
cloakwise aense. When at the most northern point its^peed ia ir3ft./aec., 
when at the W. point it is 12'7 It.Jeec., and when at the S. and K points 
Its speed is H'Suiid ITS ft./aeo. If the time taken to move through each 
quadrant be 1*2 minutes, find the average and total acceleratiuna for 
1, 2, 3 and 4 quadrante. 

(24) Two trains are moving towards the same point in directions in.- 
clined at 70° with one another. One train is increasing speed at the rote 
of 33 ft. per see. per sec. ; the other is diminishing its speed at the rate 
of 17 ft. per sec. per sec. Find the acoeieration of tie first relative to the 

Components of a Vector. Finding the sum of a number of 
vectors is a unique process; i.e. one and only one resultant 
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rector is obtained. The converse, i.e. finding the components 
when the resultant is known, is not unique in general. The 
componentB of a vector in two given directions are, however, 
uniquely determined. 

EJtAHrLE. Find ilie compotimts of a in ike two given, diredions. 

From the ends of a (Fig. 76), draw lines parallel to the two 
given directions, these determine two vectors o^ and o^ which arc 




the components. The construction can be done in two ways 
as indicated, but the component vectors are the same in both 
constructions. 



y due N. ; find the component 

(27) Find the oomponents of a diaplaccment 15 ft. E. in direction, 
making nngloH 15° N. and 30° S. respectively with this line. 

*(38) A falling atone has an acceleration nf 32*2 ft. per sec. per Hec. 
vertically downwards ; find the componenta along and perpendicular to ci 
hne mailing an angle of 60° with the horizontal. 

* (2*)) A train has an acceleration of 6 ft. per aec. per sec. down an 
incline of 1 in 6 (I vertical 6 along the inotinu) ; find the component 
Rocelerations horizontally and vertically. 

When only one component is spoken of, the other is supposed 
to he at right angles to the flist component. 
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*(32) A cable c&r fuile to grip on b. down incline of 10 in 73 ; if the 
retardation due to friction be equivalent to a, negative acceleration of 
?'8 ft. per sec. per sec., what is the actual acceleration c)f the oar? 

'(33) If in question 32 a man jumps up from his seat so that his body 
has a vertical acceleration (relative to the oar) of 1'9 feet per sec. per sec., 
what is the real acceleration of hiB body ? 

Haltiplication of Vectors by Scalara. Multiplying a 
vector by a nnmber merely multiplies tlLe length of that 
TectoT, thns na means a vector n times as long as a. 

Similarly multiplying a vector by any scalar quaotity multiplies 
its length by that quantity. 

OAB (Fig. 77) is any triangle. 
If AiB-j be drawn parallel to the 
base A£, cutting OA and OB pro- 
duced in A^ and 6,, then we know 
that OAB and OAjBj are similar 
triangles. Hence A^B^ is the same 
multiple of AB that OA^ is of OA. 



If OA = a and OB = (S, be the two sides of the triangle, 
then if OAj = fl<i and OB.^n^ 

we have AB = p-i[ and Afii = n(p-a), 

so that from A,B, = OBi - OA,, 

we have the vector law, 

.(^-«). .(?-«« 




(34) Establish the equation na + n;8 = n(o + fi) by (i) adding to the sum 
of n vectors a the sum of n vectors p, ajid (ii) adding (S to n and then 
adding n of these vectiirs together. 

Centre of Mean Position. Given two points A and B, 
the point IS biaeoting the line AB evidently occupies a mean 
poeition with regard to A and B. 



Choose any two origins and 0^ {Fig. 78), let OA = a and 
)B =/3, and from 0, draw a and add /3 to it, then the Bum 




from set off jo- and shew that the point M thus determined 
is the mid-point of AB. (This is also obvious from OAB, for 
AB = jS-a, and, therefore, the vector to the mid-point of AB is 

proving, incidentally, that the diagonals of parallelograma bisect 
one another.) 

Take any three points A, B, (Fig. 79), and a point of 
reference 0. Find the sum a + /3-i-y {=o-) as indicated (away 
from A, B, C). From set off ^ and determine thus the 
point M, the centre of mean position. 

Instead of take other origins 0^ and 0^ and shew by a 
similar construction that the same point M ia obtained. This 
shews that M depends on A, B and C, and not on the origin 
used to determine it. Draw the medians of ABC and see that 
M is their point of concurrence. 

(35) Draw a regular heitagon, take any origin (not the oentre) and find 
in a fleparat« figure the sum of the six position vootors of the vertioes. Set 
ofF From the origin ^ of this sum, and thus find M, the oentre of mean 
poaitiim of the vertices. 

Perform a similar construction when the origin ia at the centre. 
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(36) Draw a jiarallelograin and find the centre 
vertioes by taking the origin (i) outside, {ii) at 
diagonals. 

In each case the centre of mean position is the end point of the 
vector, drawn from the origin, which is ^ of the sum of the position 
vectors of the vertices. 




(37) Tahe any five poinbi and any origin, find s of the sum of the 
position vectors ; set this off from the origin s,nd determine thus the point 
M. Choose another origin and show, by a similar eonstniction, that the 
same point JU ia determined. 

Definition. Generally, if there are n points A,B,C,,.. whose 
position vectors with reference to some origin are a, y3, y, ... , 

then — - — - — — is the position vector of a point M callad 

the centre of mean positicm. 



Let o, j8, y, ... {Fig. 8( 
relative to 0, Oj, ^^, y^, . 
and let p =• 00, . then 



\ be the position vectors of the points 

. their position vectors relative to Oj, 




The centre of mean pmlion, is thvs a point dependent oniy on 
relative posU.wn of the points themselves and rud on the origin u 
to delei-mine it. 

The points A, B, G, ... need not be in a plane. 

(38) The coordinatea of five points are (1, 1-2), (-1, 1-5), (2-1, 1 

(.1-3, - 1 -4) and ( - 2, - 34) ; find the centre of 

vectors and divide by 5 ; set off this one-fifth v 
~ « the coordinates of its end point M.) 
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Centre of figure. In the case of a line, curve, area or 

volume, the centre of mean position of all the points in it is 
called the centra of figure or centroid. In many cases we can 
detennine the centre of figure by inspection. 

A straight line. Choosing the origin at the point of bisection 
we see that to every point P, having a position vector p, there is 
a point /*j, having — p for its vector, hence, 2p= 0, and is the 
centre of mean position. Where is the centre of figure for 
lines bounding a square, a rectangle, a parallelogram, a circle, 
respectively, and whyl 

Area of a Parallelogram. Taking the origin at the intersection 
of the diagonals, to every point P or Q {Fig. 81) there is a corre- 




sponding point Pj or Q^ such that OP + OP, or OQ + OQ, = 0, and, 

therefore, the centre of mean position of figure is at this point 
of intersection. 



(40) Shew that the ce 
be proved to be at the c( 

^41) Mnrk the positions of any seven points on your diawmg paper- 
Find the centre ol mean position of any four of them and then of Uie 
remaining three, and mark these two points. Find the centre of mean 
position of theee two points, counting the first one four timea and the last 
three times. Is this final centre of mean position the same as would be 
determined diretstly from the position vectors of tiio seven pointel 
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Theorem on Centres of Mean Position. In finding the 
centre of mean position of a system of points, any nnmber oi 
them may be replaced by their centre of mean position, if the 
portion vector of that point he moltiplied hy that number. 

Let there be irij points whose poBitlon vectors are a,, ^8,, y,, ... . 
,. w^ „ ., „ ., "a./^a.ra----- 

„ % " » " " s.ft.rs. ■- ■ 

Then the position vector <r of the centre of mean position for 
the whole m^ + m^ + mg points, is given by 

= Sij + Soj + Sxg. 
If o-j is the centre of mean position for the OTj points, o-j that 
for the 'ti^ points and tr^ that for the m^ points, then 
mjO', = 2a,, m^^ = 'Za^ and m^ir^ = 'Sa^; 

The ni, points may therefore be treated as if concentrated at 
their centre of mean position, provided the position vector of the 
latter be counted to, times, and so on for the other points. 

Evidently the argument holds however many partial systems 
of points we suppose the whole system divided up into. 

Mass-Centres. Let there be n points having unit mass at 
each point,' then the centre of mean position of the points is 
called the mass-centre of the masses. If a^, a^.,. are the position 
vectors of the points, and <r that of the mass-centre, then 

Divide the points up into groups, m, points having mass-centre 
o-j, wij points mass-centre o-^, ... then, since n = 'Zm.^, we have 

(mi + m^ + m^ + ...)<r = m^<T^ + m^<r^+ (1) 

This equation remains unaltered however the m, points be 
moved, provided that their mass-centre given by o-, remains 
unaltered ; we may, therefore, suppose them to come together and 
coincide at itj, and so for the other partial systems. 
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At the end point of o-, we have now a mass m^ units, at a-^ a 
mass m^ unite.... Moreover, equation {1) remaina true when 
multiplied throughout by the same scalar quantity, and hence 
ntj, m^, ... may be taken as the masses at the pointe. 

Hence, Kireo a nnmlwr of pointa M^, M^, ... having masses 
m^, m^, ... concentrated there, and having position vecton <r,, 
o-g, ... the mass centre of the B78tem is given by the position 
vector ir, vhere 

Mass-Points or FartldeB. We 

have thus arrived at the conception 
of pointe with masses concentrated 
at them ; such pointe are called 
mass-points, and have exactly the 
same meaning as the more' usual 
term particles. 

To find the Mass-Centre (m.c.) of 
a number of mass-points ; Choose 
any convenient origin 0, multiply 
each position vector by the mass at 
ite end point, add all these mass- 
vectors, and divide the resultant 
mass-vector by the sum of the 
masses. Set off from the vector 
so determined; ite end point will 
be the M.C. required. 

Example. Find ike Mass-centre 
(m.c.) of three partides of masses 1, 2 
and 3 grammes placed ai the vertices 
of an equilateral tiiangle. 

Draw any equilateral triangle ABC {Fig. 82). Take any 
origin 0. Draw a equal to OA, add 2/3 (where li = 0'&), and 
3y (where 7-OC). Then, if o- = a + 2(8-i-37, set off Jo- from 0, 
and find M the M.c. required. 




(43) Fiud the m.c. of five particles of maasee. 2, 3, 1'8, 3*3, imd 4-T lbs. 
Jplaced in order at the vertioea uf a, ruguliir pentagou of 1'6" side. 

(44) Take the H.a as found in Ex. 43 aa origin, repeat the conBtnic- 
. tion, and ahow that the vector polygon is closed, i.e. that the origin ia 



MaSB-Fointa in a Line. For two points, A and B, having 
masses 3 and 2 lbs., we have, by taking the origin in the line 
(Fig. 83), 3(j^ ^ 20B = 5011 ' 

IS M be now taken as origin, 

3MA + 2MB-0. 




and therelore M divides AB inversely as the masses. Hence 
the simplest construction would be: Set oH BA^ — 3", and ABj 
parallel to BAj and of length 2". Put a straight edge along 
A^B^, and mark the point ^where it cuts AB. 

a given bj lines of length 

(46) n in Ex. 43 the masses at ,4 and S are given hy (i) the gqnares, 
(ii) the cubes of the lengtlia, determine graphically in each case the position 
of the u.a 
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(47) Draw auy line and mark on origin O and four points in the line. 
Suppose niasaes of 2, 3, 1, and 4 grammes to be at the puintB. Construct 
the position of Che m.o., and meaeure its distance from O. Shew that 
this position could have been oalculated by multiplying each mass by it 



Formula for the H.C. of Points in a Line. l.ii%x^,x^,x^,... 

be the distances of a number of poiate in a line from an origin 
in that line, and m,, m^, m^, ... the masses at those points. 

Then, all the position vectors being parallel, they are added as 
scalars, one sense giving a positive scalar, the opposite a negative 
one. If, then, x denote the distance of the M.c. from 0, we have 

If this sum is negative, it shows that the M.a lies on the 
negative side of the origin. 

(48) Find by calculation the position of the M.c. of masses 2'7, 3-6, 4-7 
and 6'9 grms. situated at points in a line distant 117, 1*6, I'i and 9'3 cms. 
from an origin O in the line. 

(49) Calculate the position of the M.c. of masses 10, 5, 3, 8, and 1 lbs. 
situated in a line, the position cf the points from a fixed origin in the line 
being 1, 5, -2, -3, and 4 ft. respectively. 

Graphical Construction. 

Example. Masses given by lines m^, m^, nij and m^ are concen- 
trated at points X^, X^. Xj, X, in a line, to construct the J)ositiol^ of 
the mass-centre. 

Draw m,, m^, ... and the distances Xj, X^ ... twice the size of 
those in Fig. 84. 

Thtough any point in the line draw Oij perpendicular to it, 
set off from along this perpendicular OMy, OM^, OM^, OM^ 
and OM equal to Wj, wij, m^, m^, a.nd mj + m^ + m^ + m^ ( = 2™,). 
OM should be found by the strip method of addition. 
Through ilfj draw M^x^ parallel to MXj. 
.,, M^ ,. M^^ „ MX.. 
„ M^ ,. M^ „ MX^. 
„ M. „ M.x, „ MX,. 



By the strip method find the sum of ftcj, ftr^, Ox^, Ox^, and set off 
OX equal to this sum, then X is the M.c. of the four mass-points. 



Proof. 



X, ■*, X, X X3 X. 

OM _ OX^ 

:. OM.Ox^ = OM^.OX^. 
Similarly, OM.Ox^ = OM^ . OX^, 

OM.Oz^^OM^.OX^, 
OM.Ox^^OM^.OX^; 
:. by addition OAT. 2:ftc, = S03fj. OXj. 
The right-hand side of this equation ie the sum of the products 
of each mass and its distance from 0, the left-hand side is OX 
multiplied by the sum of the masses, hence OX is the distance 
of the M.C. from 0. 
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(50) Repeat the oonatruction as above, drawing Oy through J/,, M^ and 
M^ in turn. Notice tliat this sjmplifien the work, eiac^ uoly three 
paj^lels have to be drawn. 

(51) MasseB ^ven by lines of lengths 2'3, 5, 7'S, S'5 cms., scale 1* to 
5 Ibe., are at pointa (in a straight hne) whose distances apart are OS, 1, 1'T, 
08 inches taken in order. Und the m.c, graphically, and test bj calcu- 
lation from the formula of p. 93. 

Non-Collinear Mass-Points. For points not in a line and 
having masses given by lines, general constructions are given 
(i) on page 112, (ii) on page 299. 

A few simple eases may be treated by repeated constructions 
similar to that on page 92, 



(62) Find the u.c. of three nia«eea given by the lines m,, m^, m,, 
situated at A, B, respectively, where AB=5-4, BC-1-5 and CA =5-98 
cms. First, find the h.g. O, of nij and nig, and then the M.c. O^ of m, at 
C, and m, + m, at G,. 

(53) Masses given by lines of lengths 4'7, 2'S and 3 '8 cms. are situated at 
pointa whose coordinatts in inches are (1, 0|, (2, 3), (3, - 1). Find the 
mass-centre by coDstruetion, and give its coordinates. 

Mass-Centre of a figure with an axis of Symmetry. 1/ 

any curved or broken zig-zag line has an axis of symmetry the mass 
centre of the line must lie on thai axis. 

For to every point P distant AfP from the axis of symmetry 
there is a point /*, at the same distance 
on the other side of the axis (Fig. 85). 
ChoOBing any origin 0, then, for two 
such points, 

OP + OPj = OM+Ml' + OM+MP^ 

and as this holds for every pair of points, 
the M.c. must lie on the axis. 

When the axis of symmetry is per- 
pendicular to the lines joining corre- 
sponding points, it is called an axis of 

right synunetry, otherwise it is an axis of skew symmetry. The 
line joining the mid-points of opposite sides of a rectangle is an 
axis of right symmetry, a similar line in a paraUelogram is 
an axis of skew symmetry. 
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M.O. of any number of equal consecatdve lines inscribed 

in a circle. Draw a circle of radius 4" (Fig, 86), and set off in 
it six chorda, each of length I'S", forming an open polygon 
A^A2^:iA^A^AfA^. Draw the axis of symmetry 0A^, being 
the centre of the circle, and join A^A-;. 




Bisect A^A^ at M^ and set ofT OA along the axis of symmetry 
equal to OMi. Draw AB parallel to A-^A^ = \ the sum of the 
sides. Join OB, and draw A.jD parallel to OA, and DG parallel 
A^Aj, as in Fig. 86, then the point G so determined ia the 
mass-centre of the six lines. 

Proof. Draw through 0, OX parallel to A^A-,, and through 
Ay and A^ lines parallel to OA and OX as in Fig. 86. Through 
the midpoints M-y, M^, M^ of the lines draw MyX^, etc., parallel 
to OA. 

I, by construction, OM^Xj is similar to A-^A^C^ ; 
. OMj _AjA_2 
■■ M,X\~A^C^' 
:. A^A^.M^X^^OM^.AjC^. 
e way A^Ag . M^X^ = OM^ . Af,, 
A^A^.M^X^=OM^.Af^. 



Then, 



In the Si 
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But A^A^ = A^A^ = A^A^ and OM^ = OM^ = OM^; 
:. by addition A^A^{M^X^+M^Xi^M^s) = lA^A^.OM^. 
Now, for finding the maas-centre, we may suppose the maes of 
each line concentrated at ita mid-point, and since OA is the axis 
of symmetry, the pairs of maea-points M^, M^... have their mase- 
eentres on OA, and atdistaneea MjX^, ...from OX. 
But the distance y of the M.c. from ia given by 
AiA^(M,X^ + M^j + MsXa) - 3A^A^ . y ; 

:. 3AjAj.y = ^A^A^.0M^; (i) 

.'. AB.y = GD.OA, 

y GD 

OA=AB' 
and y = OG. 



If there had been eight f 
have been ^A^A^ 

if 3n sidea, ^\A^ 

or semi-perimetei 



a instead of aix, equation (i) would 
= lA^A^.OM-^, 
= ^A^A^+,.OMu 
= semi-cloaing chord . perpendicular 
from centre on polygon, 
or perimeter. y = closing chord, perpendicular, (ii) 

(54) Find by this method the m.c. of any six aides of a regular heptagon. 

Mass-Centre of a Circular Arc The formula embodied 
in equation (ii) is independent of the number of sides to the 
polygon. When the number of sides becomes very large, the 
aides themselves being very small, the polygon becomes nearly the 
same aa the circular arc, and the perpendicular 0M^ becomes nearly 
the radius of the circle. The limiting ease, when the number of 
sides becomes infinitely large and their size infinitely small, is 
the arc itself, and hence for any circular arc 

perimeter . y = closing chord . radius. 

Constnictioti for the no. of a Circular Arc. Draw a 

circular arc BCD (Fig, 87) of radius 4" and angle 135°, and ita 

axis of symmetry DC. Construct the tangent at C, and step off 

Ci>' = arc CZ) 



along it. Jom OD, and draw DL and LQ parallel and per- 
pendicular to 00, then G is the mass-centre. 





"^^^ / 
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Prool This follows at once from the equation 
y _ closing chord 
radius perimeter 
From this result a formula for calculation can be deduced, 
for if r = radius and la the angle BOD, 

we have - = ; 



.. ,-r— , 

which, in the case of a semicircular arc, becomes 
- 2r 

(65) CoDBtmot the u.c. of a aemicirculor arc, and oompare the ineBBored 
y with the oalaulated value ^. 

(56) Conatruot the u.c. of a. oiroular arc BubteDding 270° at the centre. 

(57) Find the m.c. of the linea bounding a oiroular sector of angle 76°. 
(68) Find the u.c. of a uniform U-rod formed of two parallel pieces, each 

of length 6", connected bj a semioircnlar piece of radina 3". 

HCass-Centres of Areas. If mass be supposed distributed 
uniformly over an area, the preceding processes enable us to find 
the masa-centre {or centroid) in many eases. 

The principles of general use are : 

(i) If the area has an axis of symmetry, the M.O. must lie on 
that axis. 
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(ii) If the area caii be divided into parts, for each of which 
the M.C. can be seen by inspection or easily found, then the M.C. 
of the whole is found by finding the M.c. of these points, each 
point having a mass proportional to the corresponding area. 

Example. To find the m.c. of a triangular lamina ABC. 

Draw the median JMj (Fig. 88) ; 
this bisects all lines parallel to SC, A 

i.e. the m.c's of all lines (or very 
narrow strips) parallel to BC lie in 
AM^. Hence to a mass m at Pj 
there is an equal mass m at P, 
where P^OP is parallel to BC and 
OPi + OP = 0. JM^ is an axis of , 
skew symmetry ; BC is called the t^a- as. 

conjosate direction. 

Draw a second median BM; the point of intersection is 
the M.C, 

(09) Shew, from the property of the h.c., that the three medians meet 

1 (60) Shaw that the triangle and three equal masses 
placed at the vertieea have the same aaiea of skew 
symmetry. Hence prove that M.c. of the triangle 
!..._ — .1 1! — " ■• , J of the way up from base. 

Example. Find graphically the 
M.c. of the area in Fig. 89. 

Draw the figure to scale. 

Find the mass-centres (?j and G^ 
of the two rectangles as indicated. 
Join ffjffj, and divide ffjffj hi the 
ratio of 16 to 9. 
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Quadrilateral. 

Example. Find grafhicdlly the m.c. of a gvadrUateral. 

Draw auy quadrilateral ABCD (Fig. 90) and its diagonals AG 
and BD intersecting in 0. 

Cut oft AE = CO. Find the M.C. of BED, it is the same point 
as the M.C. of ABCD. 




Proof. Since AE = CO, the medians through D of CAD and 
OED are coincident. But the M.c. of a triangle (Ex. 60) lies \ up 
the median from the base, hence the M.c. of OED is that of CAD. 

Similarly, the m.c. of OEB is that of CBA. Also, the masses 
of AED and BEA, DOC and BOC, DEO and BEO are propor- 
tional to their altitudes, which are proportional to DO and OB, 

abc bo beo 
*■*■ acd'do'dM 

hence the M.C. of ABCD is that of BED. 

Example. Find the M.c. of the area of the re-eatravi quadrilaterai 
ABED (Fig. 90). 

Set off AEi = EG along EA produced, and find the M.c. of the 
triangle DE^B; it is the M.C. of the re-entrant quadrilateral. 

Construct also the M.C. by finding separately the M.c.'e of 
ADE and ABE. 

* Example. Find the m,c. of a cross qaadrikUeTat ABED. 

Draw a cross quadrilateral from the re-entrant quadrilateral 
(Fig. 90) by taking E on the other side of AD, and follow out 
the construction just given ; the M.c. of the triangle DE^B is the 
JLC. of the cross quadrilateral. 
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Proof. The cross quadrilateral has an area ABE — ADE; 
the M.C. of ABE is that of E-^BO and the M.C. of ADE is that 
of E-^DO. The areas added are in each case proportional to 
the original areas and hence the M.c. of ABE - ADE is that of 
E^BO - E,DO, i.e. is the M.C. of E^T)B. 

{61) Find the maas-oeutrea of the areas of the following figurea (Figs. 
91-101). 

The figures must be drawn full size according to the dimen- 
siona given. The angle in Fig. 101 is equal to the same 
lettered angle in Fig. 100. 





MASS<!ENTRE EXERCISES. 
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M.O. of Trapezoidal Area. Draw any trapezium ABOD 
(Fig. 102) where -SCand DA are the parallel sides. 

Produce DA to A^ and BC to B^ in opposite senses, bo that 
AA. = BCBXiACB,=AD. 




Find the point of intersection & of the line A^B^ and the line 
M-^M^ joining the mid-points of the parallel aides AD and BG. 

G is the H.C. of the area. 

Proof. The triangles DBG, ABD heing of equal altitude have 
areas proportional to their bases BC and AD. We may, there- 
fore, replace the two triangles by masa-pointe ~ at D, B and C 
and ^atA.D and B. 



nn AD+2BC 

But the M.C. must He on M^M^, 
.'. 6, the mass-centre, must divide M^M^ so that 
GMj AD + 2BC BG+IAD M-^A^ 
GM^~ B0+2AD~ AD + iBG~ M^B^ 
Notice that the diBtance of the mass-centre of a nnmbM: of 
points ftom a giren line is unaltered by any movement of the 
points parallel to that line. 

(62) Find the m.c. of the trapeiinm for which £C=4'3, AD = G-1, 
AB-5S and CD = i'7 oms., (i) by thia method and (ii) by the general 
quadrilatoral method. 

(63] Divide the trapezium into a triangle and parallelogram, and lind the 
M.c. of the whole by finding in what ratio it divides the line joining the 
h.c'b of the triangle and parallelogiam. 
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M.O. of a Circular Sector. 

Example. Con^md the m.c. of a circular sector of radius i 
inches ami angle 120°. 

Draw the axis of symmetry 00 (Fig. 103). 

Set off 05j = §0Band draw the concentric arc A^B^. 



C. B,\ 

G ^^x X b, \ 



Step off the arc OiB^ along the tangent C^B^ ; draw B^B^ 
vertically to cut OB^t fnid jSgfi horizontally to cut 00 at fi. G is 
the M.C. 

Proof. Suppose the sector divided into a great niimher of 
very small sectors, of which OLM ia a very enlarged copy, then 
OLM is at its limit a triangle, LM being a tangent to the circle, 
the M.c. of this triangle is at g, where Og = ^OL- The sector 
OACB may therefore be replaced, as far as the M.C. is concerned, 
by a circular arc of radius '^OA (p. 97). 

The y for the circular sector is, therefore, given by 



which, in the case of a semicircle, becomes ^. 
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(64) Find the u.c. of a aemicircle and oompare your result with the 
calculated position. 

(65) Construot directly from the Bemicircle the positicm of the u.c. of 
a quaidrant of a circle, and from that the H.c/s of J, i and ) of a quadrant. 

Nesrative Mass and Area. 

Example. To find the m.c. of ike area ABCDDjCiB,Aj, given 
that AB-=G", EC = 8", AA, = 1", AiB, = 5", BiCi = 5". 






Find the mass-centres ffj and G^ (Fig. lOi) of the rectangles 
JBCD and J^B^C^D^. Join Gfi^ and produce. Set off along 
parallel lines G^K^ proportional to ABCD, and GjA", proportional 
to AjS^C^Dj both in the same sense. Where KiK^ cute ffjffj is 
the point 0, the mass centre of the area. 

Since the given area is the difference between two rectangles, 
the smaller rectangle (a square) must be considered as a negative 
area or as having negative mass, and hence G^K^, G^K, instead 
of being set off in opposite senses must have the same sense. 
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Proof. In order to justify the construction on p. 106 refer to 
Fig. 105. Let M denote the maaa of the whole area encloaed by 
the outer boundary, and m the mass of the shaded area enclosed 
by the inner curve. 

Let Q^ and G^ be the mass- 
centres of the area between the 
two curves {M~m) and of the 
shaded area. Then, to find Q the 
M.C. of the whole area M, we have 
to divide OiG^ at (? so that 
g^g M-m 
gj«° m ' 

The Graphical construction for 
effecting this division is indicated 
in Fig. 105. 




On the other hand, if G and gj be known, g| can be deter- 
mined. 

Add unity to each side of the last equation ; then since 

M-m ^ M 

m m' 

ggg + ffg, GJS, M 
we get ^^^ = ^^ = _. 

This shews that G^G has to be divided externally at g^ in the 

ratio ^. 

Hence, from G and G„, set off parallel lines, in the same sense, 
representing the masses to scale. Join their end points and 
produce the line to cut g^g in G-^, the m.c. required. This 
was the construction made in the example. 

MasB-Oentre of a Segment of a Circle. Draw a circular 
eeetor OACB (Fig. 106) of radius 4-5'' and angle 150°. Construct 



the M.C. G, of this sector as before. Divide OM (Fig. 106) 
into three equal parts and take OQ^ = ^OM. Through ff, and G^ 
draw parallels and set off G^K^ —p, the perpendicular from M on 



OJ and ff2ffj=the arc AC* (In Fig. 106 § of these distances 
are set off.) Join K^K^ cutting OC at 0, the M.c, of the segment. 

Proof The problem is to find the M.c. of the sector area and 
the negative area of the triangle OAB. 
The area of the sector = J radius x arc {p, 55) 

= 0^xarc^a 
The area of the triangle = (J Jf. MA 



„ . / . OA 0M\ 
= 0A .p; (since —r^= — -1, 



"AM' 
area of sector arc AC 
area of triangle p 

Since the area of the triangle must be considered as negative, 
p and the arc AC must be set off in the same sense. 

(66) (Construct the h.c. of a circular area of radius 3 inohea having a 
oiroular hole of radiiiB 1" out out, the diatnnoe apart of the oentrea being 
I'S". (Areas are proportional to radii squared.) 
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(67) Conatrnot the m.c. of the area iia above, the radii being S and r, 
and the distance apart of the centres being c. Construct the ratio of the 
sqoarea as in Fig. 107. 




ria. loT. 
>) Conatruot the U.C. of the figure shewn (Fig. 1 






Pia IDS. 

(89) Find the k.c. of a rectangle of sides 3 '64" and 7 '65" with a square of 
aide 2'S3" cut out, the distance apart of their centres being 1 '5", and the 
lino of centres beii^ a diagonal of the reotengle. (Use a similar oon- 
stmction to that in Ex. 67 for getting lines proportional bo areas.) 

(70) Find the M.c. of areotangle (5-64"x4'85"), having a oiroolar hole of 
radius 1'4" cut out, the distance apart of the centres being I'd". 

(71) Draw a rectangle of sides 4 and 3 inches. Chi the H" side as diameter 
describe a semioircle inside the rectangle ; now suppose it out away. 
Find the u.c. of the remaining area. 



Tectora in a Plane. FaraJIel vectors are Bald to be like 
voctoTS, they can all be ezpreaaed as mnltipleB of nay otlier 
parallel vector. 

Two non-parallel vectors are independent, i.e. one cannot be 
expressed in terms of the others. 

Draw any two non-parallel vectors o and y8 ; see that the sum or 
difference of any multiples of theee is the third Bide of a triangle, 
which can only be zero when a and /3 have the same direction, or 
the two multiples are zero. If, therefore, we have an equation 
aa = b^, where a and /3 are independent, it can only be satisfied 
when a = 5 = 0. 

SimQarly, if 7o -|- 3j8 = oa + 5j8, 

then (7-a)a = {5-3)j8, 

and a must be 7 and b must be 3 if the vectors are not parallel. 




Scalar Equations for Mass-Centre. A number of masses 

mj,mj, fflg, ...areat points whose position vectors are />],p2,/)„ 

like any two axes through (Fig. 109), and let the 

components of p^ parallel to the axes be o^ and |3j. 
It Pt II 9> ■'a And ^2' 
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Then Pi = °'i + ^i> 

Let p be the position vector of the maes-centre and a and p 
the components of p. 

Then, for the mass-centre, 
J^ = ^^iPii 
:. (5-^j8)Sm^=l(m^a^+mlJel-^mJtlJ-^miJ)3J-^...) 
= SnijOj + 2m,^j, 
hy rearrangement of the terme. 

But a, Qj, oj, ... are like vectors and so are j5, j8j, ^j, .. , and 
a, and ^3^ are independent. 

Hence a2mj = Swijaj and pSmj = 2m,/3j. 

If, then, x^ is the length of a,, y, of ^,, ^ of a, etc., 
52mj = 2m,3^ and y2mj = 2nijy„ 
two Boalar equations, each of which determines a line on which 
the mass-centre must lie, the point of intersection of the two 
lines being Q the mass-centre. 

Generally, it is convenient to take the axes perpendicular, and 
in this case m^^j is the mass at a point multiplied by the per- 
pendicular distance of the point from the axis of x, and is called 
the mass moment about Ox. 

Snijjf] is then the sum of the mass moments about the axis of x. 

The whole mass ^m^, supposed concentrated at the mass- 
centre, is called the resultant mass. 

We have then the theorem : 

The Bum of tb« mass moments about any line is equal to the 
moment of the resnltaiit mass. 

Oraphicf^ Constrnction for m.c. The construction given 
on p. 94 for the position of the m.c. of points in a line can be 
applied to points in a plane, the construction being made for two 
intersecting lines. A better method, however, is the link polygon 
construction, given on p. 299. 
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Example. Find the m.c. of masses 2, 3, 5, aitd 1 lbs. of points 
whose coordinates are (1, 1), (2, 3), (4, 1) and (3, 2). 

Draw the axes of coordinates (Fig. 110), and mark tlie co- 
ordinates of the points on each axis; draw a line bisecting the 
angle between them, and set off along this line the masses to any 
convenient scale 



In Fig. no, 0.^1 = 1, OFj=l and Oif, = 2 (on mass scale); 
0X^=2, 07^ = 3 and Oi/2 = 3.... (0X^ = 4 is not shewn.) The 
suffixes indicate the order of the points in the example. 

Join M {0M=\\, the sum of the masses) to 1, 2, 4, 3 on the 
X axis, and mark the points where parallels to these lines from 
2, 3, 5, 1 on the mass axis respectively cut the x axis, x^, x^, Xg, x^. 

Tk™ OM, n ,, „, 

inen .i = __ or 113^ = 3.1. 

Ox, 1 ' 
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Similarly ^ = ii or Hz, = 3 . 2, 

113:3-5.4, 
113;, = 1.2. 

Hence ll(Xi + % + Kg + 3;^) = 2. 1 + 3.2 + 5.4 + 1. 2 = "SmiX^. 

Add by a straight edged strip Xj, x^, x^a,TiAx^, the sum ax. 

Make a similar construction on the y axis and obtain y. 

Mark the point whose coordinates are x and y; it is the mass 
centre, (?. 

{72) Masses are given by lines of length 5'1, 23, 1-5 and 2-15 cms. ; the 
coordinates in inohes of the points are (0, 1 "1 ), (2-3, 0), (3-2, 1 7), (2-2, 4-3). 
Find the mass-oentre by coiiatruction, und teat by calculation from the 
, , _ 'Sm^x, ^ Smi^i 
formula x = ^ , y = ^ . 

Graphical Construction for tbe m.o. of any area, 

irregnlar or Otberwlse. Transfer the figure given in Fig. Ill 
to your drawing paper, and draw ite axis of symmetry X¥. 
Divide it up into strips parallel to the base, and draw the first 
equivalent figure as in the construction on p. 62, only take the 
point in the base and a equal to the height of the figure. 
Divide the height at G so that 

XG_A^ 
XY~ A' 
where ^ and ^j are lines proportional to the areas of the given 
and the equivalent figure. G is the M.c. 

* Proof, This is very similar to the proof on p. 63. 

In Fig. Ill, AB is one of the very thin strips, parallel to the 
base, into which the area is supposed to be divided. The mass 
of each of these strips may be supposed concentrated at the 
mid-point, i.«. in the axis of symmetry, XV. 

If m is the mass of any one of these strips and y is the distance 
from the base, then, if y is the distance of the M.C. from the base 

ySm = 2my. 
But m is proportional to the area of the strip, hence if AB = x 
and h is the thickness of the strip, m is proportional to hx, and 
therefore y'^^ — '2hxy. 



Now (see Fig. 57) 



- = S, ]iencexy=ax, 



and f^hx = SftoaTj ; 

,'. p. area of given Fig. =arAx 

= a . area of first equivalent figure, 
J 
and y="<^- 





If the area has not an axis of symmetry, y only determines the 
distance of the M.C. from XX. The procoas muat therefore be 
repeated for another line which intersects XX (preferably at 
right angles to it), and the distance of the M.C. from this line 
must be determined. From these two distances the M.O. can 
be determined as the intersection of two lines. 

Another method is given on p. 299 in connection with the 
link Polygon. 



MISCELLANEOUS EXAMPLES. 



MISCELLANE0IT8 fiXAUPLES. in. 

1. Draw a square A BCD of side 3 inches to represent a square field of 
side 300 yards. A man starting at A walks round at 80 yaraa a minute, 
another ninu starting nt D at the same instant, and walking at 100 yards 
a minute, begins to overtake him. C!onstruct the relative displacements 
at the end uf the lat, 2nd, 3rd, 4th, 6th, dth, I2th and ISth minutes. 

2. Construct the miaimum relative displacements when the men are on 
adjaaent sides. 

3. A toy gun is pointed at an elevation of 45° ; on firing it begins to 
reeoil with a speed of 5 ft. per sec. (horizontally), the speed of the shot 
relative to the gun is 30 ft. per sec., constmot the true velocity of the 

4. A sailing boat is going N.W. at 8 miles an hour, a sailor moves 
across the dtek from the S.WT at 3'7 miles an hour, a current is flowing at 
3'6 miles an hour IS" 8. of B. ; what is the velocity of the sailor relative 
to the current ? 



D method, secondly by the graphical construction of p. 113, 
and finally ~{)y calculation, 

7. Find the m.c. of the part of a circular area between two parallel 
lines at distanoea 3'74 and 2'fMi inches from the centre, the radius of the 
oirole being 4-5 inches. First treat it as the diflerence between two 
segments and then by the strip division method 

8. Find the m.c. of a circular arc and its chord, the are subtending an 
angle of 135° at the centre of a circle of radius 3*7". 

9. Masses of 3, 8, 7, 6, 2, 4 grammos are placed at the vertices A, B, ... 
of a regular hexagon ; construct the position of the M.c. 

10. Draw a circular arc of radius 3" and one of radius 2", the distances 
apart of the centres being 2". Find the M.c. of the lens shaped area between 
the two arcs by the method of strip division. 

11. A horizontal wooden cylinder rests on the top of a rectangular block 
of wood, the radins of the cylinder = width of bIock=2'62 ft., the height 
of the block is 7"86 ft., and the length of the cylinder and depth of block 
are the same. Find the M.c. (Treat as a circle on a rectangle.) 

12. A steamer which is steaming in still water due S.E. at a speed of 
14 knots enters a current flowing due W. at a speed of 2 knots. Deter- 
mine in any way you please the actoal velocity of the steamer when in the 
current and the direction in which she wiU travel. 

If it is desired to maintain a due 8. B. course and to cover exactly as 
much distance per hour in this direction as when in the still water, what 
oonree would the st«amor require to steer, and what must be the speed of 
the ship in regard to still water? (Military Entrance, 1905.) 



13. A uniform iron girder haa a crosa- 
aection of the given fonn (Fig, 112). 
Determine the position of the centre of 
gravity of the seotion. 

(Naval CadetB, 1901.) 



14. Fig. 113 repreBenta a figure formed of a rectangle and a 
triimgle. IFind and mark the poeition of its centre of gravity. 

(Naval and Engineer Cadets, Marob, 1904.) 




15. The letter T in the diagram (Fig. 114) is made of wire of uniforiu 
thioknesB. Find its centre of gravity (m.c), stating yonr method. 

(Naval Cadets, 1903.) 



16. Fig. 115 represents a hexagon 
frame, the length of each Bide being 
2 inches ; orjual niaBBcs of 4 ponnds each 
are placed at the four oorners a, b, d, e, 
and a mass of 8 pounds is placed at the 
comer c. The mass of each of the six 
sides of the hexagon frame is IJ pounds. 
Find the common centre of gravity (m.c.) 
of the whole system. 

(Military Entrance, 1905.) 
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17. A cistern, without lid, whose thickness may be neglected, 
3 ft. G in. in height by 2 ft. 3 in. by 3 ft. 3 in. Find the position of its 
centre of gravity. 

18. A and B nre two points 20 miles apart. At noon one man starts 
from A to walk to B at the rate of 4 miles an hour, and at 2 p.m. another 
man starts after him on s, bicycle at 10 miles an hour. Draw a diagram 
on your rulud paper to show how far they are apart at any given time, 
and at what times they paas any given point between A and B. [Scale to 
be 6 mile= 1 inch, and 1 hour=l moh.] 

Alao, find from your diagram Or otherwise when and where the oyoliat 
overtakes the man walking. (Engineer Students, Navy, 1903.) 

19. Two small spheres, of weights 4 ounces and 7 ounoes, are placed so 
that thuir centres are 5 inches apart. How far is their centre of gravity 
from the centre of eaoh! (Engineer Students, 1903.) 

20. Given the centre of gravity of a body, and that of one of its parts, 
explain how to find the centre of grartty of the remaining part. 

ABDG is a reotangular lamina of uniform density; E is tho middle 
point ai AB; join DB ; find the perpendicular distances of the aentre of 
gravity of eCiS from the sides 50 and GD._ (B. of E., IL) 

2L A river which is 2 miles wide is flowing between parallel straight 
banks at the rate of 4 miles an hour. A steamer atarts from a point A On 
one bank and steers a straight course at 7 miles an hour. Show on a 

ah tho distance above or oelow A of her point of arrival at the other 
, as a function of the inclination of her course to the direction of the 
river. [Nai-al Cadets, 1906.) 

22. Explain the method of determining the motion of one body relative 
to another. To a passenger on a steamer going N. at twelve miles per hr., 
the clouds appear to travel from the E., at S miles per hr. ; find their true 
velocity. 

Two steamers are at a given instant 10 miles apart in an E, and W. 
line ; they are going towaras each otbor, one N. E. at 20 miles per hr. , and 
the other N. W. at 16 miles per hr. Find how near they approach. 

(Inter. Sci., 1901.) 

me formed of three 
s equal to that of a 
uniform triangular plate ije fixed on the plate so that the mass centre 
of the whole may be at the middle of the line joining a vertex to the point 
of biseotion of the opposite side. (Inter. Sci., 1901.) 



25. Two level roads are inclined at an angle of 60°. Two motors, each 

half-a-mile from the junction are being driven towards it at speeds 10 

and 11 niDes an hour. Kind the velocity of tho first motor relative to the 

second, and the distance the motors are apart after 2 minutes 50 seconds. 

(B. of E., IL, 1904.) 
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2S. A ship A that eteanu 23 knots eiahte uiother ahip B to the N. at a 
diatanoe of 1'4 sea miles, and steaming E. at 19 knots. In what direction 
tnuHt A steam in order that her motion relative to B may be directly 
towards Bt and in what time does she reach fi ? A knot is a speed of 1 sea 
mile per hour. 

Shew that if A does not know B'e speed she can deduce it from her own 

by steering in such a direction as to keep due H. of B. If this direction 

is 78° E. 01 N., and the other data are as already given, what is fi's speed? 

(Military Entrance, 1906.) 

27. Find the position of the centre of gravity of a circular eeotor. Find 
the distance of the centre of gravity of a circular segment from its ohoid. 

(B. of E.,n., 1906.J 

28. Ox and Oy are two lines at right unglea ; P and Q are points 
moving from U) x and from to u, with speeds 7 and 12 respectively. 
At the aame instant 0/'=8 and 0Q^5. Find the Telcxiity (speed) with 
which they are separating from each other, and explain whether or not the 
velocity of separation is their relative velocity. (B. of E., II., 1903.) 

29. Give an instanoe of a moving body that is at rest relatively to 
another moving body. State how the relative velocity of one point with 
respect to another point can be found. 

Two points A and B are 'moving with equal speeds and opposite senses 
round a given circle ; at the instant that the arc between them is a, 
quadrant, find the relative velocity of A with respect to B. 

(B. of E., U., 1905.) 



CHAPTER IV. 
CONCUEEENT FORCES. 



ExPT. I. Lay an envelope or sheet of paper od a fairly smooth table. 
Push it by a penoil parallel to the shorter edge (i) near one oomer, 
(ii) near the middle. Notico that the motion ia quite different in the two 
oases, even though the push is otherwiso the same. Does the effect of a 
force on a body depend on its line of action (axis] T Think of other simple 
experiments illuatrating this point. 

For the remaining experiments the following apparatus ie 
necessary : A vertically fixed drawing board and paper ; light 
freely-running pulleys which can be clamped round the board in 
any desired positions ; a set of weights from 5 to 1000 grammes ; 
one or two scale pana of known weight ; some light, tough, stiff 
cardboard ; strong, black, fine thread ; some small polished steel 
rings, about the size of a threepenny piece; some thin, strong 
wire (for making little hooks) ; and a spring balance. 

ExpT. II. Fasten, by means of loops, two threads to one of the steel 
rings, and attach 100 gramme -weights to the other ends. Put the threads 
over two pulleys aa indicated in Fig. 116, and let the whole come to rest. 
Take another piece of thread in the hands, and, stretching tightly, see if 
the two threads are in a straight line. 

The function of the pulleys is only to change the directions of 
the forces du6 to the weights; any effect due to their having 
friction may be minimised by good lubrication. 

What are the forces acting on the ring, n^lecting its weight, in magni- 
tude, direction and sense? Draw lines representing these in magnitude, 
direotion and sense ; these are the veotors of the forces. Add these 




ExpT. III. Replace the ring hy a piece of oardboard and attach th« 
threads bv wire hooka paaaing through two holes punched in the card. 
See that the sum of the vectorB of the forces is again zero. Mark on the 
card, points A, B, 0, in a line with the threads. Punch holes at tliese 
points, and insert the lower hook in turn through each of these boles. 
Is equilibrium still maintained? Does it matter at what point in its axis 
a force may be supposed applied to a rigid body ? 

(1) Four hooks A, B, C, i>are connected together by three strings AB, 
BG.CD,¥\g. 117. Weights 1^, = 10(1 grammes, 1^2=50 grammes, #j=150 
" 8 attached By long strings to B, C and D, and the whole is 
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auepended frnm the hook A lixed to a. beam or wall. It Mj, M^ luid M, 
are points in AB, BG aoA. CD, what is the puU at M. on C, M. an B, and 
at Jf, on d ? 

Verify at M^ by inserting a spring balance there. 

ExpT. IV. Attach three threads by loops tn one of the rings and bub- 
peitd weights 200, 150, and 100 grammes aa indicated (Fig. 118). Let the 
ring take up its position of equililMiani. Mark two points on the drawing 




paper under each thread. A aet square does very well for this purpose, if 
placed approximately perpendicular to the plane of the board, but a small 
cube or right prism is better. Indicate the Benae of each pull on the ring. 
Remove the drawing paper and draw to scale the vectors, a, § and y, 
oi the forces acting on the ring, and find their sum. 
Are the lines of action of the forces or * ° 



Repeat the experiment and drawing for other weights. 
Is equilibrium possible with 50, 60 and 150 grammes? 



ExpT. V. Use three pulleys and four threads with attached weights 
of 80, 120, 2O0 and 120 grammes. Mark the axea and the senses uf the 
puUa on the ring oa before, and find the auni of the vectors. 

Perform a similar experiment and construction using five 
different weights. Notice in each case whether the forces are 
concurrent or not. 

ExPT. VI. Draw a triangle ABG (Fig. 119) on oardboard having side* 
3-4, 36 and5'2 incheH, and give the boundary a clookwiee sense. Draw 
oonouirent lines parallel to these sides, indicating the senses as in Fig. 
119. Punch holes on these three lines and cut away the card as indicated 




by dotted lines. Fix the oard, with one axis vertioally downwards, on the 
drawing board by pins. Adjust the threads, hooked through the holes, 
80 aa to lie over the lines and attach weights proportional to the corre- 
sponding aides of the vector triangle. Remove the pins and notice if the 
card remains in position. 

Perform a similar experiment starting (i) with a quadrilateral 
of sides 5, 3, 2 and 6 inches, the senses being the same way round, 
(ii) with a pentagon ; the axes must be concurrent in both cases. 

ExPT. YII, Attatih three weights t<i a card (one thread hanging verti- 
cally and two paasinf; over pulleys}. The oard will take up some position 
of equilibrium. See if the axes of the forces are oononrrent. Attaoh four 
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Perform a similar experiment with five weights. 

Example. A student repeating Expt. IV. has a vertical pvll of 
40 jnms. teeight on the ring, the to) parti of the left-hand thread 
supporting 25 grms. weight tnake an angle of 45° with one another. 
IFhat was the third weight used, and what was the angle between the 
two parts of its thread ? 

Set off 0^=4" (Fig. 120) vertically downwardB, OB = 2-5" at 
an angle of 45° with OA. Join AS. Then OAS is the vector 
triangle of the forces, and AB = 2-8&' gives the third pull on the 
ring of magnitude 38-5 
grma. weight (nearly). The 
direction is given by the 
angle OAB and the sense 
is from A to B. 

Measure OAB (a) with 
a protractor, (6) hy a scale 
of chords, (c) by means of 
the tangent of the angle 
{i.e. measure J) on the 2-ineh 
scale, p being the perpen- 
dicular to AB drawn at 2" 
from A, and find the angle 
from the table of tangenta). 
See that these three results 
are approximately 38'7° 



Scale of Forces 
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Example. Another studenl used weights 20, 30 and 32 grms., 
the lad giving the perfea/ pidl. Whai were the angles between the 
threads attached to the ring f 

Set ofF AB (Fig. 121) vertically downwards =3-2''; draw 
circles with A and B as centres and of radii 2 and 3 inches to 
intersect in C. Draw concurrent lines FjO, P^O, WO parallel to 
the sides of this triangle. 




Evidently the angles between the threads are the supplements 
of the angles of the triangle ; measure the angles of ABC by the 
scale of chords. Approximately they are 375°, 65'8° and 76'7°. 

Notice that since the construction may be done in two ways, 
viz. the 2" circle from either A or B, it is impossible to say 
which weight was put on the left-hand pulley. 

In all solutions of statical problems by graphical methods it is 
necessary to complete the solution either by drawing out the 
force scale or by giving it in cms. or ins. 



THREE CONCURRENT FORCES. 125 

Example. A weight of 20-6 tons is suspended by ropes of length 
7 and 8 ft. from two hoois m a horiamlal liite distant apart 5 ft. 
Find Hit j^dls of the ropes on the weight {the tensions m the ropes). 

First draw a figure ABC (Fig. 122) representing the position 
of the ropes to scale (1' to 1'). 




Fia. I3& 

Then set off OP downwards to represent 20-6 tons weight 
(1 em. to 1 ton). From the ends of OP draw OQ and PQ, 
parallel to AC and BC, and measure PQ and QO on the ton scale. 
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Example. I^vm a telegraph pole radiate Jwe lines (m the same 
hoiizontal plane). The p\dli of four of them on the pole are knxnm, 
find the paU of the fifth; given a pall due E. of 30 Uii. weight, one 
dueS. 0/40, one S.fF. of 25, one N.W. o/41-4. 




Set off OP- (Fig. 1 23) horizontally to the left = 3", PQ vertically 
downwards = 4', Qfl = 2-5'' eo that P0B=135°, QR perpendicular 
to AS-i-U", then SO gives (3-3' in length) the fifth pull in 
magnitude, direction and sense. 

(2) In ft tug-of-war A, B, C, D are opposed to A„ B,, 0,, D., D and 
D, being the ond men. The pulls o!A.B.C,D are given by lines of lengths 
2-8, 3-4, 3-S and 3-9 cms. respeotivelv, those of -4,, B, ancCC, by 2 45, 3-25 
and 3-T5 ; aoale 1" to 100 lbs. wt. What ia the least pull that D, muat 
exert in order that his side may not be beat«ii? If i), exerts this foroe, 
give the tensions of the rope at points intermediate between the men. 

(3) Three strinss are fastened to a ring as in Expt. IV., two pass over 
amooth pulleys and bear weights P and y, the third string hangs vertioally 
and supports a weight. B. IS 8 and ^ denote the angles ^tween the 
vertioal and the threads attached to P and Q, find 

(i) fl and # when P^y=51bB. wt. andfi = 81bs. wL; 
'^ (ii) A and « when P'^Q = 5 and 8 = 30°; 
(iii) tf and ^ when P= i, Q= 5 aDdA = 7; 



FOUR CONCURRENT FORCES. 127 

(iv) Q and when P= 7, B= 9 and 9=80°; 

^ (v) /•and * when ^ = 12, R=\\ and e=S5°; 

(vi) P and Q when B= 7, 9 = 35° and * = 50° ; 

(vii) # and ^ when B^U, P= 8 and ^ = 35°; 

(viii) 9 and P when «=ll, Q= 6 and ^^30°; 

(ii) P and when B = 14, S = 40° and Q is perp. tc P ; 

,^ (i) fi and Q when 9 = 35, ^ = 70° and P=5-5. (Notice that 
the angle between P und Q in the vector triangle is 75°.) 

(4) Thireethreadsfaatened tearing bear weights of 35, 27 and 25 grammea 
as in Expt. IV. ; draw the vector triangle of the foroea, and by measure- 
ment determine the angles between the threads. 

(5) Three threads are fastened to a ring, as in Expt. I?., the vertical 
load is 135 grammes weight, the acute angles the sloping strings make with 
the vertical are 25° and 50° ; find the other two weights. 

(6) A load of 27 Iha. is supported by twt. etrings attached to hooks ; 
if the strings make angles of 

, (i) 27° and 48° ; (ijj 40° and Tff" ; (iii) 60* and SO^ i 
with the vortical, determine the pulls on the hooks. 

(7) To two hooks A and B are fastened ropes which support a load of 
3 cwts. The distance apart of A and J? js 7 ft. and A ieZ ft. higher than 
B ; it the lengths of the ropea attached to A and B are 6 ft. and 4 ft., wliat 

" are the tensions in tlie ropes, i.e. what are the pulls of the ropes on the 
load and on the hooks T 

(8) A weight of 12,000 grammes is supported by strings from two hooks 
A mA B in the same horizontal line. The distAnce apart of A and B is 
IS ft. and the string attached to fi is 12-2 ft. Find the pulls on the hooks 
when the length of the string attjiched to .^ is 

^(i) 15; (ii)J4'4; {iii)-10i (iv)5; (v) 4; (vi) 3 ft. 

(9) Draw a grapli shewing the rulntion between the pull on the hook in 
Ex 8, and the length of the string attached to it, as the string varies 
in length from 3 to 16 ft. 

Take two axes on squared paper and an origin. From the diagrams of 

y position and of vectors, the pull corresponding to the string length 3, 4, fl, 
10 and 14'4 ft. can be found. Plot points havmg as abscissae the lengths of 
the string and aa ordinates the corresponding pulls. Join the points by a 
smooth curve. From the graph read off the pulls corresponding to string 
lengths of 12 ft. and 7 ft. , and the lei^hs oorresponding to pulls uf 6000 
and 17,000 grammes weight. 

If the string oould stand a pull of 12000 grammes only, what would be 
the least lengA of string that could be need ? 



(11) Draw a graph shewing the relation between the two pulls on the hooks. 




(12) In repeating Expt. 
V. a Btudeut u^d five 
weigbte. The directions 
and magnitudea of four of 
the pulls being aa given in 
Fig. 124. what waa the 
magnitude of the fifth 
weight, and in what direc- 
tion and sense waa the pull 
exerted by it ! 



(13) Four concurrent forces are in 

equilibrium and aot in the lines iudi- 
oated (Fig. 12S). If /•=18Md 6=25 
Iba. weight, find S and S in magnitude 
and sense. (Find the vector giving the 
sum of the two known vectors, from tie 
end points draw parallels to B and S. 
This can be done in two ways ; but the 
vectors parallel to S and S are the same 
in each case. Since the forces are con- 
current and the vector polygon is closed, 
these vectors must give the foi 
magnitude, direction and ; 



(14) Awheel has six central equi-spaced spokes, in fourconsecutive spokes 
the pushes on the axis are 0'32, 072, M.? and 0'84 lbs. wt. ; what are the 
actions of the remaining two spokes on the axis 1 

(15) A weight of 10 lbs. hanga vertically by a string from a hook. The 
weight is pulled horiiontally so that the string maies an ancle of 37° with 
the vertical. What is the magnitude of the horizontal pull and what ia 
the pull of the string on the weight T 

(16) Draw a graph shewing the relation between the pull Son the hook 
and the horiiontal pull H in Ex. (15) ae H increases gradually from 
to 10 tr. 



Fur any given value of H the v 



B form a triangle OAB (say), OA 



through this construction when AB represents 1, 2, ... 10 lbs. weight, and 
join the points P so obtained by a smooth curve. This curve is the one 
required, tor A being tlie origin of coordinates and AB and AO the 
axoa, the coordinates of P are the values of ff and 5 necessary to give 
equilibrium. 



(17) In Fie, 128 AB is i light rod with 
a weight of Tl lbs, at B ; the rod can turn 
freely round,^. fi is pushed perpendicularly 
to AB with a force of 4 lbs. weight. Find 
the position of AB and the puU on A. 

[Since the angle at 5 is a right angle, 
deeoribe a aemioirole on the vector repre- 
senting 11 lbs. weight, and set off in this 
a line repreaenting a force of 4 lbs. weight ; 
the closing line of the triangle gives the 
direotioQ ot AB and the force it exerts 
onB]. 




(19) In Fig. 127 -1 is a 
fixed hook and C a smooth 
pulley, B a smooth ring to 
which the threads AB, BC 
and BW e.TO attached. If 




(20) Two cords are fastened to a ring at C, and, hanging over pulleys at 
A and B, bear weights of 12 and 17 lbs. Find the force in magnitude, 
direction and Bcnse, with which (7 must be pulled in order that, with AC 
and BG making angles of 60° and S0° with the vertical, there ma; be 
equilibrium. 

(21 ) A load of 5 cwts. is suspended from a crane by a chain of length 
20 ft. ; a doorway is opposite the load and 5 ft. distant ; with what force 
must the load be pulled horizontally to cause it just to enter the doorway T 

(TS) Strings of length 6 and 3*2 ft. respectively are fastened to a floor 
at points distant 4'3 ft. apart ; the other ends are attached to a smooth 
ring which is pulled by means of a string making 30° with the vertical 
with a force of 50 lbs. weight. The three strings being in one plane, find 
the other pulls on the ring. 



(23) OA and OB (Fig. 128) are the axos ot two toroeB, a ia the vector of 
Che force in OA, c is thti magniiude of n third force whioh, aoting throUKh 
0, IB in equilibrium with the other two foroea. Find the veotora of the 




other foroes. How many Bolutiona htia the problem f Cbii yon ohooae a 
magnitude for e, so that there shall lie only one solution ? Caji you chooee 
a magnitude for c so that equilibrium is impoaaible? What is the least 
h equilibrium? 



(24) A weight of 50 lbs. is supported tcom ^ and B aa in Fig. 129. 



(i) Find the pulls on A 
and£. 

(ii) If a man pulls in the 
direction and sense 
00 with a force of 
10 lbs. weight, fimi 
the alteration in the 
pulls on A and B. 

(iii) If he pulls in the 
opposite " ' 
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The Foundation of Statics. Such experiments as have 

been performed cannot be considered in themselves as the best 
foundation for the science of mechanics, the true basis for which 
must be sought in far more generalised experience. Such 
generalised experience was summed up by Newton (p. 135). 
Deductions made from such experiments as those detailed must 
consequently be regarded as tentative only. The experiments, 
however, have the great advantage of giving a reality to 
notions concerning the action of forces which descriptive matter 
faUs to impart. 

Dednctions from Experiments. The experiments now 
performed all relate to the action of forces on rigid bodies. 
Force without some body (mass) acted on is a meaningless term ; 
forces do not act on points but on masses, and such an expression 
as "forces acting at a point" means only that the lines of action 
of the forces are concurrent. 

Expt. I. shewed that a force is determined only when we 
know some point in its line of action in addition to its magni- 
tude, direction and sense. 

Expts. II. and III. shewed (i) that a body under the action of 
two forces is in equilibrium when, and only when, the forces 
differ in sense alone ; (ii) a force acting on a rigid body may be 
supposed to act anywhere in its axis. 

By a rigid bod? is meant one which retains the same relative 
position of its parts tinder the action of all forces. Any body 
which maintains its shape unaltered, or for which the change is 
too small to be measurable under the action of certain forces, may 
be considered as rigid for those forces. The paper in Expt. I. 
was practically rigid for the forces acting on it; it is, however, 
quite easy to apply forces to it that would change its shape. If 
a set of forces deform a body, but after a time the body takes 
up a new shape which does not alter while the forces are 
unchanged, such a body after deformation may be treated as 
rigid for those forces. For non-rigid bodies we must know not 
only the axis of the force, but also its point of a 
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Expte. IV. to VI. shewed that if a rigid body, acted on by 
concurrent forces, is in equilibrium, the sum of the vectors of 
the forces ia zero ; and conversely, when the sum of the vectors 
of the forces is zero and the axes concurrent, the body is in 
equilibrium. 

Expt. VII. shewed that when a body is in equilibrium under 
the action of three forces, their axes are concurrent; but that 
in general for four or more forces the axes are not concurrent 
when there is equilibrium. 

BotOTS. Any quantity which, like a force, requires for its 
specification the magnitude, direction, sense and a point on its 
axis, is called a rotor quantity (Clifford). 

Such quMitities may be represented geometrically by rotors, 
i.e. vectors localised in definite straight lines. The rotor may 
be specified by giving its vector and a point on its line of 
action. It is, however, usual and convenient to give 

(i) the axis, (ii) the vector, 
80 that the direction is given twice over. 

To avoid confusion in graphical work, the axes of the forces 
(rotors) should be drawn on a different part of the paper from 
the vectors giving the magnitudes, direction and senses of the 
forces. 

Eqnilibrant. When a body is in equilibrium under the 
action of a number of forces, the forces themselves are, for 
shortness, often spoken of as being in equilibrium. For such 
a system of forces any one may be said to be in equilibrium 
with the rest, and from this point of view is called the eqnilibrant 
of the others. 

Resultant. The equilibrant of such a system of forces would 
be in equilibrium with a certain single force differing from it 
only in sense (Expt. II.), and this reversed equilibrant would 
have the same effect, so far as motion is concerned, as all the 
rest of the forces together. The equilibrant reversed in sense 
Ib called the resnltaat of tbe forces. 



RESULTANT OF CONCURRENT FORCES. 133 

It should be noticed that it has not been shewn that any 
system of forces has a resultant, but simply that if a system of 
forces is in equilibrium any one of them reversed in aenae is the 
resultant of the rest, and would produce the same effect as 
regards motion as all the rest together. 

Resultant of Concurrent Forces. To find the resoitant 
of a nnmber of concnrrent forces acting on a bod^, add their 
vectors to a resnltant vector and through the point of con- 
cnrrence draw the axis of the resnltant force parallel to its 
vector, 




Example 1. Find ike resullanl of two forces of magnitude 9-2 
and 12-1 Us. weight ading towards the E. and towards a point GGo° 
N. ofE. 

Draw the axes a and h (Fig. 130) and add the vectors a and ^ 
of the forces (scale 1" to 5 lb.), a + ji = y, then y is the vector of 
the resultant force. Through the point of intersection of a and b 
draw the axis e of the resultant. 
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Notice that if y be set off along c and a and ^ along a and h, 
they fomi two adjacent aides and the concurrent diagonal of 
a parallelogram. That the magnitude, direction and sense of 
the resultant of two intersecting forces can be found, by adding 
the forces as vectors, is often, but badly, expressed by saying 
that forces are combined by the parallelogram law. 

Example 2. Find the resullanl of four forces of nuignUvdes 13, 11, 
9, 7 kilogrammes loeight whose axes are Ike lines joining a p<mt to 
points A, B, C, D, the five points being the vertices in order of a 
regtdar pentagon, and the senses being from OtoA,OloB, OioC 
and D io O. 

Draw a circle of radiua 2", divide the circumference into five 
equal parts with dividers by the method of trial. Mark the five 
points in order 0, A, B, C, D, then draw the vector polygon, 
a of length 13 cms. parallel to OA, j8 of length 11 cms. parallel 
to OB, y of length 9 ems. parallel to OC, and, finally, S parallel 
to OD, but having a sense from B to 0. The vector o- joining 
the beginning of a to the end of S is the resultant force in magni- 
tude, direction and sense. Finally, draw a line through parallel 
to o-, this is the axis of the resultant force. 

(25) Find the reaultant of two foroes of magnitudes 16 and 16 Ictlugrammes 
weight, if they are directed N. and 75° E. of N. 

(26) Three concurrent foroea have magnitudes 23, 18, 15 Iba. weight, find 
their resultant in magnitude, direction and sense when the angles between 
them are 120° and 100°, and the forces all act outwards. 

(27) U two forces are equal, shew that the resultant must bisect the angle 
between them. 

(28) If the magnitudes only of 
two foroea are given, in what 
relative directions should they 
act so that the resultant is (i) as 
big, (ii) OS small as possible. 

(20) a (Fig. 131) acts in the axis 
Ox, auother force in Oy; find 
graphioally the magnitude and - — 
sense ()f this force so that the O 
resultant may be as small aa ' 

(30) Concurrent foroea of ma^itudes 12, 17. 10 and 8 lbs. weight are 
■ " " " " ' " " ■ " md the 
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(31) A wheel has siic eqiu-spaoed radial spohea ; four consecutive Bpokea 
are in tension and pull on thu hub with forces of 10, 15, 12 and 7 lbs. 
weight ; find the resultant pull on the huh due to theee spokes. 

(32) A string ABG is fa9t«ned to a hook at A, passes round a free 
nmning pulley at B {AB horizontal), and is pulled in the direction BC 
where ABC— 105° with a force equal to the weight of 17 lbs. Find the 
wsnltant force on the pulley at B. 

(33) ABCD is a square oi 
to S, one of 7 lbs. from Z> t 
resultant foroe. 



FORCE, MASS AND ACCELERATION. 

Newton's Laws of Motion. The laws for the combina- 
tion of concurrent forces deduced from Expts. I. to VII. are 
immediate deductions from Newton's famous Second Law of 
Motion. Stated shortly in modem language the law ie — a force 
acting on a particle (or body, if the axis passes through the 
M.C.), is meaanred by the product of the mass of the body and 
the acceleration produced. 

Acceleration being a vector quantity, force is a vector quantity, 
and since the force must act on the mass moved, it is a localised 
vector quantity or rotor. 

The effect of two or more concurrent forces is found, therefore, 
by adding the corresponding accelerations as vectors. The single 
force, which would produce this resultant acceleration, is called 
the resultant force, and is measured by the product of the mass 
and this acceleration. To find, then, the resultant of a number of 
concurrent forces, add the forces as vectors ; the sum gives the 
vector of the resultant force, and the axis of the force passes 
through the given point of concurrence. 

A mass being in equilibrium when it has no acceleration, we 
see this will be the ease, when, the axes being concurrent, the 
vector sum of the forces is zero, and conversely. 

The equation connecting the three quantities, mass, force and 

Force = Mass x Acceleration. 
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^Mass and Weig^bt. If & foot und a second are units of 
length and time, a foot per second is the unit of Bpeed, and 
a speed of a foot per second added per second {or a ft. per sec. per 
sec.) la the unit of speed acceleration. Further, if the unit of 
mass he a lb. mass, the unit of force must be that force which 
would give a lb, mass a speed acceleration of a ft. per see. per 
sec. ; or which would increase ita speed every second by a ft. 
per SBC This follows at once from the equation i if the mass = I 
and the acceleration = 1, then the force must= 1. 

We know that a body falling freely has a speed acceleration 
of 32'2 ft. per sec. per sec ; hence if the mass be a lb. mass, the 
force acting on it is the lb. weight and is given by the equation, 

lb.-wt. = force = 1 X 32-3. 

In this system, then, the force on a falling lb. mass would 
be 1 X 32'2 units of force; this is the weight of a lb. mass 
in these units. For statical purposes it is better, however, not 
to use this system, but to take the weight of the lb. mass as the 
unit of force. 

The expressions lb. weight, force of a lb. weight, and lb. mass 
will often be met with ; the first denotes the force with which 
the earth attracts the lb. mass ; the second a force equal in 
magnitude to the weight of a lb. mass, but usually having a 
different direction. 

In the C.G.8. system, similar double terms occur. The unit of 
mass is here a gramme, and the unit of length and time a 
centimetre and a second. 

Unit force is then = gramme x an acceleration of a centimetre 
per sec per sec, and is called a dyne. 

The acceleration due to gravity in centimetres per sec. per sec. 
is 981, and, therefore, the weight of a gramme mass is 981 
dynes. In statics, however, it is usual to consider the gramme 
weight as the unit of force, and thus we meet with the terms, 
gramme weight, force of a gramme weight, and gramme (or 
gramme mass). 
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Action and Beaction. In Expt. II. <p. 119) the ring iras 

found to be in equilibrium under the opposite pulls of the. 
threads BA and CD. Consider the bit of thread AB, it is in 
equilibrium under the pull { = ^J from A upwards and the pull 
( = ^i) ^™''' ^ downwards. At B the action of the thread on 
BC 13 equal and opposite to that on BA. At every point of the 
thread a similar argument holds, i.e. there are two equal and 
opposite forces pulling away from etich other. This double set 
of forces is called a stress, tensile stress in this particular case. 

If a column (Fig. 132) supports a load IF, then the action 
of the upper portion on A P is (neglecting the weight of the 

column itself) a downward push = IV, and the | , 

upper part is in equilibrium under the load ff' \ ^ \ 

and the reaction of AP. The action at P, 
therefore, on the upper part must consist of 
an upward puBh=fF. Whatever part of the 
column be considered, the result is the same, at 
every point there are two equal and opposite 
pushing forces. This double set of forces is 
called a compresslTe stress. 

No force can be exerted without the presence ~ 
of an equal and opposite one. If a body be ^"- ^"^ 

pushed, the body will push back with a force (called the resist- 
ance) equal in magnitude and opposite to it in sense. 

If a spiral spring be pulled out beyond its natural length, it 
tends to shorten and pulls back with a force of equal magnitude. 
Again, the wind only exerts force in so far as its motion is 
resisted, and the resisting obstacle reacts on the moving air with 
a force of equal magnitude. 

Put shortly as in Newton's Third Lav of Motion : the action 
of one body on another (or of one part of a body on another 
part) is equal in roagTiitnde and opposite in sense to that of the 
second body on the first, or still more shortly : action and re- 
action are equal in magnitude, have the same axis, hut are of 
opposite sense. 
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Example. A book is in equiliJirium on, a korixanUU taHe, not 
because there is no force acting on it, but because the pressure of tiu 
book on the table, due to its weight, is exadh/ egml in magnitude and 
opposite in .^ense to the reaction of the taUe on the book. 
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e table to be tilted ; then if the book still remains in 
equilibrium it must be because the reaction of the table is still 
vertical, and of the same magnitude as before. * The reaction is 
therefore no longer normal to the table, and hence there must 
be some force along the common surface of table and book; in 
fact, there is friction. 

Ideal surfaces between which normal action alone is possible 
are called frictionless or smooth. Smooth as applied to one body 
only is, strictly speaking, meaningless; it is a term relating to 
the action and reaction of two bodies. If in any problem one 
surface is spoken of as being smooth, it is meant that the action 
between that surface and any other body considered in the 
problem is wholly normal. 

Since the action between any two bodies is never wholly 
noiTtial, problems involving the supposition that certain surfaces 
are smooth are to a great extent academic, and the results 
obtained must be regarded as only first approximations to the 
real state of things. 

Note. In this chapter the weight of a body will be supposed 
to act through its mass-centre. 



•If a bod J i. 



forces— the neigbt and the table 



ACTION AND REACTION. 

Example. A body of weight W (2-5 hilogrms.) is iept k 
on a smooth plane of indinati(m dff by a horizontal force a. What 
must be the mtupdlttde and nense of a, and what is the reaction of the 
plmfi 

The body is in equilibrium under the action of three forces,* 
viz. the weight, the force o, and the reaction y of the plane. 
The latter is perpendicular to the plane, since the plane is 
smooth. 




Set ofF AB=2-b" (Fig. 
134) vertically downwards, 
draw through A, AC mak- 
ing 30° with the vertical, 
and through B, BO hori- 
zontal. 
Then 

BC measures the pull 
= 1'44 kilogrms., 
a,iid 
CA measures the reaction 
= 2 'SO kilogrms. 




Kilaerammes w 
Fia. 134. 
urrent, p. 132. 



Is inclined at 75°, find a and y. 

s inclined »t 30° and the direction of a makea 15° ftbove 



t W, and o's direotion is 15° below the 



(38) A garden roller of weight 2 owta. ia hauled up a slope inclined 1 in 5 
(I vertioiJly to 5 horizontally) and held with the handle horizontal. What 
is the horizontal puU on the handle T 

(39) A body weighing 7 cwts. is Itept in position on a smooth inclined 
plane by a force of 2 cwt£. parallel to and up the plane and another force 
inclined at 15° below the horizontal. The ratio of the height and the 
base of the plane being 07, find the force inclined at 30° and the reaction 
of the plane. 

Example. A mass of 5 lbs. -weight is attached to a string of Unglh 
1 /(. The siring is fastened to a point on the ciraimference of a smooth, 
fized horizontal cylinder of radius 2 ft. The point of atlachmeni being 
1"2 ft. from the top of the cylinder ; find the ttnsion in the siring and 
the reaction of the cylinder. 

The direction of the string at C is along the tangent to the 
circle, the string being supposed quite flexible. 

The tension in the string being the same at all points of BC 
(see formal proof on p. 162) it is immaterial at what point we 
suppose it fastened to the cylinder; in fact the length of the 
string may be anything, provided one end is at (7 and it is 
wound on the cylinder from the fastened end towards C in a 
clockwise sense. 

Draw a circle of radius 2" to represent the vertical section of 
the cylinder containing the weight and string. Step otF, from 
the highest point J (Fig. 135), the are AC=2-2". Join C to 
the centre of the circle. Then draw the vector polygon of the 
forces ; a vertically downwards of length 5 ems., y parallel and )5 
perpendicular to OC. Then measure y and /3 in cms. to obtain 
the reaction of the cylinder and the tension of the string. 



ACTION AND REACTION. 
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Example. A body of 15 lbs. weight is sustain^ on a snwolh 
indiiKd plane by a korizoniid force of 7-2 lbs. weigU and a force 



parallel to Ike plane of 3-7 I 
plane and its reaction ? 



;. weight. fHuU is the ifidination of the 



Draw OA (Fig. 136) 
downwards of length 15 
cms., then /4S horizontally 
of length 7-2 cms. Withi! 
as centre, describe a circle 
of radius 3'7 cma., and, 
by the aid of set squares, 
draw a tangent to it from 
let BD and OD be the 
radius and tangent. 




Measure OD in the cm. scale ; this gives the reaction. Measure 
the slope of DB by finding how many inches it rises for 1" 
horizontally, or use a protractor and obtain the angle DBx. 
(Reaction^ 16'26 lbs. and angle of plane 38-2° approximately.) 

(40) A DiEigs of 7 Ibe. weight ia bo be attached to the highest point of a, 
smooth horizontal cylinder (radius 2') by a string which can only bear a 
tonsion ol i lbs, ; what is the greatest length of string that may be used ! 

' (The reaction being perpendicular to the tension, the vector triangle is right- 
angled, and since a is known and the magnitude of ^, 7 is determined.) 

(41) Find the inclination of a smooth plane 



EXERCISSS. 



(42) Find the inRlination of a smooth plane bo 
that a body of 17 Iha. weight may bo avipported 
oa it by a force of 7 Vbe. weiglit applied parallel 
to the plane. (In thisoasewe know the reaction 
of the plane is perpendicular to the applied force 
of 7 loa., so set off 17 cms. vertioally down- 
wards for the weight. From the lower end of 
this line deaoribe an arc of radius 7 cms. aa in 
Fig. 137, and draw a tangent tu it from tlie 
upper end. The length of tho tangent gives 
the reaction R. The reaction, and therefore 
the normal %o the plane, is now known.) 




., acting parallel to and up the plane i find the inclination of the p^e 
and the reaction. 

(44) A truck weighing 15 cwta. is kept nt rest on an incline of 1 in S (one 
vertical to five honiontol) by a rope 9 ft. long attached to the track 3 ft. 
above the level of the rails and fastened to a hook midway between them. 
Find the pull on the rope. 

(45) A smooth ring weighing 3 kilogrms. can slide od a vertical circular 
hoop of radiuB 2 ft. It ia attached to the highest point of the hoop by a 
string 3 ft. long. Find tho tension in the string and the reaction of the 
hoop on the ring. (The reaction is along a radius of the circle since the 
ring is smooth. ) 

(48) A string with equal weights of 11 lbs. attached to its ends is hung 
over two parget amoeth pegs A and B in the same horizontal lino ; find 
the pressures on the pegs, (The tension of the string is the same through- 
out ; the concurrent foroea at each peg which are in equilibrium are the 
reaction of the peg and the two pulls of the string, one on each side of 
the peg.) 

(47) If in Ex. 4« the line AB makes an angle of 40° with the horizontal ; 



d the p 



n the- 



(48) A string with equal weights of 750 grma. attached to its enda 
passes round three pegs in a vertical plane at the vertices of an equilateral 
triangle. Find the pressures on the pegs when one aide of the triangle ia 
horizontal and (i) the third vertex above, (ii) the third vorteii below the 
horizontal side, the string passing under this vertex and over the other two. 
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Simple Bar Frameworks. In problems on the equilibrium 
of very simple frameworks of rods we Buppose at first that 
(i) the weight of the rods may be neglected ; 
(ii) the joint connecting two rods is made by a perfectly 

smooth circular pin ; 
(iii) the loads are applied only at the joints. 

The action of the pin on the rod must then pass through the 
centre of the pin (why !) ; hence, any rod is under the action of 
two forces passing through the centres of the end pins, and for 
equilibrium these forces must be equal and opposite, i.e. in the 
line joining the centres of the pins. The bare may therefore 
be represented by the lines joining the pin centres. 

Example. A wall cram consists of two bars AC and BC pin- 
jointed together at C attd to the waU at A and B. (BC is called the 
beam, AC the tie rod.) A load of 402 Urns is suspended from C 
Find the stresses in BC and AC and whether they are ten^e or 
amipressive, given tknt BC= 101 ft,, AC= 15/t 

Since the forces on the pin at C are 4'02 tons downwards and 
pulls or pushes along BC and CA, we have simply to find the 
forces in the directions CA and CB which will be in equilibrium 
with i"02 tons downwards. 

Draw first the crane to scale and then set off 0P=4'02 cms. 
(Fig. 138) vertically downwards and draw PQ horizontally and QO 
parallel to AC. The forces at C are given by OP, PQ and QO in 
magnitude, direction and sense. Scale these vectors ; PQ gives 
3'64 tons. Notice that OPQ is similar to ABC, hence, if ABC 
be supposed the vector polygon for the forces at C, then A£ 
represents 403 tons. Measure the length of AB, and from this 
determine the forces represented by BC and CA. 

At C the beam BC pushes from left to right, and, therefore, 
since C is in equilibrium, the pin must puffh the beam C from 
right to left and exerts a compressive force on it Again, the 
beam is in equilibrium and hence the pin at B must also exert a 
force on the beam from left to right, Hence, BC is in a state of 
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compression and the compressive stress is measured simply by 
the force at either end. 



Again, QO measures the action of the bar ^C on C, and since 
it ia upwards, the bar evidently pulls at C; and further, since the 
bar is in equilibrium it must also pull the pin at A, and hence 
the bar AC is pulled at C and A with forces tending to lengthen 
it and must therefore be in a state o£ tensile stress or (shortly) in 
tension. 



') llABC=6a', BC^ = 4B°, and the lotid is 6-3 tona, find the bI 



(62) If BC=yO ft. and is horizontal, find the streBseiin BC and AC 
when AB has the following lengths 10, S, 6, 4 and 3 ft. ; the toad ie 17 
tons wt. Draw a (Rsph ehewing the relation between the length of AB 
and the itresa in SO. 

Example, In a wall a-ane ACB (Fig. 139) the chain bedring the 
load yf passes mm- a smoothpuiUy at C a'nd is fixed to the wdl at E ; 
find the stresses in AC and CB given that AC is horizontal and 
o/feji^iA9/(., BC=12yi!., AE = i-4/i!., an^ W = 37 torn. 

Draw the frame to scale, say 1 cm. to a foot. Since the pulley 
is smooth, the pull on E, and therefore the tension in CE, ia 
metisured by 37 tons weight. 

Hence, set off OF = 37" vertically downwards to represent the 
load; then PQ = Z-r' parallel to CE. Through Q draw QR 
parallel to AC, and through draw 0^ parallel to BC; then 
OPQR is the vector polygon of the forces keeping the pin in 
equilibrium at C. 

Measure the lines to scale. The senses in which the vectors 
must be taken at C are decided by OP and PQ. QB acts from A 
to C, and the bar pushes at C and is therefore in compression. 
BO acta from C to B, and the bar pulls at C and is therefore in 
tension. 
i (53) Find the stresses when AE=3 ft. 
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Example. Two equal rods AB and AC are pinpointed together 
at A and their other ends connected by a cord BC ; (he uhole rests on a 
anooth table in a vertical plane with a weight W = 29 4 lbs. suspended 
from A. Given AB = AC = 3'9/il. and BC = B-9/j!.,/nrf the stresses 
in AB, AC and BC. 

Firat draw the frame ABC {Fig, HO) to scale (1" to 1'), and 
then the vector polygon: OP = 5-88 inches, PQ parallel to AJi, 
QO parallel to AC. Then these vectors measured on \" scale 
give the stresses in the bars in lbs. weight. Are the rods AB 
and ,^Cin compression or tension! 

For the joint B the force QP pushes. Draw PR parallel to 
BC and QR vertical, then the sense of the vector triangle for 
B is QPB, and PB measures the tensile (why tensile!) stress in 
£0. Why was RQ drawn vertically upwards, and what does it 
measure! 



(56) The Derrick Crane. BC (Fig. 141) is the 
poBt (kept vertical by some means not shewn), 
AC tho jib, AB the tie rod. Given AB = 6 ft., 

^ AC=13 ft. and BC^IO ft. A load W^^■4 tons 
is suspended from A, find the atresBes in AB and 
AG. 

(57) If the supporting chain pasaea over a amooth 
vbullev at A and ib fixed at D, where CD=3-5 ft., 

find the streeaca in AB and AC. 

(68) Given AB^ll ft., AC=25H,., 3(7=16 ft-, 
, GD = S ft. and B'=l4-5 toua, find the stresses in 
ABaDdAO. 

(jS) a picture weighing 6'5 lbs. is hung by a 
wire over a smooth nuil. If the distance apart of nu 

, the points .^B at which the wire is fastened be 
■^ 1 ft. 7 in. and the length of the string 2 ft. 3 in., find the pref 
nail and the tenaion in the string. 

(60) If the length of the string in Ei. 59 vary, draw a graph shewing 
" the relation between the tension of the string and its length. 

(6!) Light rods AC, CB, of lengths 7-2 ft. and 57 ft. are pin-jointed 

together Had to two fixed points A and B distant 6'3 ft. apart. AB ia 

^Dolined to the horizontal at an angle of 26" {A being the higher) a load 

of 4-7 owta. ia suspended from tho pin joining the two rods ; find the 

stressea in the rods, 




(62) ABC (Fig. 142) is ft wall orane pin- 
jointed B.t A, B and C\ a load If of 5 tons 
is suspended from a pulley D, whioh ia 
attached to the orane at B and C b y a chain 
EDO. ABD-1¥, AC^l-6 ft., iB=12-9 
ft.; find the stresses in ilJJ and BC. (Notice 
that BD and CD must be equally inclined 
to the vertical, since the tension throughout 
the chain is constant. Hence first draw thH 
vector triangle for the forces at D, and 
det«rmine this tension. Knowing the pull 
of the chain at B, the stresses in AB and 
BC-oan be found.) 



(63) A picture, of weight 11 lbs., is suspended from a smooth nail by & 
continuous string passing through two smooth rings on the picture frame 
distant apart 1 it. 7 in. If the height of the nail above the two ringa 
be 3ft., find the tension in the string and the pressures on the nail and 
rings. 



(7 = , 

passes over a smooth pulley . . „ 

attached to M, the mid-point of AC. The 
load is pulled by a horizontal rope until 
the chain makes an angle of 30° with the 
vertical. Find the stresses in the rods and 
chain, given that .^5 = 10 ft., 
BC=5i ft. and JC=6-22ft. 





Components of a Force, in relation to their resultant the 
'orces of a given system are called the compimdnte. Finding 
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the resultant of a set of concurrent forces is a unique process; 
the converse problem of finding the components when the 
resultant is known is not in general unique. 

A force may he decompoBed into two components having 
given directions and paBsing thiongh any point on the axis, in 
one and one way only. 

The proof is exactly the same as that for the decomposition 
of vectors, on p. Si. 

When the component of a force in a given direction is spohen 
of without reference to the other component, it is always implied 
that the two components are perpendicular. 

Scalar Oonditions of Equilibrium for Ooncurrent Forces. 

For equilibrium under concuzrent forces, it is a sufficient and 
necessary condition that the vector polygon of the forces should 
be a closed figure. 




Let the axes of the forces be supposed concurrent, and let 
a, IB, ... <r be their vectors whose sum is zero {i.e. the vector 
polygon is closed). Draw any line JCX; project the vectors on 
to this .line by drawing parallels through the end point* of 
the vectors. K Oj, ^^, ... be the projections. Fig. 144 shews that 



Similarly project on Y¥ a, line parallel to the former direction 
of projection, and establish a similar. theorem for the projection 
on it, viz. 

'^+/'2 + r2 + S2 + o'2 = 0. 

Then Oj and o^ are the components of a in the directions XX 
and ¥Y, and ao for the other components, and the sum of the 
components in any two directions is zero. 

Conversely, if the sum is aero in any two directions the vector 
polygon is closed, and the forces (if concurrent) are in equi- 
librium. One direction is not suflScient, for it might happen, 
as in Fig. Ii5, that though the polygon is not closed, the first 
and last points of the projections are coincident. 



The two directions being at right angles we have the theorem : 
The sum of the components in any direction of all the forces 
acting on a bod; in eauiiibrimn is zero. 

Again, -o- is the resultant of a + /3 + y + S, and hence we get 
the theorem : The sum of the components in any direction of 
any number of concunent forces is equal to the component of 
the resnltant in that direction. 

(65) Five concurrent iorom in a horizontal plane have componente 3'7, 
2'I, 1-8, 1'7 and 2*9 towards the N., and oomponenta 1-2, 37, 2-4, 3 and 
3*2 towards the E. Find the resultaut in magnitude, direction, sense ajld 
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pointe repi'caent dinuurri 
the resultant by (i) the V' 

(67) Forces of magnitude 5, 2-8, 3'1, 4-7 are conourrent and make angles 
of 15°, 30°, 60° and 75° with a line through the point of conourrence. Find 
the foreea in thia line and a line perpendicular to it which would be in 
B([Uilibrium with the given forces. 

Example 1. A horse begins to full a small tramcar with a 
force P = 500 lbs. weight. The traces make an angle of 25° with 
the horizontal, find the compffnml of P in the direction of motion. 
If the weight of ih^ car he ^ a ton, lohai is the reaction of the 
« no fricHon.) 



Draw 0A=-5" (Fig. 146) making 25° with Ox, and draw AB 
perpendicular to Ox; then, since as vectors OA = OB + BA, OB 
represents the forward pull on the car. 

From B along BA set up BC=\\-2", then AC gives the 
reaction of the ground, for it represents the weight of the car, 
less the vertically upwards component of the pull of the traces. 



Example 2. The points A atid B are 5" apart and distanl 1 and 

37" respectively from the line CD, and both on, the same side of it. 
Find the components through A awl B of a force of 8 Ws, in CD, whtf^. 
(i) (/le component through A ts perpendicidar to CD ; (ii) /A? eom- 
ponents through A njuf B are mviuaUy p^petidiadar ; (iii) ite 
components are equal in magnitude. 

(i) Draw, through ^, ^40 perpendicular to CD. Join BO, and 
find the components of the 8 lbs. weight along OA and OB. 

(ii) Draw a semicircle on AB, cutting CD in and 0, ; then 
OA, OB, Oj^and O^B are possible directions for the components. 
There are thus in this particular case two sets of components 
which will satisfy the conditions of the problem. Find these 
components. 

(iii) Draw AM perpendicular to CD aJid produce it to Ai, 
where AM=MA^. Join A^B, cutting CD in N; then AN 
and NB are the required directions. Find the components 
in theae directions, 

(6S) 111 tlie above example, if B is on the oppoaite Bide of CD to A, 
determine the oomponents in the three ooaes (i), (ii) aud (iii). 

(69) The preesure of wind an a siLil when the sail ia perpendicular to the 
wind is 500 lbs. weight ; find the normal pressure on tlie sail when the wind 
roakea angles of 15°, 40°, 65° and 75° respectively with the sail. 

(70) Find the components of a. force of 11 lbs. weight making angles of 
30° and 75° with it. 

(71) A force of 17 lbs. weight is directed dueN. ; find the components in 
the direotiona (i) N.E. and N.W., (ii) E, and N.W., (Iii) S.E. aud 30° 
W. of N. 

(72) Two ropes are attached to the coupling of a railway van and are 
pnlled horizontally with forces of 200 lbs. and 270 lbs. weight. The 
lengths of the taut ropes are 18 ft. and 21 ft. and their ends remote from 
the truck aro at diatanoes of 10 ft. and 7 ft. reapeclivelv from the centre 
line of the rails. Find the forward pull of the van and the side thrusts 
on the raila when (i) both ropes are on the same side, (ii) on opposite sides 
of the rails. 

(73) On squared paper mark the positions of two points whose coordinates 
are (I, 2) and (24, 1*2) inches; find the components through the origin 
and these points uf a force of 7 lbs. weight acting (i) along the axis of z, 
(ii) along the axis of y, (iii) along the line bisaeting the angle xOy. 

(74) On squared paper mark the point whose coordinates are (2'7, I'l), 
and draw a hue parallel to Oy and distant 1" from it on the negative side. 
Find the components of a force of 5 lbs. weight, one of which is along this 
parallel and the other posses through the given point when the axis of the 



foi-oe is (i) along Ox, (ii) along Oy, (iii) a line making 30° with Ox and outs 
Ox at l-S'froni the origin on the positive side. 

(76) A smooth inclined plane ^Fig. 147) rising 1 in 3 has a Hmoothly 
running pulley at the top. 
A body of weight W (11 '6 
lbs.} ia kept in equilibrium 
by the puU of a string 
parallel to the plane. The 

fiuU being produced by a 
reely hanging weight P, 
find P and the reaction of 
the plane. 
Whi 



the I 



ieht parallel 



) the 




weight 
plane! Whe 

component of the reaction of Fh>. uT. 

the plane ! 

(76) A man distant 13'5 ft. from a tree pulls at the upper part of the trunk 
by a rope of length 40 ft. His pull is equal to a weight of 80 lbs. What is 

^ the horizontal pull on Che tree, and what is the force producing compressive 
stress in the trunk ? 

(77) A barge is towed by a horse with a pull P of 152 lbs. weight making 
an angle of 20° with the direction of the bank. What is the force pro- 

/ ducing forward motion, and what would be the side thrust of the water on 
the barge if there were no side motion ? 

(78) A block is partly supported by a smooth right-angled wedge of 
weight 18 lbs. (as in Fig. U8) the height and base of the wedge being 




32 ft. and 6 ft. respective! jf. If, to maintain equilibrium, the wedge has 
to be pushed with a horizontal force of 28 Vo&. weight, what are the 
reactions of the wedge on the body and on the horizontal table ! 

(78) A unifonn cylinder of 
weight 57 lbs. rests on two 
inclined planes as indicated 
in Fig. I4». The planes are 
hing(3 together at A ; what 
;- iC„ . — : (. j^^ j^jji^ what C 
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Example. OF (Fig. 150) represerUs Ike crank of an en^ww, F 
inming in the circk DFE and O being JisM. CF is the connecting rod, 
C being the cross head of the piston rod which movciUi and fro along AB 
(AB=DE). C is kept in the line AB hj guides. The forward 
thrust on C being 5000 fts. weight, find the farce transmitted along 
the connecting rod CF and the side pressure on the guides at C 
(assuming no friction) given that CF = 6-5 ft., DE = 3 ft. and AC = 6" 
the direction of motiim F being as indicated. 

Find aiso the components of the force transmitted along CF in the 
direction of the forward motion of F and perpendicidar to ti, (i.e., along 
the tangetil and radius at F). 

First draw the position diagram to scale, say 3 cms. to 1 ft. 
Next construct the vector diagram PQ = 5" to represent 5000 lbs,; 
then QR and PR are perpendicular to AB and parallel to CF 
respectively. QB is the thrust on the guides (and BQ is the 
reaction of the guide on C keeping it in the path ACB) and PR 
is the force transmitted along the connecting rod. 

Draw PS perpendicular and ES parallel to OF, then PE acting 
along CF is equivalent to PS acting along the tangent at F and 
SB acting from F to 0. PS then gives the forward thrust of F. 

(80) Find the force on F urging it round the circle when AC—O'Z, 0'4, 
0'6 and O'S times AB. 

Example. Draw a graph shewing the connection between the 
position, of C {Fig. 150) and the thrust on F urging it round the circle. 

Divide A B into ten equal part* and draw ordinates at A and B 
and the points of division. Produce OF to cut the ordinate at O 
in G. Project G horizontally on to the ordinate at C. Do this 
for the eleven marked positions of C and join the points so deter- 
mined by a smooth curve. The force scale for this representation 
is OF to 5000 lbs. 

Compare the results with those obtained by the vector polygon. 

♦Proof. 

From the construction of Fig. 150 we have the following 
relations between the angles : 

BPQ^GCO^W-OGF, PBS=GFO, 
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PQ_ 



. cos BFQ = cos (90° - 0(!F) = sin 06F, 



^-mPES-tmSFO; 

PS mOFO OG 
• F^~amOGF~OF' 




h '' 



Hence, if OF be taken to represent PQ or 5000 lbs. wt., OG 
will represent FS or the forward thrust on the piston. 
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" (81) If the force on the piston dcoreaaes uniformly from 5000 Iba. at A 
to zero at B, find by a graphical oonstmction the forward thnist on 
P when the cross head ia at C and ^4 C^ffiA B. 

*(82) Construct the curve giving the relation between the forward 
thrust on F and the displacement of C for the variable force given in 
the last example. Set up, perpendicular to AB, ^^i = radiua of crank 
circle and project from to G, on AA^ and join (?,B ; the point of inter- 
section ot GiBand CCi gives the force required for ttisplacement AC. 

Example. AB (Fig. 151) represents a sail of a skip whose keel 
line is as shewn. The thrust a of the wind on, AB if perpendicuiar lo 
the wind woidd be 500 lbs. weight. If AB makes an angle of 30° wUh 
the keel line and the relative vehaly of the wind to the ship be in 
direction CM, making ib° with keel lin4,find the thrust v/rging the ship 



Resolve a into /3 and y perpendicular and parallel to the sail 
j4B. 7 has no effect on the ship's motion. Find the components 
of ;8 along and perpendicular to the keel line; the former, 8 
(approximately 64-7 lbs. weight) is the thrust urging the ship 
forvrard, the latter, e, tends to produce lee-way and in good sailers 
is nearly balanced by the resistance of the water to side motion 
and the force of the current on the rudder. 

In the vector diagram, since RPQ is a right angle, a circle 
described on GQ as diameter will pass through P. Draw this 
circle. As the direction of the sail line AB is changed the 
point P will move on this circle. Evidently as P changes, the 
length QT will alter and it will be greatest when PT is a tangent 
to the circle. 

Now, the radius being perpendicular to the tangent at any 
point, the line .joining P (when PT is a tangent) to the mid- 
point S of RQ must be perpendicular to PT and therefore parallel 
to the keel line. Hence, to find the best position for the sail, 
bisect liQ at S and describe a circle of radius SQ ; then draw SP 
parallel to the keel line cutting the circle at P. RP gives the 
direction in which the sail should be set and the greatest 
possible forward thrust is given by QT. Since SRP = ^QSP we 
may give this direction as the one bisecting the angle between 
the keel line and the direction of the relative wind. 
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No matter how small the angle between the keel line and the 
wind direction, there will always be a force urging the vessel 
on. If there be much lee- way, sailing close to the wind is impossible. 




(83) Draw a figure for the oaae when the sail is set on the other side of 
the keel line, and shew that this case is an impossible one. 

(84) The keel line being from W. to E. and the relative wind from the 
N.W. ; find the toirward thrust on the ship when the sail is set 25° S. of W. 

(85) Shew from the vector diagram for given directions of the keel line 
and stern wind that the greatest forward thrust would not be obtained 
by putting the sail as near^ perpendicular as possible to the keel line. 

(86) The keel line being from N. to S. and the relative wind from E. to 
W., find the forward thrust when the sail makes an angle of 20° with the 
keel line. Find the angle at which it should be set fo j ' 
forward thrust on the ship. 
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(S7) The force of a current on a rudder when placed perpendicular to the 
stream is ?f> lbs. ; find the retardina force on the ship whtn the rudder, 
makes angles of 20°, 30° and 60° with the keel line. Shew that, in a race, *" 
the rudder should be used as little as possible. 

(88) Explain how it is that a kite, though fairly heavy, is enabled to rise 
in the air. 

(89) The force nf the wind on a kite if placed perpendicular to it would 
be 6 lbs. When the kite makes an angle of 35° with the horizontal, find 
the force due to the wind urging it upwards. 

(00) In Ex. S9 if the kite be stationary and its weight 10 cob., what is 
the pull of the string on the kite in magnitude, direotion, and sense. 

Body in Equilibrium under Three Non-Farallel Forces. 

Experiment VII, on p. 122 shewed that when a body is in equili- 
brium under three non-parallel forces, the axes of the forces are 
concurrent. The same result follows from the combination of 
concurrent forces, deduced from Newton's Second Law of Motion, 
since equilibrium is only possible under three forces when the 
resultant of any two differs only in sense from the third. 

This consideration enables us to draw the axes of those forces 
in equilibrium when one force is unknown in direction. 

Example. A itniform beam rests with one end against a smooth 
vertical wall and the other on rough grmtnd. Determine the readiong 
of the ground and toall. 

AB (Fig. 152) is the beam of length 25 ft., ABC=m° and 
the weight is 0-505 cwt. 

Draw the beam in position {scale 1 in. to 5 ft.), then draw a 
vertical through the M.c. of beam, and a horizontal through 
A, intersecting ill 0. Join OB, then BO is the direction of the 
ground's reaction. 

Construct the vector polygon (scale 10 cms. to \ cwt.). 
Draw P0=IO cms. downwards; then QR horizontal and RP 
parallel to BO. Scale the lengths, QR and PR giving the re- 
actions (Gfi = 0-145 cwt., flP = 0'525 cwt. approximately). Why 
is AO drawn perpendicular to ACt 

(91) Determine the reactions of the wall and ground if AB is inclined at 
•J ,45° to the horizontal. 

(92) Determine the reaction of the wall and ground if AB is inclined ai, 
. 40^ to the horizontal and the mass qcntre O of the beam is at 9 ft. from 

the ground, reckoned along the beam. 
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(93) A uniform beam AS hinged a,t A, is supported in &n inclined 
, position to a vertical wall ^0 by a string CB fixed to the wall at C. 

J The weight of the beam is 17 kilogrms., AB=4 ft., AC=2 ft,, 50=5-2 ft., 
find the tension in BG and the reaction at A on the beam. 

(94) With dimensions as in Ex. 93, find the stress in £0 if Che mass- 
centre of the beam be J AB from A. 

(95) Draw a graph shewing the oonneotion lietween the distance of 
O from B and the tension of the string BO. 

(96) In Ei. M, if AS=30 ft. and ABC=75°, find the reaotiona. 




(97) A uniform beam AB ol length 25 ft, and weight 70 lbs. JshiDgedto 
a wall at A (19 ft. above the ground at 0)\ the other end B rests on a 
smooth inclined plane OB. Find the reaotiona at A and B when the 
inclination of the plane is 30°, 16° and 60° respectively. 

(98) Draw the two sides and base ot a rectangle, the sides being 3" and 
base T ; draw a diagonal and produce it 4'6". Let the two sidea of the 



reaotions at its points of contact ; weight ol beam 2 
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(99) A uniform beam ot length 3 ft. ia hinged at one end to the lowest 
point of a horizontal hollow circular cylinder of inner radius 2*5 ft. The 
other end of the beam reata against the inner emooth surface of the 
cylinder in a plane perpendicular to the axis of tho cylinder. Find the, 
reactions at the two ends of the beam, 'the weight of the beam being 
SSOlbB. 



.A 



(100) AB (Fig. 153) ia a weightless rod 5 ft, long, which can turn 
about (7 as a fulonim; AG=3-2 ft.; it is acted on by two forces P 
and y as shewn. P= 100 lbs. ; find Q and the reaction at V. 




(101) A uniform beam AB (Fig. 15*), 13 ft. long and of weight 80 Iba,, 
rests against a smooth inclined pluie BG (rising 4 ft. vertioally to 7 . f t. 
horizontally) and is prevented from . 

sliding by a peg at A, A0=9 ft. Find 
the reaotiun of the plane and the tottd 
reaotion at A, 

The Smooth Pulley. A flex- 
ible atring of negligible weight is 
fastened at £ to a smooth pulley 
(Fig. 155) and passing over it bears 
a load fF. Consider the equilibrium 
of any part QP of the string. The 
forces acting are the pulls (tensions) 
at Q and P and the reactions of the 
surface QP. The former are tan- 
gential and their axes intersect at *■"■ ^^b. 
C, the latter are normal and have therefore a resultant i 
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through 0. Since three forces in equilibrium must be concurrent, 
the resultant rcMtion niuat pass through C as well as 0. But 
00 bisects the angle QCP, and henco, from a trial stress diagram, 
wB see that the tensions at Q and P must be equal in magnitude. 

In some problems the axes of one, two, or more of the forces 
are untnown in direction, but other geometrical conditions are 
given which, with the aid of a trial diagram, will enable the 
solution to be found. 

Example 1. A uniform heavy rod, of weight 9 lbs. andUngtk 3ft., 
is suspended from a potvt hy two strings of length 2-5 and 2 /(. 
respectively attached to its ends. Find the equilibrium position, and 
the stresses in the stritiys. 

If AB, AC, BC (Fig. 156') be the two strings and the rod, 

' then on the system of strings and rod act two forces, the 

weight of the rod at M, its mid-point, and the reaction at A. 

These must be in a line, since there is equilibrium, and hence 




AM must be vertical. Draw the triangle ABC, in any position, 
and its median AM. Then, if AM be vertical we have the 
required position, and the vector polygon can be drawn. (The 
usual convention in books is to represent the vertical in spaee 
by a line parallel to the bound edge of the paper; if this 
convention be adhered to, another triangle AyB^Cy must be 
drawn with AM vortical, and this can easily be done by con- 
structing a parallelogram, whose diagonal is vertical and equal to 



2AM, and whose adjacent sides are equal to AB and AC.) 
Complete the sohition. 

•Example 2. A heavy uniform smooth ring jceighing 17 lbs. slides 
on a strinci of length 4'92 /(.; fe ends of the string are fastened to 
two Aoois A and B, whose distance apart is 3'95 ft., A being 0'98/(. 
ahou B ; find the position of equilibrium and the tension of the string. 

Since the ring is smooth the tension of the string must be the 
same on both sides, and hence from a trial stress diagram we 
see that the two parts of the string must be equally inclined 
to the vertical. Draw ADB (Fig. 157), where ^i>-0-98" and 
is vertical, AB = 395" and DB is horizontal. With B as centre, 
describe a circular arc of radius 4-92'.' cutting AD produced in E, 
or set an inch scale so that BE = i-92". Bisect AE at Af and 
draw MN parallel to BB, then ANB is the form assumed by 
the string. 




For AN=EN, and therefore AN-¥NB = i-n", and Alf and 
NB make equal angles with the horizontal. To find the tension, 
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draw, in the veotor diagram, lines parallel to AN and NB from 
the extremities of the vector, giving the load of 17 lbs. ; complete 
the solution. 

* Example 3. A uniform beam weighing 105 lbs. resls with one 
«wf A (M contact mtii a smooth plane of inclination 35°, the other 
end B rests on a smooth plane of inclination 50°. Determine the 
readions of the supportintj planes and the position of the beam. 

Draw first the vector polygon of the forces, I'Q representing 
105 lbs. weight to scale, then draw QM and Pit making angles of 
31° and 50° with PQ. These lines give the reactions at A and £. 
Draw two linos AC and BC for the planes and at any two points 
A and B, their normals intersecting in 0. Join to the mid- 
point M of AB. Complete the parallelogram OATB of which 
OA and OB are adjacent sides. Then 0TB and OAT should 
be similar to DRQ ; hence if PQ be bisected at S, CB should be 
parallel to SR, hence SB, gives the inclination of the beam. 

(102) A roS of length 7" lies in a emooth hollow hori7.ontal cylinder, 
perpeodioular t<> ita axis, of radius 9". The mass-centre of the rod is at a 
point diabuit '25" from one end ; draw Ihe position of fhe rod in the 
bowl when in equilibrium, and measure ita elope. 

Note. The m.c. of the rod must be vertically under the axis of the ' 
oylinder. 

"(103) A uniform rod, of weight 7 kil<JgrmB., can turn freely about one 
end in a vertical plane ; it is pufled by a, horixoutal force of 4-3 kilogrms, 
weight at ita free end. Draw the rod in ila position sf equilibrium, and 

Note. Three forces act on the rod and must paaa through a point ; 
knowing the vortical and horimntal forces, the reaction at the hinge can 
lie found. From any point draw twi> lines: (i) OB parallel to the 
reaction, and (ii) OA hori/Jintally. Biaeot OA at M, and draw verticals 
from Jf and A. Where the former cutH OB (at B say) draw BT, cutting 
the vertical through A in T, then OT\b the direction of the beam. Measure 
OT in oma. or inches, and determine the scale to which the figure is drawn. 



* (105) A rod of length 6 ft. has ita m.c. at a distance of 2 ft. from the 
end which rests on a smooth plane of inclination 30°, the other end rests 
on another smooth plane whose inclination ia 45°. Draw the rod in its 
position of equilibrium ; its weight being 5 owta., flnd the reactions of the 
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•(106) A imiform beam AB (Fig. 158), of length 7 ft. and weight 27 
kilogrms. , can turn freely, in a vertical plane, about ^ ; to its upper 
oitremity B ia faatened a cord whioh runa over a Bmooth pulley at 0, 
9 ft. vertitallj above A, and carries a weight of 11 kilogrma. Find the 
position of the bouni and the ft 




Draw a trial figure A BO and a stress diagram PQR, where PQ repre- 
sents the weight of the beam, RP the tension of the cord ( — 11 kilogrms. ) 
and QR the reaction at A . Then PQR should «vidently be aimihtr \o AOC 
(0 being point of oonouirenGe of the axea of the forees). Hence 

oo_PE_n 

CA Pq 27' 

and henee GO and therefore CB (=2(70) is known, and hence the triangle 
AGB can be oonstruoted to scale. Do this oonstruction and determine 



MISO£UiANEOTTS EXAMPLES. IV. 



MISCELLANEOUS EXAMPLES. 167 

diagnun (Fig. 15S). Assuming that one ioch repreeents 10 Ihs. neight, 
write down the magnitude of the resultant. Also, eipresa in degrees the 
angle the resultant makee with the greater of the two forces. 

(Engineer Students, 1903.) 

2. Draw diagrams to shew the directions in which each of the following 
sets of forces most act so as to maiutain equilibrium, if they can do so. 

Set A. 3, 4, 5. Set B. 1, 1, 3. Set C. 4, 1, 3. 

(Naval Cadets, 1904.) 

3. Two men, who are lifting by ropes a block of wood, exert pulls of 
45 11^. and 65 lbs. respectively. The ropes are in the same vertical plane ; 
the rope t« which the smaller pull is applied makes an angle of 25° with the 
vertical, .lud the rope to which the other pull is applied makes an angle of 
33° with the vertical on the opposite side. Determine graphically, or in 
any other way, the actual weight of the block of wood if it is just lifted by 
those two men. (Naval Cadets, 1904.) 

4. One ot two forces, which act at a point, is represented numerically 
by 7 ; the resultant is 14 and makes an angle of 30° with the force of 7 i 
find graphically the magni tude and line of action of the second force. Also 
calculate the magnitude to two places of decimals, and measure the angle 
between the two forces as accurately as you can. 

5. Three forces, acting in given directions, are in equilibrium at ft 
point ; shew how to find the relative magnitudes of the forces. What 
additional information suffioea for the i^termination of the absolute 
magnitudes ? 

Two small equal brass balls, each weighing ^g oz. , are suspended by equal 
silk threads, 12 inches long, from a sin^e point ; the balls being electrified 
there is a force ot repulsion between them so that they separate and remain 
in equilibrium 4 inches apart ; find the force of repulsion and the tension 
of esoh thread. (B. of E., L, 1904.) 

6. A weight of 1 ton is hung from two hooks 20 ft. apart in a horizontal 
platform by two chains 15 and 10 ft. long ; find by construction and 
measurement the tension in each chain. (B. of E,, II., 1903.) 

7. A chain weighing 800 lbs. ia hung from ita two ends, which are 
inolined to the horizontiS at 40° and 60° reBpectively. What are the forces 
in the chain at the points of suspension! (B. of E., A.M. 1., 1903.) 




8. The figure (Fig. 160) shows a bent lever AOB with a frlctionlesa 
fulcrum 0. AO is 12", BO is 24". The force Q of 1000 lbs. acts at J ; 
what foroe P acting at B will produce balance ! What is the amount 
aJid direction of the loroe acting at 0? (B. of E,, A.M. 11., 1904.) 
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9. A thread is fastened by one end to a fixed point A , and carrieB at its 
other end n weight W of 20 lbs. To a point B of the thread a Becond thread 
BC ia fastened and this second thread is pulled at the end C by a force 
equal to the weight of 8 lbs. ; when the Byatem oomea to rest it is found that 
BO ia horizontal. Shew the Bystem when at rest in a diagram drawn to 
scale, find the angle which AB makes with the horizon and the tension set 
upin JB. (B. of E.,L,1904.) 

10. Draw two lines OA and OB and let AOB be an angle of 37° ; suppose 
that R, the resultant of two forces P and Q, is a force of 15 nnita acting 
from to B; suppose also that P ia a force of 8 units acting from 0\o A. 
Find, by a construction drawn to scale, the line OC along which Q acts, 
and the number of nnita of force in Q. (B. of E., I., 1904.) 

11. In a common swing gate the weight ia borne by the upper hinae. 
The distance between the upper and tower hinges of auch a gate is 3'5 ft. 
If a boy weighing U9 Iba, gets on the gate at a distance of 8 ft. from the 
poet, find the magnitude and direction of the pressure he exerts on the 
upper hinge. (B. of E., II., 1905.) 

12. A machine of 5 tons in weight is supported by two chains ; one of 
these goes up to an eyebolt in a w«l and is inclined 20° to the horizontal ; 
the other goes up to a roof principal and is inclined 73° to the horizontal ; 
find the pulling forces in the ohaina. (B. of E., A.M. I, 1907.) 



13. Fig. 161 shows a weight 
of 500 1&. supported by two 
equally inclined polea. Find 
the thrust on each pole. 

(Naval Cadets, 1903.) 



14. The bracket shewn in the 
sketch (Fig. 162) carries a load of 100 
kili^rtimmea at C. Find whether the 
stresses in ^C and BC are thrusts or 
pulls and the amount. 

(Military Entrance, 1905.) 
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15. Draw & triangle ABC with AB vertical, and let ^0 and B(7 repre- 
sent two weightless rods, joined toother by a smooth hinge at C and 
fastened by smooth hinges to fixed points at A and B ; a weight W ia himg 
from C; shew that one of the bars ia in a, state of tension, and the other o1 
oompreflaion ; also shew how to oaloulat* the stresses. 

Obtain numerioaJ results in the iollowiug cose : AB=4, BG~S, CA =2, 
and tr^ietoBS. (Bo(E., n., 1906.) 



16. In Fig. 163 W is a weight ot 170 lbs. 
hanging from a joint at .d by a chain that 
weighs 20 lbs. The joint is supported by 
rods AB and AC fixed at B and C. Fin^ 
the stress in eaeh rod, and say whether it 
ia a thrust or a pnlL (Naval Oadeta, 1 904. ) 



17. The two bars AC 
and BC (Fig. 164), hinged 
at A and B, and hinged to- 
gether at C, carry a load 
of 170 lbs. at G. Find the 
stress in each bar. 

(Inspector of Ordnance 
Machinery, 1904.) 




18, A body whose mass is 2 owts. rcsta on a smooth inclined plane ; it is 
maintained in position by a force of 40 lbs. acting parallel to tlie surface 
of the plane, and by a horiiwjntal force of 110 lbs. Determine in any way 
the angle of inclination of this plane. (Military Entrauco, 1905.) 



m 
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19. A weight alides freely on a cord 2'6 metres long, the ends of which 
are attached to fixed pegs P and Q; P ia 1-4 metres from the vortical 
through Q and 30 centimetres below the horizontal through Q. Draw to 
a scale of TC^'t ^ diagram shewing the position of equilibrium. OetemiiBe 
the tension in the cord and the proportion of the weight borne bj each 
peg. 

Denoting the span or horizontal distance between the pegs by S, the 
height of one peg above the other by H, and the length of rope by L, find 
expressions for the horizontal and vertical distances of the weight from 
the lower peg. (Military Entrance, 1905.) 

20. A weight is supported by a tie and a horizontal strut ; find how the 
putl in the tie varies as the inclinatjon changes, and plot a curve giving 
the pull as a function of the angle of inclination nf the tie. 

(Military Entrance, 1905.) 

21. Fig. 165 represents a vertical soctjon (drawn to the scale of 1 inch 
to a foot) of the roof of a building, ACri being a window "which can turn 
about a hinge at A and which is opened by means of a rope tied to the end 
F of a. light iron bar C'F, which is firmly fixed to the window at C, The 




a hook E 
_ -I . e window 

s that indicated in the figure. The weight of the window is 30 Iba. and 
may be taken as acting at 0. (Military Entrance, 1905. ) 

22. A uniform bar AB of weight W is freely movable round a smooth 
horizontal axis fixed at A. It is kept at a fixed inclination t to the horizon 
by resting against a peg P whose position along the under surface ot AB 
is varied. Represent in a diagram the various magnitudes and directions 
of the pressures on the peg and the axis ^ as P is moved along the bar. 

(-Inter. B.Sc. (Eng.), 1906.) 

23. Enunciate the triangle of foreee. Shew how lo find, by a graphical 
construction, the angle at which two forees, each equal to 50 Ibe. weight, 
must act on a point that they may have a resultant equal to 75 Iba. 
weight. (Inter. Sci., 1900.) 

2A. Draw a triangle ABC with AB vertical and A above B to represent 
two bars AB and BO freely jointed at C and attached at A and B to 
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pointa of a wall in the same vertical line, A given weight being auapended 
trom C, determine the naturea and magnitudeB of the stressea in AC 
and BC. {Liter. Sci., 1900.) 

25. Draw a triangle ABG having the vertical angle A large and the 
base BC horiwintel ; produee BC to D. Let AB denote a rod conneeted 
by smooth hinges to a fixed point H and to the end A oi a, rod AC, whose 
other end C can move in a smooth groove BCD ; the weight of the rods 
being negligible, a foroe F is applied in the plane ABG at right angles to 
AB a\i A% find the force transmitted by the rod A along the groove. 

(Inter. Soi., 1900.) 

26. A tight cord attached to a fixed point 0, paasea over a fixed 
pulley Q at the same level as and at a distance c from it, and supports a 
weight W attached to its end; another weight w smaller than 2H' ia 
slving freely over the cord between O and Q ; determine the depth below 
0^ at which this weight will rest in equilibrium. {Inter. Sci., 1900.) 

27. Explain a graphical method of finding the resultant of a naraber of 
given forces acting on a particle. A tight string of length / has its ends 
fixed at A and £ at a horizontal distanuu a apart, and a. heavy ring of 
weight W oail slide along the string. Prove that the ring can rest 
veiliioftlly lieneath S if a force W- be applied parallel to AB. 

' (Inter. Soi., 1904.) 

. A uniform bar AB, 10 ft. long, of weight W is freely movable in a 



preasuies at A and G. (Inter. Sci., 1901.) 

29. A man stands on a ladder which leans against a vertical wall. 
AsBuminE the pressure on the wall to be horizontal, find geometrioally the 
horizontu thrust of the foot of the ladder on the ground. Length of 
ladder 15 ft., foot of ladder 5 ft, from wall, toUI weight of man and EiddBr 
3 cwts. acting 5 ft. from the ground (reckoned along the ladder). 

(Inter. Sci., 1904.) 
SO. A drawbridge AB, hinged at A (the axis of the hinge being hori- 



zontal and perpendioular to A B), is to be raised by a chain attached a 
and carried over a pulley (7 fixed vertically over .d at a height AC=A 
The resultant weight of the bridge acts through the mid-point of AB. 



Shew in a diagram how to find the varying tension in the chain due to the 
weight of the bridge as it is slowly lifted, neglecting the weight of the 
chain and all friction. 

It the bridge weighs 2 owta., find the tension of the chain and the 
direction and magnitude of the reaction of the hinge when the bridge is 
half-open, that is, when AB is at 45° with the horizontal. 

(Home Civil, L, 190S.) 

31. A light bar AB can move freely abont the end A, which is fixed, 
and is supported in a horizontal position by a string GB, G being a fixed 
point vertically above A. If a weight W be suspended from any point P 
of the bar, find geometrically the direction and magnitude of the reaction 
at J and the tension in the stay. W-\(\,AB=W, AP=\T, AC=^. 

(B.Sc., 1901.) 



CHAPTER V. 
THE LINK POLYGON. 

Resultant of three Coplanar Forces (non-parallel). 

Example. Draw a triangle ABC (Fig. 166) whose sides are 3, 4, 
and 6 inches long. Take these as the axes of forces whose rnagnitades 
are 7, 2, 5 lbs. weight, and whose senses are given hy AH, BC, and 
CA. To find the resultant of these firrces in magnitude, direction, 
sense and position. 

Draw the vector polygon for these forces 
o, ^, y, finding 

a- = o-, + y = a + ^ + 7. 
Through B draw BD parallel 
to 0-, cutting AC at L. 
Through D draw BE parallel 
to o- cutting BC in E. 
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Then DE is the axis and a the vector of a force called the 
resullant of the given forces. Measure the magnitude of o- and 
the angle it makes with £C, and the position of £ with reference 
to B and C. 

Note that <t is independent of the order of addition of a, ji,y; 
it is not evident that E is independent of the order in which we 
suppose the forces combined. 

(1) Combine the forces in two different orders, viz. (i) a and 7 to a 
reaultant throngh A and uombino this resultant with 3; (ii) ,8 and yto 
a resaltaat through C and then oombine this with a. Shew in each ease 
that the resultant always outa BC at E. 

Besultant of any number of Coplanar Forces (non- 
parallel). When there are more than three forces the process 
for finding the resultant, if there is one, is simply a continuation 
of the process explained for three forces, and consist* in finding 
the resultant of two intersecting forces, then the resultant of this 
and a third force intersecting it, and so on. The whole con- 
etruetion is a repetition of that for two concurrent forces ; its 
validity depends on the truth of the assumption that the order, 
in which we suppose the forces combined, is immaterial. 

{2) Draw an equilateral triangle A BC of side 4" ; forces of magnitudes 
2, 5, 1 lbs. weight act in these aidea with aensea AB, BC, CA. find tbe 
resultant in magnitude, direotion, sense and poaition. 

(3) On squared paper take axea Ox and Oy. Mark the pointe whoae 
coordinates are (3, 2), (I, -1), (2, 3) and (-4,2). Forceaof 3, 5, I '64 and 
2 lbs. weight oot through these puiuts, their directiona and aeuses being 

(i) parallel to Ox and in the positive sense. 

(ii) making 45°, (iii) making 73°, (iv) making 120° with Ox and with 
senses upwards. 

Find the magnitude, direction and aenae of the resultant and where it 
outs the axis Ox. 

Resultant by Link Polygon. The construction in the 
previous examples fails altogether for parallel forces and in many 
cases involves finding the point of intersection of lines which 
are nearly parallel. 

These difficulties can be overcome by the introduction of two 
new forces which difier only in sense. 
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The construction now to be explained, depends for ite validity 
on tho truth of the suppositioiis, (i) that such a pair of forces 
will not affect the equilibrium, (ii) the order of the combination 
ia immaterial. 

Example. On any straight line mark four poitUs an inch apart, 
and draw liti^s a, b, c, d through these as indicated, a, /?, y, S are the 
vectors of the forces acting in these Unes of magnitudes r98, 3-3, 4'16, 
and 2-05 lbs. weight. Find the resultant. 

Draw the vectors, to the scale 2 cms. to 1 lb. weight, and add 
them to a resultant vector <r (Fig. 167). 
o- = o + y8+y + S. 

Mark a point on the concave side of the vector polygon 
(called the pole). Join this point to the vertices of the vector 
polygon P^P^PgP^P^. The point should be chosen so that 
these joining lines are not nearly [tarallel to any of the vectors. 
For this reason the concave side is the better position for 0. 

Mark any point ^ on a and through it draw a line, e, parallel 
to OPj. The latter line is a vector, call it t. 

Through A draw A£ (cutting b at B) parallel to 
OP,( = . + a). 

Through B draw BC (cutting c at 0) parallel to 
0Ps( = £ + a + j8). 

Through C draw CD (cutting d at D) parallel to 
OP,( = . + a + ^ + y). 

Through D draw DE (cutting e at E) parallel to 
0T^{^t + a + ^ + y + 8). 

Through E draw r parallel to 

PlpB( = (r = t + a + p + y + S-£ = a + /3 + y + S). 

Then r is the axis and o- the vector of the resultant of the 
given forces. 

Proot Let two forces differing only in sense act in e, and 
suppose their vectors to be « and -«. At .^ there ara two 
concurrent forces < and a; these are combined to e + a acting in 
AB. At B there are two concurrent forces /3 and t + a ; these 
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are combined to ( + a+/3 acting in BC. At C there are two con- 
current forces y and t + a + yS; these are combined to e + + ^6 + 7 
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acting in CD. At D there are two concurrent forces S and 
( + a+/3 + 7; these are combined to e + a + ^ + y + B acting in 
DE. Finally, at E there are two concurrent forces -< and 
< + ii + /3 + 7 + S; these are combined to a force o + j8 + y + 8 
acting in r. Hence r is the axis of the resultant and o- Is its 
vector. 

Note that the construction is always possible and never 
awkward if the pole is chosen properly, for this means that 
AB, BC, ... always intersect b, c, ... at angles never very acute. 

(4) Repeat the ooDstruotion, using a, different pole. Is the same axis r 
obtained ! 

(5) Repeat the construotion, cliooeing a, difterent point A on a. 

(6) Repeat the oonslruotioii, adding the vectors in the order 

a+y+S+fi. 

The figwe A, B, C, . . . , constructed on the axes a, b, c, .... is called 
the link polygon {somelimes the fv-nicular pdygon) ; the vector 
polygon is often (but wrongly) called the force polygon. 

(7) Find the resultanta in Exx. 2 and 3 by tho link polygon method. 
{8) A wheel haa eight tangent spokea placed at equal dlatanoea round 

the hub. The tensions in five coneeoutivo spokes are 3-1, 2-7, 3'3, 1 '8 and 
2'4 Ihs. weight. Find the magnitude, direction, sense and axis of the 
resultant piul on the hub due to these five apokes, the spokea being 
tangents to a circle of radius 2*5". 

EqtliTalent Forces. Any set of forces vhich would produce 
the same effect, so far as motion is concerned, as a given syBtem 
of forces is called eqniTalent to the latter. 

Resultant Force. If a single force vonld prodnce the same 
effect OB a given Bystem of forces this eamvalent force is called 
the resultant of the given ssrstem. 

Not more than one single force can be equivalent to any given 
set of forces, otherwise forces differing in magnitude or direction 
or sense or position, or in all together, could produce the same 
motion in a body. The latter supposition is inadmissible (see 
Expt. 1, p. 119, and Newton's Second Law of Motion, p. 135). 
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Eqnilibrant. Look at the matter a little differently. Sup- 
pose a set of forces to be in equilibrium, then any one of the 
set may be considered as the ecLuilibraut of the rest. A force 
differing only in sense from the equilibrant is the only force that 
could produce equilibrium with it, and hence is the only single 
force equivalent to all the rest (Expt. IL, p. 119). 



Uliique Resultant. If, then, a set of forces has a resultant, 
it can have one only. 

That any set of forces has a resultant has not been proved; 
as a matter of fact, two forces, which differ only in sense and 
position have no resultant 

The construction given for finding the resultant of any number 
of coplanar forces consists in finding one aft«r another the single 
forces equivalent to 2, 3, 4, ... up to the last of the given set, 
and including in this act two forces differing only in sense. At 
each step of the process we find the resultant in conformity with 
experimental results and with Newton's Second Law of Motion. 
Since there can be one resultant only, the order in which we 
suppose the forces combined ia immaterial. 

ExFT. VHI. Punch four holes in a piece of cardboard, 
and suspend it as in Eitpt, VI., Chap. iV. Mark the lines 
of the forues and the oorreisponding magnitude and sense of 
eaoh pull. 

By vector and link polygons construct the resultant of 
three ot these, and hence shew graphically that this 
resultant differs only in sense from the fourtii foroe. 

Notation (Bow or Heurici). For graphical 
work it is often (but not always) convenient to 
have a different notation from that used hitherto. 
The axis of the force is indicated by two letters 
(or numbers),' one on each side of the force, whilst ^^^ j^^ 
the vector of the force is indicated by the same 
two letters in capitals placed at its ends. Thus ab (Fig. 168) is 
the axis, and AE the vector, of a force. 
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Example. Mark jke jmids P, Q, E, S, T 3 cms. apart on a 
straight line, and draw lines ihrtmgh these pmtts at angles 65°, 90°, 
70°, 90° and 65°, as indicated in Fig. 169. Letter the places beticeen 
the lines a, b, c, d, e, I, as indicated. The forces in these tines are 
given by the vectors AB, BO, CD, D£, £F, and represent 3, 2 '15, 
2-08, 2-7, 2'85 lbs. weight respectively. Find the resultant /i»ce. 

Choose a convenient pole (Fig. 169). Through the space a 
draw RjR parallel to OA ; through the space b draw -flj-fij parallel 
to OB ; through c draw R^R^ parallel to OC ; thiwugh d draw RgR^ 
parallel to OD ; through e draw H^R^ parallel to OE ; and finally 
through / draw R^R parallel to OF. The lines through the first 
and last spaces, i.e. R^R and R^^R, intersect at R, a point on the 
resultant. 

Draw, then, through R a line parallel to AF; it ie the axis, 
and AT is the vector of the resultant. 

Note that it is not necessary to draw the radial lines 
OA, OB, OC, ... ; in fact it ia better not to do so, as the crossing 
of the lines at tends to make the exact position of the pole 
doubtful. 

The advantage of the space notation consists in its rendering 
mechanical the order of drawing the lines, A corresponds to a, 
B tab, and so on. The more important advantage of uniqueness 
of construction will be better seen when stress diagrams are 
under consideration. 

In some cases where the axes of the forces cross, some little 
care is necessary in choosing a good order in which to take the 
lines and a convenient pole, so that the construction lines may 
not intersect off the paper. 

Example. Draw a parallelogram having adjacent sides of 2-76 
and 2'53 inches, the included angles being 75° and 105°. Letter the 
spaces as indicated (i.e. taking the parallel sides in order and not the 
adjacent sides). The forces acting in the sides are given by the vectors 
AB, BO, CD, DE, and are of magnitudes 10-3, 4-2, 3'1 and 5-6 
IHlogrms. weight. Find the refuilant. 

Choose a pole somewhere near the position indicated (Fig, 1 70) 
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and construct the link 
polygon and the asla 
of the resultant as 
shewn. 

In Fig. 170 the lines 
from to A and A to 
are the arbitrary 
vectors. The first line 
in the link polygon is 
drawn parallel to OA, 
and the second is drawn 
through the space b 
parallel to 0£. AB, 
shewn dotted, is the 
vector of the resultant 
force ; its axis is the 
dotted line in the link 
polygon. 



(9) Take the order in which the forces are combined differently, e.g. 
take the adjacent aides in order ountraclockwise. 
(10) Combine the forces directly without using a pole. 

Parallel Forces (Like). Parallel forces are but a particular 

case, and the construction for their resultant does not dilfer in 
any respect from that given for the general case. 

Parallel forces having the same sense are said to be like ; 
if they have opposite senses they are unlike. 

Example. Fig. 171 is a diagram of the four pairs of driving 
wheels and the trailers of a modem locomotive. The weights borne by 
the wheels, taken in order from left to right, are 15, 17, 17, 17 and 13 
ions weight, their distances apart are 6', 5' 8", 6' and 7' 6". Find 
the axis of the resuUant thrust on the rail. 

Letter the spaces aa indicated, and draw the vector and link 
polygons. Fig. 171 shews R, a point on the axis of the resultant, 
distant 1 " to the right of the centre of the third pair of wheels. 
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o weights of 6 and 7 Iba., diBtant apart 11", 

(12) Find the reBultant of six equal weights (1'23 lbs. each) hung from a 
horizontal rod at difltanues, from left to right, of 1-7, 1-04, 1-83, 21)2, 0-97 
inches apart. 

(13) Three men pull at parallel ropea attoched to a block in a horizontal 
plane with forces 51 '7, 65 2 and 55-4 lbs. weight; the first two ropes are 
2 ft. 8 in. apart; where should the third rope be so that the r^ullant 
pull should l» in a line midway between the first two ropes. 

(14) Three weights W,, Wj, W, are placed in a line on a table, the 
distance apart of IT, and W^ is 2 ft., and of JT, and W, 32 ft. If ^, = 7 
lbs. and W,—i lbs., find Hj if the resnltant push is to be midway between 
r, and BV 

Parallel Forces (TTnlike). Should some of the parallel 

forces be of opposite sense to the reet, the coiTesponding vectors 
in the vector polygon must be drawn in their proper sense, the 
construction is otherwise exactly the same. 

Example. Five men pull m a yachl which is shtek on a mud baiik 
by parallel ropes (iw the savie plane). Find the resultant pull on the 
yacht, the distances apart of the rtpes in ft. and the magnitudes in, V>s. 
wmghi and senses of the palls being as given in Fig. 172. 

Set off ^5 = 5-8, BC = 7-l, CD = 7-9 cms. downwanls; and 
DE = G-3 and EF=5-5 cms. upwards. The vector sum is AT 
and represents the resultant in magnitude, direction and sense. 
Draw the link polygon as before, keeping to the order of the 
tetters ; finally, P is found as the point of intersection of the first 
and last lines of the link polygon and therefore is a point on 
the axis (r) of the resultant. 



(16) Six parallel forces act on a rod ; the magnitudes are 10, - 15, 8, - 13. 
7 and -20 lbs. weight at diatanoes 2, H. 9, 11, 12, 15 inches from one eod ; 
find the resultant force and where its axis cute the rod. 

(17) PQBS is a square of side y ; a force of 16'3 lbs. weight acts nloDg 
PQ, one of 8'2 lbs. weight along QR, one of 9-8 Iba. weight along SR and 
one of IS '4 lbs. weight along iSP. Find the resultant in magnitude, direotitm , 
and sense, and the point vmere its axis outs (^B. 
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(19) In a, certain locomotiTs there are four pairs of driving wheels whose 
distancea Rpart are all 5' S" ; the distauee between the loflt wheel and the 
firat wheel of a coupled goods trunk ia 9' 10". The truck haa three poirs 
of wheels whose diatanoea apart, from front to rear, are 6' T and 6'. 




The tbniste of the wheels taken in order from the leading driving wheel 
are 12 tons lOcwta., 14 tons SowUi., 12Utna 14 cwts., 9 tone 13cwts., 9 tons 
12 cwfe., 9 tons 15 cwts. and 7 tons 5 owts. Find the axis of the resultant 
thrust on the rails. 



Vector Pdtygon Closed. Two Forces. When the vector 

polygon ia closed there ia evidently no resultant force, but it does 
not follow tliat the forces are in equilibrium. 

Example. Draw two parallel lines ab (Mid be 3 inches apart, 
and suppose forces of 10 and -10 lbs. wdght to act in these lines; go 
ibirfmgh the amstractum for finding the axis of the resuiiani. 

Draw the vector polygon (Fig. 173), ^5= 10 cms. downwards, 
BC=-\0 eras, upwards; it is of course closed, since the starting 
and ending points are the same. Choose a pole and draw 
OA, OB, OC. Through space a draw K^P^ parallel to OA ; 
through b draw P^P^ parallel to OB ; and through c draw i*j2a 
parallel to CO. 




The theory of the construction is 
forces OA, CO differing only in sense 
to the resultant OB acting along P^P^ 
Bo to the resultant OC in P^K^; and \ 
and '00 in P^K.. 



in K^Pf we suppose two 
OA is combined with AB 
then OB is combined with 
B have, finally, CO in K^P^ 



Definition. 
aUed a couple of forces o 



which differ only ii 
shortly a couple. 



position and sense are 
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The constmelaon on p. 184 shews that the given couple is equi- 
valent to the final couple, and, since the pole may be anywhere, 
there is an infinite number of couples equivalent to any one couple. 

To see the connection between the couplea, measure the per- 
pendicular distance between the forces. Shew that the product, 
force X the perpendicular distance between the couple, is the 
Bame, %.e. shew that ABxp = 00xq where y and q, the distances 
between the axes, are called the arms of the couples. 

AB.p measures the area of a parallelogram whose opposite 
sides are AB and -AS, and is called the tDomental area of 
the couple, if account be taken of the sense of the area. 

An area is considered positive if its boundary is given a 
con traclock wise sense, and negative if the boundary is clockwise. 
Taking the sense of the momeutal area as given by the sense 
of one of the forces we see that the momental area has the same 
sense in the two cases. 

(20) Use in turn tour other polea for the vector polygon, taking at least 
one pole on the opposite side of AB to that in Fig. 173. Calculate in 
each case the momental aresi of the equivalent couple, and see that it iB 
equal tfi AB.p, and of the same sense. 

Proof that the constmction does give couples of equal 
momental areas. Produce K^P-y to cut he in P^, and K^P^ to 
cut ah in P^. Then P^P^P^P^ is a parallelogram, and PtP^P^ and 
P-yP^Pi are similar to the vector triangle OAB. 

The area of P^P^^^ = PiPj . ? = PJ*^ . f ; 

■■ q~P^P~AB' 
:. pAB = q.OA; 
or, denoting by Fand P the magnitudes of the forces represented 
by AB and AO pF=qP, 

i.e. the momental areas of the two couples are equal in magni- 
tude. A simple inspection of Fig. 173 shews that the senses are 
the same. 

Unit of Momental Area. This unit has no special name ; 
if the force be measured in lbs. weight, and the distance in ft., 
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the momental area would be in lbs. ft. (Not ft. Iba. — a term 
which has a totally difTerent meaning.) The unit« employed 
must always be distinctly stated. 

Vector Polygon Closed (General Oaae). The vector 
polygon being closed, the first and the last lines of the link 
polygon are of necessity parallel, and the simplest equivalent 
set of forces is a couple (except in the special case when the 
first and last links are coincident). 

ExAMPi^. Draie a dosed vector polygon ABCDEA mch thai 
AB = 2-2", BC=l-82", CD = 2-8", DE=1" and EA-=4" and 
BE = 4-1" and CE = 3-2". 

Draw any line cd (Fig. 174) parallel to CD, and (on the left-hand 
side of the paper) ab parallel to AB cutting cd ai P. Or cd mark 
points Q,R and 8 where PQ = 2-64'', PR=4-61" and PS = 5-93'. 
Through Q, E and S draw be, de and ef parallel to BC, DE and 
EF refpecHvely. 

Let the vectors represent in magniftide, diredim, and sense form 
to the scale of \ cm. to 1 ih., and let the lines drawn throvgh 
P, Q, R, S 5e their axes. 

Find Ike e^ivalent coaple to the forces whose vectors are AB, EC, 
CD, DE and RA, and whose axes are given. 

Choose some convenient pole within the vector polygon. 

Through any point 5j in ah draw RyR parallel to OA, and 
ByR^ parallel to OB, and proceed as usual with the Hnt polygon 
construction until R^^ on ef is reached, and B^R^ is parallel to OE. 
Finally, draw R^R parallel to OA. 

The theory of the construction is just as before : in R^R we 
suppose two equal and opposite forces OA and AO ; the former 
we combine with AS to a resultant OB in R^B^; OB is combined 
with BO to a resultant OC in R<^R^; OC is combined with CD to 
a resultant OD in R^R^; CD is combined with DE to a resultant 
OE in R^R^; and, finally, OE is combined with EA to a resultant 
OA in R^R. 

The given set of forces has thus been replaced by a force AO 
or - OA in B^R and AO in R^B, i.e. by a couple. 
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Measure the perpendicular distance between B^R and R^B in 
inches, and multiply the result hy the number of lbs. represented 
by OA (either graphically or by actual multiplication of numbers). 




The product is the momental area of the couple in lbs. and 
inches. Notice that the sense of the couple is contracloekwise 
and therefore the sign of the momenta! area is positive. 
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{21) With the same veotor polygon and axes, take e. new pole O, oiitsid« 
the vector polygon and shew that the momentol area of the couple obtained 
ia the same in magnitude and sign to that obtainud previously. 

(22) Draw fonr lines at distaDces apart of 0*6, 1 and I'S inches, and 
suppose parallel forcPH of 23, 37, -18 and -42 lbs. weight to act in 
them. Go through the prDoeaa of finding the resultant and shew that the 
given set of forces is equivalent to a couple, and find its momental area. 

Closed Vector Folygon and Couples. Since the pole 
may be taken in any position, OA may have any magnitude and 
direction, and B^ may be any point on ab ; hence the couple 
equivalent to the given set of forces may have any position in 
the plane and the forces constituting it may have any magnitude 
and direction. All the couples found by changing and Rj are 
therefore equivalent, and the connection between the couples is 
that they all have the same momental area 

Momental Areas are Vector Quantities. Since a 
momental area has no definite position in space, but is fixed 
when its magnitude, direction (or aspect of its plane) and sense 
■ are given, momental areas are vector quantities. 

For coplanar forces the momental areas are all in one plane, 
and hence they are added by adding their magnitudes alge- 
braically. 

Addition of Momental Areas. Example. To find a cowpU 
equimleni lo three couples having the same sense. 

The magnitudes of the six forces of the three couples are given by 
Kn« of length 10-7, 8'65 and 12-8 cms. (to a scale of 1 Mlogrm. weight 
to an inch) the perpendicular dieiance between the forces consenting the 
couples are 12'5, lO'S ami 6'25 cms. The senses of the coupes are all 
clockwise. 

Mark off along any line on a sheet of squared paper (Fig. 175) 
0^ = 12-5, 0Z(=10-8, 0(7=6-25 cms., 
and on a perpendicular line through 

0A^ = \0-1, 0^1 = 8-65 and 0(7, = 12-8 ems. 
On the former mark oS 0U= 10 ems. 

Draw AA^ parallel to AJI, BB^ parallel to ByU, and CC, 
parallel to (7,1/', cutting the force axis in A^, B^ and C^. Add 
by the strip method OC^ + OB^ + OA^ and scale this with the 
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tenth of an inch scale. It is the momenta! area of the resultant 
couple in kilogrma.-cma. (viz. - 121 approximately). 

Proof. A couple may be supposed to occupy any position in 
the plane, hence all the couples may be supposed placed so that 
one force of each lies along OA^, the other forces will then be 
parallel to OA^ and pass through A, B and C respectively. 
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Further, a couple may be replaced by any other of equal 
momental area, hence the couple of force OAj and arm OA 
may be replaced by one of force OA^ and arm OU. Similarly, 
the others may be replaced by forces OB^ and 0C,_, and arm OU. 

The construction is simply our old construction (p. 46) for 
reducing an area to unit base (in this case 10 unit base). 

Finally, we have forces given by OAg, 0B„ and OC, along OA^, 
and parallel forces of opposite sense through U, and the three 
couples have been replaced by one of force given by 
OAj+OBj+OCj and arm 017 (10 cms.). 



Should all the couples not have the same sense, the distances 
0^1, OB^, ... must be set off from U with their proper senseB and 
the corresponding subtraction made by the strip method. 



(23) Couples having positive momental areas are 

given by the annexed table ; find the resultant couple 

(i) geometrically by redaoing each couple to 

forces distant apart 1°, 
(ii) algebraically by adding the momental areas. 



Fo«.. 


a™. 


23-6 


2-84 


7-9 


4-65 


15-4 


2-26 


10-8 


1-92 



Vector aod Link Polygons Closed. Itefer back to Fig. 

174 on p, 187. Imagine li^Ii^ produced to cut It^S in Rg, then 
if ef be supposed moved parallel to itself to cut B^R in R^, R^R 
would bo the same line as R^R, and hence the forces OA and AO 
would cancel and there would be equilibrium. 

ExAMPLK ParaUd forces ad in the lines and ham magnitudes and 
senses as indicahd in Fig. 176. To show graphically that the forces 
are in equilibrium {appr<rximatdy).* 

Draw the vector polygon starting with the downward forces 
BO, CD, DE, then BF and FB upwards (Fig. 176). The upward 
force AB is the same as FB. Hence A and F are coincident, 
and a and / must be considered the same space. The vector 
polygon is closed. Choose a convenient pole. 

Draw through the space a P^P^ parallel to Oj4. 
b P^P^ „ OB. 

c p^p^ ., oa 

d Pj/'g ., OD. 

e PgP^ „ OE. 
/a line „ OA. 
The construction (if properly done) gives the first and last 
ines identical, viz. P^P^ and P^P^. But in P^P^ acts the force 
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whose vectoi' is AO, and in P^P^ the force whose vector is - AO. 
Two such forces in the same axis must be in equilibrium, and 
therefore the whole set- of forces ia in equilibrium. The 
cancelling of the forces in P^P, is due to the fact that the first 
and last lines of the linfe polygon are coincident, i.e. the hnk 
polygon forms, like the vector polygon, a closed figure. 




If both the vector aod the link polrgotus for a set of forces 
are closed, the forces are in equilibrium. 

Proof The general proof of this theorem is seen easily from 
the construction when the vector polygon is closed. 




Let ABODE A (Fig. 177) be the closed vector polygon for certain 
forceB. Then if be the pole, the first link for the link polygon 
is parallel to OA, and has, 
finally, a force whose vector is 
AO acting in it. The last link 
is also parallel to OA, and has 
a force whose vector is - AO 
acting in it. These form a 
couple (in general), but if the 
first and last links coincide, 
the forces whose vectors are 
AO and OA cancel, and the 
whole set must be in equili- 
brium. 

ExPT. IX. Punoh four holes in an irreeular shaped pieoe of cardboard, 
and suspend it in front of a drawing board, aa in Expt. Vl., p. 122. 

Mark on the card the lines of actions of the forces, and their magnitadee 
and aenses. Remove the card, and draw the vector and link polygons. 
■"■'*"''''' ... ^ expect tron 

Perform an experiment similar to IX., with five forces. 

ExPT. X. Draw a closed four-sided vector polygon on oardboapd, the 
sides being of such lengths that they represent to Hoale obtainable 
weights. Draw on the card four non-ooncurrent tines parallel to these. 
Fix the card to the drawing board by two pins. Adjust the position of 
the pulleys so that the corresponding weights may pull on the card along 
theae lines. Remove tlie pins and see if the card moves. 

Ekpt. XI. Draw on stiff cardboard a closed four-sided vector polygon 
ABGDA (Fig. ITS), the sides being of convenient lengths to represent to 
scale obtainable weights. 

Draw three non-ooncurrent lines ab, be, cd pnraltel to the corresponding 
vectors. Take a polo O inside the vector polygon (say the point of inter- 
section of the diagonals), 

Mark any point R, on ah, and through it draw R,}1, parallel to OA ; 
draw R,R, parallel to OB, and cutting tc in R,; draw B^Rs parallel 
to OC, cutting ed in S,; then draw Ba«j parallel to OD, cutting »,i?4 in 
S^. Through R^ draw the axis ad parallel lo AD. 

Then fljR^ outs ad at flj, and on drawing through ffj a line parallel to 
OA we come to R,Rt again. Hence the first link li,Ri, in which lies the 
force given by AO, coincides with the lost link R,Ri, in which lies the 
force given by OA. Hence both the vector and the link polygons arc 
olosed. Fix the card (with the axes of the forces marked on it) on the 
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drawing board by two stout drnwiog pins, and adjust the pulleys sfi that 
the threiMis (with their proper weights attached) lie over the axes. BemOTe 
the pins, and bob tliat the card dues jiot move. 

Devise an experiment for shewing that couples of equal momental areas 
are equivalent. 




Expt. X, shews that in general there is not equilibrium when 
the vector polygon only is closed. 

Expt, XI. shews that there is equilibrium when the link and 
vector polygons are both closed, and Expt IX. shews the con- 



DetenuinatioD of Reactions. 

Example. A hcoimtive has three pairs of driving, me pair of 
leading, and one pair of trailing wheels, ami is sfoppin^ on a short 
bridge of 40 ft. span. The centre of the leading wheels is 6' 8" from 
one end of the bridge {the left in Fig. 179) awi the distance between 
the centres of the vhsels are, from the leading to the trailing wheels, 
8' 9", 7', 7' 9" and 8' 3". The load each pair of wheels carries is, in 
the same order, 9 tons, 17 tons 13 cwts., 18 tans i cwts., 18 tons 
i cwts. and 11 tons 9 cwts. Determine the reactions of the ^iippoi-ls 
{supposed vertical). 
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Draw the position diagram (Fig. 179) to scale, say 1 em. to 20 
inches, with the reaction and load lines, and letter the spaces 
0, a, b, c, d, e, f, referring to the spaces outside the reaction 
lines. Draw next the load vectors, say to the scale 01 inch 
to 1 ton, so that AB is of length 0-9", BC of length 1-765 inches 
{i.e. nearly 177 inches), etc. Choose some convenient pole P and 
draw through the space a a line parallel to PA cutting the 
reaction line oa'm B^; through the space b draw a link parallel to 
PB, and so on to the link through the apace / para^Ilel to PF cut- 
ting the reaction line fo in J^^- ^^ ''^e reactions in oa and of to 
maintain equilibrium had been known, the first line of the link 
polygon would have been through R^ and the last through Ra, 
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and theae would have been coincident and therefore would have 
been the line ^jfij i^cl^- 

Hence join RiR^, i.e. close the link polygon, and through P 
draw a line parallel to this closing line cutting the load vectors 
in 0; then FO is the reaction in fo and OA that in oa, and these 
are the forces necessary to maintain equilibrium. 

Three eases have now been considered : 

(i) If a sot of forces acts on a body, and the vector polygon 
is not closed, there is a resultant force whose vector is the sum 
of the given vectors and whose line of aotion is determined by 
the link polygon. 

(ii) If the forces have a closed vector polygon they are (in 
general) equivalent to a couple whose momental area can be 
found from the link polygon. 

(iii) If the forces have both the vector and link polygons 
closod, the body is in equilibrium. 

Incidentally (ii) shewed that all couples which have the same 
momenta! area are equivalent. 

The third case enables an unknown reaetion (or reactions) 
which keeps a body in equilibrium when under the action of 
known forces to be found. 

(25) A horizontal beam 17 ft. long is loaded wiUi weights distributed aa 
in the Table. The beam being supported on knife edges* at its ends, to 
find the reaction of these knife edges {neglecting the weight of the beam 
itself). 



Weight in tons, 


3-2 


3-5 


2-1 


1-9 


Distance from left end in feet, 


4-2 


7-3 


8 '6 


12-3 



(26J A horizontal beam is supported on knife edges at its ends ; the 
length of the beam is 60 ft. and at distances T, 30, 25. 32. 40 and 49 ft. 
from the left-hand end are hung weights of 3, 10, 8, 7, 12 and 6 owts. ; 
find the reactions of the supports. 

(27) A beam loaded as in Ex. !W is supported at the left end and at a 
point distant 36 ft. from it ; find the reactions due to the loads. 

"llie knife edge, shaped like A, ia simply to ei 
supported at one point only or (taking into.aoooun 
on a line petpendioulaT to the length of the beam. 
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(28) The beam, loaded as before, ia freely supporbed at a dietamw of 
.10 ft. from the left end ; can it be supported in equilibrium at the left 
(and, mid whiit is the reaction (given by the polygons) there? 

(29) The centre lines of the wheels of a locomotive and tender are from 
the leading wheel bacltwarda 12', ff, Iff 3-2S', & 10-5" and 6' 105' apart ; 
the loads on the wheels are 20 tons U cwtH., 19 tons 11 owta., 19 tons 
11 owts., U tonsScwts., 14 tons 5 cwts. and 14 tonsS'S owts. The cnoiue 
and tender are stopping on a bridge of 60 ft. apui and the leading wheel 
is 7 ft. from one snpport of the bridge ; find the reactions (supposed 
vertical) of the aupports of the bridge, 

Non-Parallel Reactions. 

Example. A beam is 'ptv^omted to a supporting wall. Its 
length is 25 feet and it is supported at the other end by a chain of 
length 37 //. aitaclied to a teall hook 21 //. vertically above the jmtU. 
ff eights of 54, 585, and 45 lbs. are hung from it at points distant 
(lUong the beam) 7, 12, and W ft. from the pin. Find the tension of 
the chain and the reaclion of the pin. 

Draw first to scale the poeitioti of hook, pin-joint and chain 
^, Xand YZ{Fig. 180). 

Then draw the axes ab, be and ed of the forces ; then the vectors 
of the forces AB, BO, CD acting in ab, be, ed, and, finally, the 
link polygon corresponding to any pole 0. The resultant of the 
loads is thus obtained and its axis passes through R. 

In Fig. ISO the line ZX gives the vortical. To obtain the oonventional 
position, the book roust be turned round. 

Find the point P where this axis cuts the chain 2Y. Join 
XP, and in the vector polygon draw AE and DE parallel to 
XP and PV respectively. 

Then DE gives the tension in ZY (why tension and not 
compression f) and EA the reaction of the hinge. 

Since the force whose vector is AD and axis PR ia equivalent 
to the given three loads, the heam may be supposed to be in 
equilibrium under the action of this force, the tension in the 
chain and the reaction at the pin. 

These forces must pass through a point, viz. P, and then the 
necessary and sufficient condition for their equilibrium is that 
their vector polygon should be closed. Hence DE must give the 
force along YZ, and EA that along XP. 



REACTIONS BY LINK POLYGON. 197 

Find the vertical reactions through X and V diat would be in 
equilibrium with the given loada in ab, be and cd. Project E 
horizontally to Ej on AB and see that DE, and EjA give theee 
vertical reactiona. 




(30) Produce the first and last links to out XP and PT, and hence shew 
that the nloeing line of the link polygon is parallel to OE. Why is thiB 
necessarily so ? 
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(31) A horizontal bewn 15 ft. long ia pin-jointed to a supporting pier at 
one end (the left), and rests on a smoolh horizontal roller at tiie other. 
Forcea of 12, S, 20 (uid 15 cwts. aot downwards at points distant <t, 10, 28, 
and 32 ft. from the pinned end and make angles of 30°, 45% 90° and 60° 
with the beam line from left to right, I'ind the reactions at the ends. 

Note. The object of the roller is to make the direction of one reaction 
known, viz. vertical ; if neither reaction be known in direction the 
problem is indeterminate. 

First draw the line of the beam and the axes of the known forces, add 
the veotors of the forces, draw the link polygon and obtain the position 
of the resultant force of the given set. Mark the point of intersection of 
the vertical reaction and this resultant, and join this point to the pin. 
The last line gives the direction of the reaction at the pin. The nnknown 
reaction may then be found from the vector polygon. 

(32) Solve the problem in Ex. 31 by projecting the vectors on to a 
vertical line and drawing the link polygon for these vertical oomponeQta. 
Determine thus the reaction of the roller and the vertical component of 
the pin reaction. The latter combined with the reversed horizontal com- 
ponent of the vectors gives the pin reaction. 

(.t3J A swing gate is hinged at A (Fig. ISl) to a post and reste against 
a amootb iron plate at B. AB^as ft., CD=6 ft. and the gate weighs 
200 Ihe. Supposing the weight of the gate to act at the centre of the 
rectangle GD, find the reactions at the hinge and plat«. The dietauoe 
between AB and the gate is 3". 




Find the total 



1 The 



post AB ia not vertical, but Inclined at an angle of 15° i 
that CD slopes (i) downwards, (ii) upwards. Find the res 
■ inthetwocases,if JC-Bff=9". 



the 



vertical, a 

when the boy is o: 

(36) In a wall crane A BC the beam BC is loaded at equal distances as 
inFig. 182. Find the tension in the tie rod vlC and the reaction at ^ and 
B. (The beam BC and the tie rod .,40 are pin-jointed at ^, BandC.) 

(37) AB'iB a uniform beam hinged ittA (Fig. 183) and weighing l-Bcwta. 
It rests on a smooth fixed cylinder D, and a load of O'T cwt. is suspended 
fromB. If .^ £: is horizontal and if ^B = 10',.^ (7=7' and i>£=2', find the 
reactions at A and G. 



DECOMPOSITION OF FORCES. 



m 



(38) A uniform Udder resta against a, sniuotli vertical wa,ll at an angle 
of 27° with the vertical. The weisht of the ladder ia 69 lbs. and may be 
aupposed to act at its mid-point. Find the reaction of the ground when a 
man weighing 12 Htones and a boy weighing 7 stones are i and i up the 
ladder respectively. f- 




0-21 Ion 0-3631011 0-478 ttii 0-53 ton 




Decomposition of Forces. Any force may be decomposed 
along any two given axes if they intersect on tlie axis of the 
force (see p. 151). Any force may be decomposed into two 
forces parallel to it, liavlng axes in assigned positions. 

Draw any line he (Fig. 184) as the axis of the force, and BC 
its vector. Draw two lines parallel to Ik, via. ah and ca, on 



opposite aides of be. Choose any pole 0, and draw througli any 
point P of be, PP^ and PPi parallel to OC and OB respectively. 
Join PjP^, and in the vector polygon draw OA parallel to P^/'j- 
Then BA and AO are the Vectors of the required components. 




Proof. At P, BO may be decomposed itit« two, BO and OO, 
acting in PP^ and PP^- At P^, 00 may be decomposed into two, 
OA in PjPg and AO in ac. At Pj, BO may be decomposed into 
two, BA in ah and AO in P-^P^. OA and AO in PjP^ cancel, and 

we are left with BA in al) and AO in ca. 

Shortly put, the construction is that for finding the reaction 
in ab and ca which mil be in equilibrium with the given force 
in be These reactions will be the same in magnitude but of 
se to the components. 



eolor into two parallel axes, 
t force whiob pass throngh 



PARALLEL COMPONENTS. Ml 

Example. Find Ike components, passing through two given points 
of a force when one of the components has the lead possible value. 




Let xy (Fig. 185) be the axis and XT the vector of the force, 
and suppose A and 5 to be the given points. Join any point 
F on xy io A and B. 

Through X and ¥ draw XO and TO parallel to PA and PB 
respectively. Through 0, the point of intersection, draw OZ 
parallel to AB, cutting XT' in Z. 

If the component through S is to be a minimum, draw YT 
perpendicular to OZ and join XT; then XT and TY are the 
required components. 

Proof. To find components through A and B parallel to ay, 
we may, instead of taking any pole for the vector polygon, 
first draw from any point P in xy, PA and PB, and then find 
the corresponding pole 0. The closing line of the link polygon 
is AB ; and hence, on drawing OZ parallel to AB, we get the 
reactions YZ and ZX at B and A in ec|iiilibrium with XY in xy. 
These reactions must evidently be independent of the pole 
used to find them, i.e. Z is a fixed point on XY. If any other 



point P on Ky be chosen, then the new pole must be on ZO, for 
Z is fixed, and ZO is a fixed direction parallel to AB. 

Further, XO and TO are two components of XY through 
A and B, hence the smallest component through B will be such 
that it is perpendicular to ZO. 

Note that since ZO is a fixed line, a simple construction will 
give the components through A and B which have any desired 
relation, aay that of equality, or the B component twice the 
A component, etc. 

{42) Solve graphioally the example on p. 201 when A and B are on the 
same side of xy. 

(43) Find cKimponDDts of a given force such that one has an aBsigned 
direetion and the other is to be as amall as possible. 

(44) Deoompoae a given force into two forces equal in magnitude passing 
forces through points A and B when A and B are (i) on the same, 
(ii) on opposite sides of the given force. (See also Chap. IV., d. 154.1 
When does the ■■ > - 



(45) DecompoBu a given foroo into two passing through two given poinlf, 
the magnitudes of the forces- having the ratio of a to 6. 

(46) A man carries a pule across his shoulder at an imgle of 25° with the 
horiiontal. The pole is of length 15 ft., and the distance of the mid-point 
of the pole from his shoulder is 5 ft. He keeps the polo in position 1)V 
hard pressure on the front end. In what direction should this presaure lie 
applied so that it may be as small as possible? What direction wouM 
make the pressure on his shoulder as small as possible ? {Aeautiie tb&t 
there is sufficient friction ac the shoulder to prevent the pole sliding.) 
Find the pressures in the two oases. 

Anr force may be decomposed, into tbree forces lying in not 
coilcnrrent and nan-parallel axes. 

Draw any straight lino at {Fig. 186) for the axis and a parallel 
line AB for the vector of a force. Draw any three non-coii- 
ourrent lines be, cd and da forming a triangle XYZ. 

Suppose ab cuts XY in P. Then, at P, AB may be decomposd 
into two, AO and CB, acting along PZ and PY. At Z, AC mat 
be decomposed into two, AD and DO, acting along XZ and YZ. 

Hence, AB has components AD, DO and CE having ad, dc ami 

Evidently unless ai is parallel to one of the sides of the triangle 
XYZ, we may take as the starting point for the decompositioi 
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any of the three points in which ab intersects the sides. If the 
decomposition ia unique, the components determined in the three 
ways should be the same. 

The proof that the decomposition is unique will be found in 
the Chapter on Momenta (p. 297). 




(48) Draw any tour non- 
j one, and lind the forces 
I equilibrium. 



(49) A weight of 10 
tens is Huapcnded from 
3. orane A BCD (mg.lSli 
at A. Find the com- 
ponents along BC, CD 
and DB ; find also the 
vertioal components of 
W through B and G, 
and shew that the com- 
ponent along GD is the 
same as that found by 
the first method. 

Also, reaolve the B 
component along BO 
and BD and oompare 
with previous reBufts. 



(50) A B, BO. CA (Fig. 
ted at 8 and in a 

a along the rods due 

loads at A and C equivalent 
tliat at D, and henoe find the 
components along the rods. Com- 
pare the two sets of results. 




(51) ABO (Fig. 189) is a wall 
crane, find the components in A B, 
BG and GA due to a load of 1 ton 




THE TOGGLE JOINT. 

(S2) In BxerciBe 51 duoompuse the load e 
at A and B and find the & . - . 

Compare with the previous r< 



*(53) AB and AC (Fig. 190) are raftera of 
a roof ; find the total Uirust on thu walk 
due to loads of 10 tons at the mid-point of 
each rait«r. (B^^solve the load at Af in 
directions MJi and MG, and at O resolve 
the latter along OB and CA. The com- 
ponent along CB gives the outward thruat. 




Example. (The Toggle Jmnt.) AB is a beam kinged at A lo 
Jtxed masonry. CD is a bar ptnjomled lo C (in AB) and to D. 
D h constrained to move along AD bt/ means of smooth guides. A 
JOTCe P is applied at B perpendicular to AB, and a force Q «( D along 
AD so thai there is eqiAUbriwm. AB = 3-58", BC=.l-64", CD- 2*7" 
and DA=3-9". P = 10 lbs. weight Find the componeiUs of P along 
AG, CD and DA. 



The beam AB (Fig. 191) is in equilibrium under P, a force 
along CD, and the reaction at A. These must be concurrent; 
find the point of concurrence, and hence, in the vector polygon, 
firid the reaction at A and shew that this reaction is the equi- 
[ibratjt of the forces at A found by resolving P along AC and 
^ V and CD. 

Find the value of Q and the reaction of the guides on the 
jlide at D. 



(54) Decompose P into parallel forces at U and A . Find the comi>oiienta 
of the former along CD and CA , and the resultant of the latter and the 
force along CA. Oompare with the former rosillt. 

(55| AB (Fig. 192) representa an open French window (plan or trace rf 
on a horizontal plane). It is kept in poaition hy n har CD, freely jointed 
at C The bar has a number of holee in it, any one of which can be fitted 
over a peg at i> bo that the angle BA D may have any value from to 12?. 

The wind is blowing parallel to d 

AD and would exert a force of 
30 lbs. weight if AB were perpen- 
dicular to AD. Suppose the re- 
sultant force of the wind tm the 
door to oot at the mid-point JH of 
AB. 

Find the pull in CD, given that 
AB=2'T. AD = l'3-5- = AM, and 
BC- 1 ft. when 

(a) ciz»= 20', 
(5) CAD= 45°, 
(e) GAD= W, 
(d) CAD=l2lf. 




GENERAL ANALYTICAL THEORY OP THE COMPOSITION 
OF OOPLANAR FORCES. 

* Theorem. Any force is 
eaniTaleat to a force tlirongh 
an; assigned point tosether 
witb a couple, If tlie forces 
have the same vector. 

If a (Fig. 193) is the axis 
and o the vector of the given 
force, and any assigned 
point, draw through the 
axis cij parallel to a. 

Then we may suppose at 
in fflj forces a and -o, 
i.e. at we have a force a f'°- ^^- I 

which together with the couple n in a and - a in Oj are equival«fll 
to a in a. The aniple is called the ample of iransfe 
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^rheorein. Any set of coplanar forces is eaoiv&lent to a 
resultant force tliroiigh some assigned point and a conple. 

By the previous theorem each force of the set may be replaced 
by an equal vectored force through and a couple. The forces, 
being now concurrent, have in general a resultant found by the 
vector polygon. The momental areas of the couples may be 
added to the momental area of a resultant couple, Le. the couples 
are equivalent to a resultant couple. 



Any set of forces reduces to 
(i) a single resultant, or 
(ii) a couple, or 
(iii) ia in edulUbrinm. 

Since a couple may have any position in its plane and may 
have its forces of any magnitude, provided the momental area is 
constant, we may replace the 
resultant couple of the last 
theorem by an equivalent couple 
having its forces o- (Fig. 19i) 
and - 0-, where <r is the resultant 
of the concurrent forces at 0. 

If the arm of the couple is p, 
and S is the magnitude cr, then 

S.p = M, 
M being the known momental 
area. 

If, now, the couple be sup- 
posed placed so that its force 

— <T passes through and is in a line with the resultant force a 
there, then a- and -tr cancel, and we have a single resultant 
o- at a distance p from 0. 

Should the resultant of the concurrent forces at be zero, the 
set of forces reduces to the couple of momental area M. 

If M is also zero, there is equilibrium. 
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These theorems are only what we had before as direct 
deductions from the geometrical constructions. The actual 
determination of the resultant, or the resultant couple, should 
i by the link polygon construction. 



MISCELLANEOUS EXAUFLES. V. 

1. Draw a triangle ABO, having an angle of 45° at B and one otSeftX 
C. Let furoHB of 9, 7 and 4 units act from A \a B, B ia C and G Ui A 
reapeotivoly. By oonstruotion or otherwise, find their resultant com- 
pletely, and shew it in the same diagram as the triangle. 

(B. of E., Stage n.) 

2. Draw a square ABGD and a diagonal AC; forces of 1, 2, 3, 4 anils 
act from A Ui B, from fi to C, from C to iJ and D to A reapeotively ; 
find the Bum of thoir componenta alozig AC, and also the sum of thar 
oomponentB at right angloa to AC. (B. of E., Stage II.) 

3. Draw a trianslo ABC, and take D and E the middle pointa of BC 
and CA reBpeotively ; if forces P, Q, R act from A to B, A tu C and 
C to B respectively, and are proportional to tbo lengChs of the sides akmf 
which they act, shew that their resultiLDt acta from E to D, and is earn 
to 2P. (B. of E., Stage III 

4. Define a couple. Explain how to find the resultant of two forms 
which form a couple and a third force. 

Draw a square ABCD ; a force of eight units act* from ^ to fi and 
C to D respectively ; find the resultant. Also find what the reeultant 
would be if the first force acted from D to A. (B. of E., Stage II.' 

5. A hoiizontal beam 20 ft. long is sapported at its ends, loads m' 
3, 2, 3 and 4 cwts. act at distances 3, 7, 12, 15 ft. from one end. Find. 
by means of a funicular {\Ya\i) polygon, the pressures on the two ends. 

(Inter. Sci. (Eng. ), 1904-1 

6. Find the resultant of two parallel forces hy a graphical constraotioi. 
Extend this to find the resultant of three or four parallel forces. 

(Inter. Soi., 190i 

7. Find the resultant of three parallel bke forces of 2, 4 and 3 11*- 
weight acting through points in a straight line, distant 1. 3 and. 7 t- 
from an origin in that line. (Inter. Sci. (Eng. ), 1905. 



force of 20 lbs. weight acts inB'A'; shew how to replace this force by thrf 
forces acting along the sides of a triangle by simple drawing, without usin: 
any of the numerical data concerning h^ngths. (Inter. Sci. (Eng.), 1906. 



9, ABC is a right-angled triangle, .^S=12 and BC=5. Forces d 
52, 24 and 27 lbs. weight act from A ta C, B to A and C to B. Find tlit 
resultant of the forces and exhibit its line of action. (Int«r. Soi., I900-> 
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10. ABC is an equilateral triangle, P is the foot of the perpendicular 
from C on AB. Find in magnitude and line of action the resultant of 
forces : 10 from ^ to B, 8 from B to C, 12 from A to C and 6 from G to P. 

(B.Sc., 1905.) 

11. A locomotive on a bridge of 40 ft. span has the centre line of its 
leading wheels at a distance of 11 ft. from one abutment, the dietonoe 
between the centre lines of the wheels are, from the leading wheel back- 
warda towards the far abutment, 9' 10", 6' 8" and 6' 8". Knd the pres- 
snrea on the abutments if the loads on the wheels be IS tons 10 cwts., 
IT tons 10 owts., 17 tons 10 cwts. and 16 tons 10 cwts. 

12. State and prove the rule for finding the resultant of two unlike 
parallel forces. 

Given a force ol six unite, shew how to resolve it into two unlike parallel 
forces, of which the greater is ten units ; and explain whether the resolu- 
tion can be made in more ways than one. (B, of E., IL, 1904.) 

13. Let a horizontal line AC represent a rod 12 ft. long, resting on two 
fixed points A and B, 10 ft. apart. Each foot of the length of the rod 
weighs 12 oza. ; a weight of 16 Ibg. is bung from C. Shew that the rod nill 
stay at rest, and find the pressure at each of the paints of support. 

(B. of K, L, 1904.) 

14. ABO is an equilateral triangle, and forces P, P, and 2P act from 
B to C, C to A and A to B respectively. Find their resultant, and shew, 
in a carefully-drawn diagram, its direction and line of aetion. 

(B, of E.,L, 1903.) 

15. Forces P, Q and 3B act in order along the sides BC, CA, AB of a 
given triangle. If P, Q, B are proportional to the sides respeotively, find 
completely the force which would bahinee the three given forces, and '" "~" 
your result in a oarefnlly-drawn diagram. " - " ■- - 



CHAPTER VI. 

STRESS DIAGRAMS. 

In Chapter IV. the stresses in simple frames, due to loads applied 
at the joints, were considered. The present chapter is a con- 
tinuation of the subject. It is shewn that the vector polygon 
for the forces acting at a point is the stress diagram for the 
hara meeting there, and that the space notation enables us to 
draw in one figure — the atress diagram^lines giving the stresses 
in all the bars of more complicated frames. 

Three Bar Equilateral Frame. 

Example. Three bars, eaeh 3 ft, long, are pm-jotnled together to 
form an equilateral triangle. The frame is suspended by one vertex, 
and 5-5 Ih. weights are hv/ng from the others ; to determine the stresses in 
the bars due to the weights. 

Draw the frame PQR (Fig. 195) to scale (say 1" to V) and letter 
the spaces as indicated. 

Draw the vectors of the two external forces at R and Q (scale 
say 2 cms. to 1 lb. weight) ; then, without drawing the link 
polygon, notice that the upward reaction CA at P (=11 lbs. 
weight) will keep the frame in equilibrium. 

Draw AD and BD parallel to ad. Id, then CD is parallel to cd ; 
and AD, DB, and DO measure the magnitudes of the stresses in 
the corresponding bars. Scale these hnea and tabulate the 



Bar, - - - 


ad 


bd 


ed 


Stress in lbs. wt.. 


6 35 


3.18 


6-35 



At the point P of the frame act three forces, viz. the reaction 
CA vertically upwards, and the pushes or pulla of the bars ad and 
cd. Hence CADC is the vector polygon for P. The sense of 
the force at P dae to cd is given by DC, and hence the bar must 



THREE BAR EQUILATERAL FRAME. 





pull at P. Similarly, 
the sense of the force 
in ad is given by AD, 
and hence thie bar 
also pulls at P. 

Now consider the 
equilibrium of B. 
The forces there are 
the weight of 5'5 lbs, 
(AB) downwards and 
the forces due to ad 
and bd. The vector 
polygon is ABDA, 
and, since AB is 
downwards, the force 
in hd is given by BD 
and pushes at R; 
similarly, DA pulls at R. 

Thus, in the vector polygon the 
line AD gives the pull at P or at 
B according to the sense it ia taken 
in. This is as it should be, for the 
bar ad is in equilibriurn and must 
be pulled with equal and opposite 
forces at its ends. The line AD 
thus gives the stress in ad, and the 
figure A BCD is called now, not 
the vector polygon, but the stress 
diagram of the frame PQR and the 
forces acting on it 

Finally, consider the point Q. It 
is in equilibrium under BO, and the 
forces along cd and db ; the corre- 
sponding lines in the stress diagram, 
have been already drawn, and it 
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only remains to determine the senses of the forces at Q. The 
vector polygon for Q ia BCDB, hence a force in cd (CD) pulls at 
Q whilst DB pushes. Hence hd pushes at its two ends, Q and M, 
and is therefore in compression, whilst PQ and RP pull at both 
ends, and are therefore in tension. As vectors, therefore, the 
lines AD, BO and BB should have double arrow heads; this 
may easily lead to confusion, and it ia, therefore, better to avoid 
them altogether and to indicate in the frame those bars which 
are in compression by drawing fine lines parallel to them, Mark 
the bar bd as being in compression. 

Ohange of Shape in Frames under Forces. The simple 

triangular frame, just considered, was treated as a rigid body ; 
this was justiiiable, since, although some bars may elongate a 
little and others contract, yet the bars will always adjust their 
positions to form a closed triangle, and when once the deformation 
has taken place, the parts retain their relative positions unaltered. 
That is, for the given forces the frame— after the elongations, etc., 
have taken place— is like a rigid body. In nearly all prac- 
tical cases the elongations, etc., are so small that the frame may, 
so far as change of form is concerned, be regarded as unaltered. 

Only frames which have just a suflicient number of bars or 
strings to keep them rigid under the given applied forces will 
be considered, and of these only simple cases which can be solved 
directly by vector polygons will be taken. 

The weight of the bars will be neglected unless expressly 
included in the problem. 

Example. Three bars, PQ, QE and EP, of lengths i, 7, and 
6 ft., are freely fdn-jointed together to form, a triangylar frame and 
the frame is suspended by P. Weights of 4 and 6 lbs. are 
suspended from Q and R. Draw the frame in its portion of egui- 
libriwm and find the stresses in the bars. 

The resultant of the weights 4 and 6 at Q and R (Fig. 196) must 



find the position of S in QR. 



Y construction, 



FRAMES AS RIGID BODIES. 




Then, if FS be regarded as vertical, the angles the sides make 
with the vertical or horizontal can be measured. (If the con- 
ventional position be desired, the length PS must be set off 
vertically and then the triangle drawn in.) 



Letter the spaces as in Fig. 196 and draw the vector polygon 
ABD for g. 

Draw next the vectors for the forces at R ; the vector triangle 
is DBC where DC is parallel to dc. ADC is then the vector 
triangle for the point P. See that CA gives 10 lbs., the reaction 
at P, and that the senses of the forces at the joints are consistent 
with one another. 

Measure the stresses and see which bars are in compression 
and which in tension, and tabulate the results. Measure the 
angle QR makes with the vertical. 

in tha 

(2) An equilateral framework P<^R of throo bars is auapended by meanB 
of two vertical strings attached to P and Q so that PQ is horizontal. A 
load of 17 lbs. is suspended from E. Find the stresses in the bars of the 
frame, stating which are in compression and which in tension. 

{3} The eqailateral frame of Ex. 2 being suspended from a hook at P 
and a vertical string at Q, so that PQ makes 15' with the horizontal, 
determine, by the link polygon, the reaction at P, the tension in the 
string, and lind the stresses in the bars. Determine also the reaations at 
P and Q from the stroan diagram. 

Braced Quadrilateiral Frame. 

Example. Draw lo scde ike frame PQES (Fig. 197), supported 
ai Q and R in the saine honionlal line, given, that PQ = 1 '5, PS = 2, 
QR = 3-7 wiefres, ttiirf PS is parallel to QR and PQR = 60°. A load of 
1 2 His. is placed at P ; determine the stresses in the bars due to this load. 

Letter the spaces as indicated and draw in the stress diagram 
AB=12l cms.; then BD and AD are parallel to bd and ad. 
ABDA is the vector polygon for P and gives the stresses in 
the bars bd and ad. BD evidently pushes at P, so that, since 
hd is in equilibrium, it must push at both ends and be In com- 
pression. Similarly, DA pushes at P, and hence ad must also 
be in compression. At S we know the force AD (pushing at S), 
hence we can find the stresses in dc and ca which will give 
equilibrium. Draw iJC and AC, parallel to dc&nA or, intersecting 
at C; then ADCA is the vector polygon for S, in which we know 
the sense AD of the force in ad at S. 



BRACED QUADRILATERAL FRAME. 




Hence, the force DO 
pulls, and the force CA 
puahea at S, and the bars 
dc and ea are consequently 
in tension and compression 



At R, AC pushes and 
the forces in oc and ao 
must^ therefore, be given 
by ACOJ where CO is 
parallel to a>. 

Hence, CO pulls at R, 
and DA puahea upwards, 
so that CO must be in 
tension, and OA must be 
the reaction at S. 

Finally, at Q we have 
CO pulling, CD pulling, 
DE pushing and the reac- 
tion, which must therefore, 



Notice that given the reaction BO, the senses of all the other 



forces necessary to produce equilibrium are consistent with the 
senses previously obtained. 
Scale all the lines in the stress diagram and tabulate tbe 



ac 


ad 


bd 


dc 


«, 


Bar. 












StreHs in lbs. wt. 



In the frame diagram mark those bare which are in eompreaaion. 

The reactions BO and OA have been obtained, without drawiDg 
the link polygon, on the supposition that there is equilibrium 

(4) Find tho reactions in ob and oa due to the load in ab by the link 
polygon, i.e. find the ooroponents of AB in two parallel lines througli . 
Q and R, and compare with the previous results. 

Cantilever. 

ExAMPLK PQRST (Fig. 198) represents a carUileeer pin-joiiid 
to a vertical wall at R and S. ES = 5, ST = 2-25, SP = 8-25, 
PQ = 5-88, QR = 4-1 ft. The loads atl and'P are 2300 and 3*00 
V)s. weight respectively. Find the stresses in the bars. 

Draw the load vectors AB and BC. Then, since there ie 
equilibrium at P, draw BD and CD parallel to bd and cd. BCDB 
gives cd in tension and dh in compression. 

For Q, draw CE and DE parallel to ce and de. Then, from 
CDEC, we know that DC gives the sense of the force in dc on Q, 
and hence DCED is the correct sense of the diagram, and ce is 
in tension and ed is in compression. 

Finally, for T draw AF and EF parallel to of and ef. We 
may determine the senses of the forces at T either from knowing 
that in ab or that in ed. The vector polygon is ABDEFA in the 
sense given by the letters, and hence ^ is in tension and /a in 
compression. 

Indicate on the frame figure the bars in compression, measun 
the stresses from the stress diagram and tabulate the results. 



Bar, - - - 


rf 


M 


c 


'1 


/• 


Stress in lbs. wt., 













CANTILEVER. 
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(5) Four equ&l bora are pin-jointed togetlier to form a square and i 
fifth bar is introduowl diagonally. The frame is suspended by a vertex w 
that the diagonal bar Is horizontal, and the three remaining vertioRB an 
loaded with 7 lbs. weight each. Find the atrcBsca in all the bars. 

(6) Ab in previous exorcise only the diagonal bar is vertical 





■(7) If the weights at the two vertices, where three bars meet, be 4 and 
8 Ibe., and a third vertex sustain 7 lbs., find the position of equilibrium 
when the frame ia suspended by the remaining vertex. Find also the 
stresses in the bare. (Draw the frame with the diagonal bar, find the 
M.c. of the three masses. Join the h.c. to the fourth vertex, this line 
relatively to the frame ia the vertical line. The formal proof for the 
Centre of Parallel Forces is on p. 298.) 

*(8t Five bars of lengths 12, 1-2, I 6, I "6 and 2 ft. respectively when 
jointed tjigother form a rectangle FQHS and one diagonal QS. The frame 
is suspended by P and loaded at Q, B, S with weights of 7, 5 and 11 lbs. 
Find the position of the frame and the stresses in the bars. 



(9) Three rods AB, SO, CA of longthH 7, 0-2 and 5-8 ft. respectively arc 
pin-jointed together. A is fixed and B rests on a smooth horizontAl 

-' ) that .^ is 2 ft. above B, and a load of 70 Iba. weijjht is hung 

n..i :..., lu.. ,4. jjj ^jjg iiara and the reactions of the 



(10) The frame PQBS (Fig. 199) is 
loaded at Q and Jl with 100 lbs. weights 
and supported at P and S. If PS= 15, 
QR^» and P(y = Si( = 6-6, find the 
stresses in the bars. 



Bridge Girder. 

Example. PQRSTUV (Fig. 200) represenis a shoti N gtrda; 
the bars farming right-angled isosceles triangles, ll is freely sapporiM 
at P and T and loaded at each of the. joints Q, R, ard S with 1-5 
Ions. Determine the reactions at P and T and the s^esses in the bars. 

The loading being aymmetrical, the reactions at P and T must 
each be equal to 2'25 tons and there ia no occasion to draw the 
link polygon. 

Letter the spaees as indicated and draw the vectors AB, BC 
and CD of the loads; then, bisecting AD at 0, DO and OA 
must be the reactions at T and P. At P the known force OA 
acts and the forces in aj and cj ; these being in equilibrium 
draw AJ parallel to aj and OJ parallel to o?' ; then OA/ is the 
vector triangle for P. The force AJ pushes P, and JO pulls, 
hence aj is in compression and oj in tension. 

At Q there are three bars with unknown forces, and as 
resolution into three concurrent straight lines is not unique, we 
must try some other point U. At U one known force OJ acts 
and two unknowns ; draw, then, in the stress diagram 01 parallel 
to oi and // parallel to ji ; then OJI gives the stresses in the bars 
meeting at U. Also OJ gives the sense of the force at U along 
oj; JI pushes at U and 10 pulls, hence ji is in compression and 
to is in tension. 

Now return to Q, where there are only two unknowns remain- 
ing, and draw the vector polygon ABHIJA (most of it is already 
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drawn, IH and BH being the only two lines necessary). See 
from the sense of this polygon that hh and ji must be in 
compression and ih in tension. 




^ i_ B 

d. -Z c 



Draw the rest of the stress diagram, noticing, from the 
sjTumetry of the loads and the frame, that the stress diagram 
must also be symmetrical. In consequence of this symmetry the 
points /and F of the stress diagram are coincident. 
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However many hars the frame contains, the method of solution 
always follows the same lines. The stress diagram is started by 
drawing the vector triangle for three concurrent forces, of which 
one is known and the directions of the other two are given by 
bars in the frame. Sometimes this start can be made at once, 
but more generally the reactions at the points of support have 
first to be determined, either by drawing the link polygon for the 
external forces or by taking moments. For the latter method 
see Chap. VIII. 

Boof Trass. 

Example. The frame diagram shewn (Fig. 201) TepresenU a 
bowsiring roof trass mpported freely al P and T in a horizontal line ; 
PQ = 2r, QR=1?', PU=19-4', RV = ll-4' and PT = 63', and ike 
angle UPT = 44°. The hods at Q, B, and S are 1-5, 2 and 2-5 
ions,- determine the reactions at the swpporta and the stresses tn 
the bars. 

Draw the frame to scale. Set off the vectors of the loads 
AB, BO, CD, and number the spaces of the frame as indicated. 
Choose any pole 0-^ and through Q^ any point on the vertical 
QQj, draw Q^P^ parallel to O^A, cutting the reaction Une in 
?,. Then draw Qifi, parallel to OiB, R^S^ parallel to Ofi, and 
S-^Tj parallel to O^D cutting the reaction line at T-j. Join P^Tj, 
thus closing the Unt polygon, and draw 0^0 in the vector poly- 
gon parallel to P-^T^. The reactions at P and T are, therefore 
OA and DO. 

Now draw the stress diagram, starting with the vector 
triangle for the forces at P. The vectors are OA, AJ and JO, 
shewing that the bar aj is in compression and jo in tension. 

At the point Q are three unknown forces ; and since the known 
forces in aj and ab cannot be decomposed in three directions, 
nothing can be done there at present. But at U we have only 
two unknowns ; hence draw 01 parallel to oi and // parallel to 
ji to determine the point I; and the stresses in m and t; ar« 
found. The point Q may now be attacked, for there are now 
only two unknown forces there. 
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Complete the stress diagram, mark the bars which are in 
compression, scale the lines in the stress diagrams and make a 
table of the stresses aa before. 



(ii) The frame PQRST (Fig. 
202) is loaded at T and S wifli 
1 ton weights and supported at 
P and B. Find the stresses in 
the bars if 

PT=TS=SR=Q ft. 
and ^/■Q=30°. 




(12) PQRST (Fig. 203) is a. short Warren girder conaiBting of three 
equilateral triangles. A load of 4 tons is suspended from S and the 
girder ia eupported at Q and S. Find all the streaaeB. 




Find the reactions of P and S, and the at 




n alt the bara when the loads 



(15) Find the stresses in the bars of the root truss shewn ii 
when loaded at H, 3, and T with 3, 4 and 2 tons respectively. 
PT=TS=S-5. 

PU=10S. 

SU=7-8. 




(16) Fig. 207 represents a queen post (nmf) truss, mipposed free 
joint«d at all points, supported at P and S, and loaded at T, U, V, Wat 
X, with 2, 2, 3, 2 and 2 torn. Find the stresses in all the bars if 
PX^XW^Wl^ and VPS^m". 




(The figare shewn Is not rigid for anythir 
practice the stifthess of the joints prevents ' 
not aymmetrical.) 



(17) PQRSTU (Fig. 208) 
repreaenta a non-aymmetrical 
king post truss loaded at Q, 
S, T, U with 1, 2, 2, I tons 
weight. Find, liy the link 
polygon, the reactions aX the 
points of support P and B, 
and then determinti the stresses 
in the bars ; given that Pif = 19, 
«7'=l6-6. PrB^QO", andQU P' 
parallel to BT, Q8 parallel to 





(18) Fig. 209 represents a short N g 
iflosoelea triangles. Find the stressos i 
t and T, and loaded at Q, B, S with 2, 3 



'der oonsisting of right-angled 
the bars when suppartea ai 
jid 4 tons weight. 




{19) PQRSTUV (Fig. 210) represents a short Warren girder of five 
equilateral triangles, loaded at Q and B with 7 and 10 tons. Find the 
reactiona at the points a! support P and S, and the streaaea in all the bars. 
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(20) Find the atreBses in the bars 
of the cantilever in Fig. 21 1 , loaded 
at Q and fi with 2 and 3 t<ina, and 
supported by a vertical wall at P 
and U\ given 

PT=PS=S-2, 
UT=TS=Z, 
PQ = 5, 

PR=S-8 ft. 

(21) The queen post truss of Ex. 
16. with a diagonal bar WR, is 
loaded at T, U, V, W and X with 
2, 3, 3, 1-6 and 1-3 tooa; find aU 




Weight of Bars in a Framework. In many engineering 
structures, the weight of the framework \% very small compared 

with the loads it has to 'carry, and in aueh cases no appreciable 
error is made by neglecting the woights of the various parts. 
If the weights of the bara are not small in comparisOE with 
the loade, we shall suppose half the total weight of each bar 
concentrated at its ends. 

Every particle of a body is acted on by a vertical downward 
force ; the resultant of all these parallel forces is a parallel force 
through the M.C. of the body equal to the whole weight (see 
Chap. VIII., p. 307). This resultant is merely the single force 
which would produce the same motion aa the actual forces on 
the particles, and it by no means foUowa that the other effecta 
produced by it would be the same, e.g. as in bending the body 
or in producing internal stressea. Conaider a vertical uniform 
column ; the reaultant force is a force through the mid-point of 
the column equal to the total weight. This force, if it acted at 
the M.C, would not produce any stress at all in the upper half, 
and a uniform stress for all sections in the lower half, whereaa 
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the actual stress must vary gradually from zero at the top to 
the total weight at the bottom. The average value of the 
compreesive stress for the whole column would be the same in 
the two cases, viz. half the total weight. 

The simplest way to suppose this average but constant stress 
produced would be to consider half the total weight concentrated 
at the top and half at the bottom, giving a oonstant stress 
measured by half the total weight and a pressure on the 
supporting ground equal to the total weight 

This is the approximation we shall adopt ; by the stress in a 
bar of a framework, due to its own weight, we shall mean the 
average stress, produced by a load of half the total weight of 
the bar concentrated at each end. 

When the bar is a sloping one, the weights of the various 
particles tend to bend the bar, and thus set up additional stresses. 
Except in Ch. IX. on Bending Moments, the bars of the frame 
will be supposed straight, and these additional stresses neglected. 

A similar supposition will be made as to the effects produced 
by other forces acting on the bars at points other than the ends, 
viz. they will be supposed replaced by parallel and equivalent 
forces at the ends. Such suppositions have the additional 
advantage of mating all the forces act at the joints of the 
framework, where they may be combined directly by the vector 
law of addition. 



Reactions at Joints (two tara). Consider the simple 
cantilever FQB (Fig. 212), PQ and FR being uniform equally heavy 
rods of equal length. Suppose the weight of each bar to be ft' 
(15 lbs. weight). Replace the bars by weightless ones, having 
7'5 lbs. weight concentrated at each end ; then at P a verti- 
cally downward force of ff^ (15 lbs. weight) acta. The average 
stresses BC and CA are obtained in the usual way, and are 
exactly the same as if the bars were weightless and a load BA 
were suspended from P. 
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To find the reactions of one body on another we may suppose 
the second body removed ; then the force which has to be applied 
at the old point of contact, to maintain equilibrium, ia the reaction 
erf the second body on the first. 

Hence the reaction of ch at P ia found by supposing the bar 
cb removed, and seeing what force must be applied at P to keep 
the rest of the frame in equilibrium, 




But if we remove cb we must suppose the load ^/Falso removed 
from P, hence we bisect A'B at M, and CB + BU or CH is the 
reaction of c5 on the pin at P; similarly, the reaction of the pin 
on he is MO. 

If the bars had been supposed weightless and a load W lb. 
suspended from P, then the stresses found in he and ca would 
have been the same as before, but the reactions of the pin on 
be and ca would have been quite difi'erent. For, on removing 
he, no weight ia taken away from P, and the reaetion of A on 
P would be simply OB. Similarly, on removing ac, the reaction 
on ca ia seen to be CA. 



(23) IfPC==7-2ft.,PB=5'6ft. »ndefl=6-3ft.,find the reaction at P 
on PQ if each bar weighs 37-24 lbs. 

(24) As in the previous question if, in addition, a load of 40 lbs. hanga 
from P. 

Reaction at a Joint (two unequal bars). PQR (Fig. 213) 
is a small wall crane; the bars PQ afui QE are uniform ami ikt 
weights are 2 lbs. per foot. Find the pin readions at Q given 
PR = 9', RQ = 3-9' amd QP = 7r. 

Draw the total load vector AB of length proportional to 
half the weight of PQ and QR, and draw the atreas diagram 



ABC as usual. Divide AB at D, so that 



AD_PQ 

DB~QR' 



Join CD, 



and measure it by the force scale; it gives the reaction of the pin. 
Suppose the bar PQ removed, then the force that must be 
applied at Q to maintain equilibrium is given by the resultant of 
the force OA and the weight AD (half the weight of PQ), i.e. by 
CD. 




This vector CD gives, therefore, the reaction of the bar J'Q on 
the pin at Q, and DO gives the action of the pin at Q on the 
bar PQ. 

Similarly, if we suppose QR removed, we must remove the 
forces BO and DB and replace them by their resultant DC. 
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Hence DC is the reaction of the bar BQ on Q, and CD is the 
action of the pin at Q on the bar. 

Evidently these results are conaiatent, for, the pin at Q being 
supposed weightless (or so small that its weight may be neglected), 
the total forces acting on it, viz. DO and CD, must be in equi- 
librium. 

lo half the total 



Reactions at a Joint (three bars). If the bars have no 
weight, the reactions are simply along the bars ; if they have, 
then the reactions of the pin on the three bars may be found 
as above by supposing the bars removed one by one, the reaction 
being the sum of the remaining forces, or the sum of the half 
weight of the bar and its force on the joint reversed in sense. 




Thus, suppose be (Fig. 214), cd, da are the bars, and ir,, ic^, Wg 
their half weights, and that the vector polygon for P is as 
shewn, where ^jlf=jt'5, MN=h-^, NB = Wy. 

To find the reaction of the pin at P on 6c, suppose be 
removed, i.e. remove NB and EC in the vector polygon ; then NO 
is their resultant and CN the resultant of the remaining forces 
and is the reaction of the pin on he. 

Similarly, remove DA and AM (the force in da and half its 
weight) ; the sum of the remaining forces is MD and gives the 
reaction of the pin at P on ad. 
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Finally, remove MN and CD and the sum of the reniaining 
forces is given by the sum of DM and NO. 

Hence the sum of the three reactions of the pin is zero as 
it should be. 

a the 

Example. AB ami AC (Fig. 21b) represent keavi/umform beams, 
each 7 /(. long, pin-jointed at A and resUng on rough walls at B and 
C in the same horizontal line. If BC = 9 ft. avd the beams toeigk 500 
and 700 Ihs., determine the reactions at A, B, and C, and the average 
stresses in AB and AC. 

It is assumed that the walls are sufficiently rough to prevent 
the beams sliding down. 

Suppose the beams replaced by light rods loaded at their ends 
with 250 and 350 lbs. weight respectively. Then at j4 there is 
a load of 600 lbs. weight, at B 250 and at C 350 lbs. weight. 

Draw the beam diagram to scale and letter the spaces as 
indicated; then draw the vector polygon XYZU for the loads. 
Then for the point A, YVZ is the stress diagram, and VY and 
VZ give the average values of the stresses in AB and AC. For 
B, XYV is the stress diagram. Since XT is the load at B and 
TV the push of the beam there on the wall, therefore VX gives 
the reaction of the wall at H on the beam AB. Similarly, UV 
gives the reaction at C. To find the reaction at A on AB suppose 
AC removed, then we must also suppose a weight of 350 lbs. 
removed from A ; set off then ZM= ZU and the resultant of tbe 
weight HZ and of the force ZT is the force MT, which is the 
reaction at A on the bar AB. 

Measure the magnitudes of the reactions and the angles they 
make with the horizontal ; measure also the average atreeses in 
the beams. 

Find the resultant of the weights of the beams (supposed to act 
through their mid-points) and shew by construction that the re- 
actions at B and C, previously determined, are concurrent with iL 

Of what general theorem is this concurrency an example % 
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If the walls were smooth and B and U were coonected i 
light rod, what would be the stress in that rod? 



(28) Shew (by drawing) 
that the reactions at B 
and A on AB are oon- 
currant with the vertical 
through the u.c, of AB. 
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Qnadrilateral Frame and Reactions at Joints. 

Example. Fmr equal bars, each of weight 0-5 lb. and length 6", 
are pin-jutnted together to form a sqaare. It is saspmded hf one 
vertex and its fmvi maintained by a tight string connecting the upper 
and lower vertiixs. Determine the stresses in the string and rods and 
Ike reactions of the pins on the bars. 

Each bar may be supposed replaced by a weightless rod if 
half the weight be supposed concentrated at its end. This 
reduces the case to a frame loaded at the jointe only. Further, 
if the string be supposed cut, the geometrical form will be 
maintained if we suppose a force equal to the tension in the string 
to be applied upwards at the lowest joint and downwards at the 
highest one. Letter the spaces as in the diagram (Fig. 216) and 
draw the vector polygon for the loads at Q, E, S, viz. 0-5 lb. aC 
each ; then the reaction, due to these, of the support at P is AS 
or 1 -5 lbs. upwards. 

At Q we have a force 0'5 lb. downwards (BO) and the forces 
due to the rods bf and cf. Draw, then, £F and CF (parallel to 
these rods) to intersect in F, the sense of the vectors being 
BGFB. Hence c/is in compression and bfin tension. Similarly, 
at S we get BAED for the vector polygon. 

At B we have then FO, CD, DE and the tension in ef. Join, 
therefore, E and F and CDEFC is the vector polygon for the 
point. The tension in the string is twice the weight of a rod. 

Tabulate the stresses and mark the bars which are in com 
pression. 



For the reactions of the joints on the bars all we have to do is 
to suppose the corresponding bar removed and find the resultant 
of the forces acting at the joint, or find the force which would 
produce the same action on the joint as the bar, and then chati^ 
its sense. It must be remembered that when a bar is supposed 
removed, we must take away the half load concentrated at the 
end under consideration. 
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At Q, suppose the 
bar bf removed, i.e. 
take away the pull 
FB and one half of 
BO ; the resultant of 
the remaining forces 
GO and OP is GF, the 
reaction of the joint 
on the bar bf. The 
reaction on cf is simi- 
larly seen to be FG. 

At E, suppose the 
bar de removed ; then, 
in the stress diagram, 
take away DE and 
J CD and there re- 
mains EFCE, the re- 
sultant vector being 
EH. Similarly, the 
reaction one/ is found 
by removing FO and 
J CD, and is therefore 
HF 
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These reaults contrast with the caso in which the joints 
are loaded and the weights of the bars are negligible, for in this 
latter case the action on any bar must be equal and opposite to 
the force of the bar on the joint, and is therefore given by the 
stress in the bar itself. 

* Pentagonal Frame and the Beactions at the Joiata. 

Example. A regviar pentagonal Jramevmrk is suspended by one 
vertex, the regular form being viaintained by a light string joining th« 
top vertex to the middle point of the opposite side. Each bar weighs 
1 lb. ; find the stresses in the bars and string and Ike reactions of the 
pins on the bars. 

Proceed as in previous example, but now the pull due to the 
string at the mid-point of the lowest side must be replaced by 
equal upward forces at H and S (see Fig. 217) of magnitude to be 
determined. Letter the spaces as indicated, and draw the vector 
polygon BCDEAB for the external forces. Then draw BCH for 
the point Q and EAF for T, then HCDOH for R. The last 
gives OH as half the tension in the string. Complete the stress 
diagram and see that the part for the point P gives results con- 
sistent with those obtained before. 

The reaction at Q on lA is HL, where L is the mid-point of BC. 
For the reaction at 7f on cA we must not only remove half the 
weight of the bar RS and its stress, but also half the t«nsion of 
the string (since the string does not really pull at R) ; the 
reaction is therefore EH on eh, where K is the mid-point of CD. 

Tabulate the stresses as usual. 

(30) Two heavy uniform bars AB and BO are jointed together at B and 
to supports at ^1 and O jn the same horizontal line. If AB=%, BG=4-3 
and AG=7 ft., and thu bara weigh 7 lbs, per ft,, find the average stresaea 
in AB and BC, and the reaction at B, A and C. 

(31) A reotangular framework of four heavy bars ia hung by one 
vertex, the reotangular state is maintained by a light non-vertioal rod 

Cning two vertioea. The sidea of the frame being 7 and 4'6 ft., and the 
rs weighing 2S and IS tba. reepectively, find the average stresseB in the 
bars and the oompresaive stress in the light rod. 

(32) AB, BG and CD (Fig. 218) are three uniform heavy iron bars of 
weights 15, 10 and 13 Ibe.. hinged at A, B, C and Z>, and hang from A 
and D in the same horizontal Une. Find the average stresses in the bars 
and the reactions at A, B, C atid D if the bars weigh 1 lb. pef ft. 
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^M. 



B C 

Fio. £18. 



(33)^5 = 6. BC=i-5, CD = &, 
BD=0-5 and DAB=i5-. The ahope 
in Fig. 219 is maintained by a light 
atring SD ; find the average atresaes 
and the reaotiona if the bars weigh 
3 tba. per ft. 



(34) Five equal bara are freely jointed to form a pentagon, which is 
suspended by one vertex. The frame is maintained in the regular penta- 

tonal form by a tight horizontal bar conneoting two vertioes. If the five 
are weigh 7 lbs, eaoh, find the atreasea and the reaotiona at the joints. 

(35) As in the previous example, only the bare are light and weights ol 
7 lbs. are suspended from the five vertices. 

(36) A heavy triangular framework ie snapended by one vertex, the aides 
are 3, 4 and 3'5 ft. long. The bars are uniform and weigh 0'2 lb. per foot. 
Find the position of equilibrium, and the stresses in the bars and the 
reaotiona at the joints. 

(37) Three equal rods each weighing 2-5 lbs. are freely jointed together. 
The frame is supported at the mid-point of a horizontal side. Find, the 
Btresaes in the bars and the reactions of the hinges un the bars. 

(3S) A regular hexagon of uniform bars, each of weight 3 Iba., isauspendcil 
from two vertioea in the aams horiaontal line, the form is maintained hjr a 
light string connecting the mid-pointa of the top and bottom bars. Find 
the tension in the string and the reactions at the vertices. 

(39) Find the average strcsaes in the bare of the king post tniss of 
Ex. 13 due to the weif^t of the bars alone if they weigh 10 lbs, per ft. 

The Panionlar FolyffOn. The link polygon for like parallel 
forces can easily be constructed by means of weights and strings. 
The actual string polygon ie called a fmucnlar polygon (funi- 
cular a little rope), and sometimes the meaning is extended to 
cover all the geometrical figures we have called link polygons. 

Example. BC and CD (Fig. 220) are the vedors of forces whose 
axes are be and cd. CkMse any pole between the perpertdicuiars o' 
B and D lo BD. Tkraagh the space b draw a line parallel to OR 
through c a line parallel to OC and through d a line parallel lo OD. 

In Fig. 220, FBiR^Q is the link polygon, P and Q being anv 
points on the first and last lines drawn. 

If the paper, on which the drawing has been made, be fixed to a 
vertical drawing hoard, so that he is vertical, and a string of length 
PBi + B-,E^ + R^Q be fixed to the board by stout pins at P and Q, 
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then if weights proportional to £Cand CD be fixed, hung by threads 
knotted to the string at R-y and R^ the forces acting on the string 
will cause it to be in equilibrium in the given position PR^R^Q. 

To prove this requires merely a statement concerning the 
equilibrium of concurrent forces. R^ is in equilibrium if three 
forces BO, 00 and OB act there ; the last two will therefore give 
the pulls which must be exerted on R^ to balance BC and can be 
supplied by the t«nsions of the strings attached to Ry in the 
positions given. 

On joining PQ the link polygon is closed, and by drawing OA 
parallel to it in the vector polygon we get AB, the vertical 




reaction at P, and DA the vertical reaction at Q; moreover, 
AO gives the components of the reaction at P and Q along the 
line PQ. Hence, if fQ be a light rod suspended by vertical 
strings at P and Q, then AO would give the stress in PQ. 

Notice carefully that we are able to draw the correct position of 
the funicular polygon corresponding to a certain arbitrary vector 
polygon, we can also, with certain exceptions, do the converse 
construction ; i.e. given an arbitrary form PR^R^Q for the string, 
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we can dotermine the weights BC and CD which will produce 
equilibrium and find the corresponding tensions in the string. 
It is essential that the form of the string polygon assumed be 
such that equilibrium can be obtained by tensile stresses only; 
hence in the arbitrary vector polygon the angles at B and D must 
be acuta Hence, the limitation as to the pod don of 0. It is, 
of course, true that an infinite number of weights can be found, 
but the sets will all be proportional; i.e. taking the first, £C, 
arbitrarily, the other, CD, is fixed by the construction. 

We cannot aasnme both- the form of the string and the 
magnitudes of both the weightB. 

Example. PQES (Fig, 221) represents a string attached to the 
points F and S, P bdng 3 ft. abim S, and PS-15 /(., PQ = 5, 
QR = 8'5 aitd ES = 7 /(. At q is tied a weight of 4-7 lis. ,- find 
the ledghl which must be attached to R so that the angle QRS may 
be 120°. 

Draw first the polygon PQSS to scale ; to do this construct 
the triangle Q^R^S^, where 

QiE^=QR, IiiSi=ES and ei4Si=120°; 
this gives the length of QS, and hence the point Q can be 
constructed. 

Construct next the vector polygon for Q, viz. BCAB. At R 
we know the pull AO in ac, and can therefore complete the 
diagram for that point, viz. ACDA. The weight at R is 
therefore given by OD, the other lines give the tensions in the 
three parts of the string. 

Notice that the horizontal components of all the tensions are 
equal. 

(40) PQR8T (Fig. 222) is a fonionlar polygon, PT is horizoDtal ; a load 
ot 5 Iba. is suspended at Q ; find the loads ailt and S necessary to maintain 
the given shape. PQ = ZS', QS^i-5", RS=e", PT=n". 

(41) If the strings PQ and 51' be saBpended from a light rodPThtuig 
by vertioal strings, find the tension in the strings and the comproBBion in 
the rod PT. 
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Fanicnlar Foly^^n for Equal Loads, the axes being* at 
equal distacces. 

Example. P and Q (Fig. 223) are two fixed points in a 
horizontal line, distant apart 2 "5 ft. ; a siring is to be fixed to F and 
Q, and loaded with weights 2, 2'5, rs, 3 lbs., whose axes are 
equidistant {viz. 6"). The pari of the siting attacked to P is to 
maJce 30° vritk the vertical. Find the length of string necessary, 
the form of the funicular polygon and the points on it -where the 
weights have to he fastened. 

Draw first the vector polygon of the weights BCDEF, choose 
a pole A for the vector polygon, and find the position of the 
resultant by the link polygon. Find the point B of intersection 
of the known direction of the string at P and the axis of 
the resultant. Join if to Q; then RQ is the direction of the 
string at Q. Draw, then, BO and FO parallel to PB and QR to 
intersect at 0. is then the pole of the vector polygon, and by 
joining to CDE we get the directions of the remaining segments 
of the string. Draw these directions on the link polygon, and 
measure the segmenta between the given vertical lines. 

It may appear at first sight that, although we can determine 
the point in the manner given, yet when we come to conatrucl 
the corresponding link polygon — Pfij parallel to OB, B^B^ parallel 
to OC, R^R^ parallel to DO, Bgfl, parallel to £0— the last link 
through B^ parallel to OF would not necessarily go through Q. 

A little consideration of the properties of the link and vector 
polygons will shew the necessity of this. 

We have a number of parallel forces in ic, cd, de and ef, and 
BT is their vector sum; through 6 draw PR.^ parallel to BO, 
and suppose in J^, two forces OB and BO, difiering only in 
sense, to act. The resultant of OB and BO is OC along R^R^, 
and so on to the resultant of OB, BC, CD, DE and EF is OF 
acting along R^Q-^, where Q^ is the point on the vertical through 
Q, where R^Q^, parallel to OF, cuts it. Combine, then, BO in PR^ 
with OF to a resultant BF acting through the point of intersection 
of PB^ and ^1^4- But the point in PB^^, where this resultant 
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cuts it, has been determined already, viz. the point R, and B' 
is parallel to OF, hence ^0 and RQj must be both parallel t 
OF, i.e. Qi ia at Q. 




and 8", PR, is to be inclined 
at 45° to the horizontal, and 
the weights are all equal ; 
find the form of the string 
polygon, the total length of 
string and the t '- - 



(44) The loads being 2'1, 2-2, 1-8 and 2'9 lbs., and the vertical aiea 
eijuidiatant (6"), find the form of the link polygon and the total length of 
string ncocssary if a<i ia to be horizontal ; Pji^ makes an angle of 4S with 
vertical and Q is fixed only inasmuch aa it must liu in a certain vertical. 

(45) As in Ei. 43. but now ac and ae are to be equally inclined at 
45° to the horizontal. 
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The theory of the funicular polygon ie of great practical 
importance, since it is immediately applicable to the deter- 
mination of the form and atresaea of suspenBion bridges. 

Funicnlar Polygon satisfying prescribed conditions. 

A funicular polygon is to be constructed between two points, 
P and Q, distant 3 ft. apart in a horizontal line. It is to be 
loaded with seven equal weights of 5 lbs., the axes are to be 
equidistant and the lowest vertex, F, llj inches below M, the 
mid-point of PQ. 

Since the axes and loads aie aymmetrieal with regard to 31V, 
only half the funicular and stress diagrams need be drawn. 

Set off PM and MF (Fig. 224) to scale (say half full size) and 
letter the spaces. 

Set off to scale AB, BO, CD for the loads in ab, be, cd, and 
DK=\AB; draw KO perpendicular to AK; then the pole oi 
the vector polygon must be in KO. This follows from the 
known symmetry of the funicular polygon. Take any point 
in KO as pole, and proceed to draw the link polygon, starting 
at V, viz. VV^ parallel to OD, F^F^ parallel to OC, VJ. 
parallel to OB and F^F^ parallel to OA. 

If F^ is at P we have solved the problem. 

Evidently by taking different poles along KO, and constructing 
the corresponding link polygons, we should get a series of poini; 
like F^, and by trial we could find the position of the pole so 
that F^ should be at P. 

Through F draw a line Fu^ parallel to PM and produce the 
links F^F^, F^F^, V^F^, to cut it at Uj, m^, u^. 

Join P to Mg cutting ab in iV^ ; join Wj to m^ cutting be in 
W^ ; join W^ to Hj cutting ai in W.^; and, finally, join W.^ to V. 
Then PfF^W^fFyF ia the half funicular polygon required. 

Through A, B, C and D draw lines parallel t« PJTg, fTg/T;, 
^2^1, fFjF^ these should all be concurrent to a point (') 
ia KO. 

Measure AOi, BO,, COj and DO, on the force scale; these are 
the tensions in the various parts of the string polygon. 
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*Proof Suppose that corresponding to the two poles and 0^ 
there are two link polygons VW-^ . . . and W-^ .... Through V 
drawaline Fu, parallel to OOj, cutting ^^W,, ... in %, Uj and %. 

Let OOj be the vector of a force in Pitj, then OOj, O^D and 
DO in Vv.^, VW^ and VF^ are in equilibrium. To OiD add DC 
and to DO add OD, both forces acting in cd, then 00^, 0,0 and 
00 are in Km,, W^v^ and F^fj are in equilibrium. But three 
forces in equilibrium must be concurrent, hence f^Fj must pass 
through %. A similar argument shews that V^V^ and V^V^ 
pass through m^ and Wg respectively. 

Generally, then, we see that wherever the pole of the vector 
polygon be taken in the line KO, the corresponding lines of 
the link polygon must intersect on the line through V parallel 
to OOy. This is really a special case of a more general theorem ; 

Given the axes and vectors of a set of forces, if two link pdggons k 
drawn for poks and Oj , then the corresponding sides of the link 
polygons intersect on a line parallel to OOj. 

The Punicnlar Polygon and Parabola. The vertices V, 

Wj, Wa, Wg, ... , of p. 243, lie m a parabola fcmw^ V as ib 
vertex amd VM as its axis of symmKlry. ConstrwJ the links of tk^ 
funicular as follows : 

Fig. 225 shews the right-hand half of the funicular of vrhich 
the left half has already been constructed. P^Mi or ef, P^M^ or 
fg are the load lines on which the vertices are to be found. 

Join VQ and construct the vertices (iotF■^M■^, P^M^, ... of the 
parabola going through Q (see pp. 29-31), 

Curves whose equations are like ^ = 3^, y = '2,x^ or y = Aa^ are 
called 'parabolas.' 

Go vertically from ^j to C| i horizontally to R-, and mark P^ 
where VB^ cuts M^P^ . Similarly, determine the points P^ and Pj. 

Set off the load vectors vertically downwards DE, EF, FG and 
G3, and mark K, the mid-point of DE. Then draw, through S, 
F, G and H, lines parallel to the links of the funicular and see 
that they all intersect (or nearly so) on the line KO perpendicular 
toiJ.ff. 
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(Li this case the loweRt link in horizontal, and if the pole of the vector 
polygon be chosen on the perpendicular through the mid-point of the 
resultant load vector, the eorruflponding sides of the two link polygons 
must intersect on the lowest link.) 



*(47) Draw to seale the funicular polyKp" joining two points P and Q 
where PQ = i ft., and makes an angle of Hff" with the horizontal through I' 
and lielow it. There are to he six eqnal loads in equidistant axes, and the 
first link is to make an angle of W" with the vertical. Find also the 

(In this case, through the beginning of the total load vector draw a 
line niakina; 40° with the vertical and take the pile on this. T>raw the 
first link of the funicular through P, then wherever the pole of the vector 
polygon be taken on the line drawn, the corresponding sides of all funiculars 
starting at P must intersect on the first link. Hence it is easy to draw- 
that particular funicular which will pass through Q. ) 

X bearing the middle lond 

*The Punicular Polygon and Parabola. The vertices 
of a fimicniar polrgon for whicli tlie loads aie all equal and 
at equal distances apart lie on a parabola. 

(n) Suppose the number of loads odd. 

Let w be the load at each vertex, h the distance apart of the 
loads, V the lowest vertex and Q any other, say the m'". Take 
the axes of coordinates as the horizontal and vertical through F 
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(Fig. 226) and suppose the coordinates of Q, x and y. Between 
and P" are Ji - 1 loads and n spaces, hence the resultant load is 
n - luj whose axis is mid-way between F and Q. 

The part of the chain between J^and Q is in equilibrium under 
the load n- \w and the tensions in the lowest and highest linl(6. 
Hence, since three forces in equilibrium must pass through a 
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point, these links must intersect on the axis of the resultant load, 
viz. at M in Fig. 226 whose abscissa is -. 

In the stress diagram T and T-^ are the supposed tensions in 
the links, then T, T-^ and w(n - 1) form the vector triangle for jU. 

For the point V, T^, w and by symmetry a force of magnitude 
r, form the vector triangle. Hence r^ denoting the horizontal 
component of all the tensions, we have Tj equivalent to T, 
and \ia. 

Comparing the similar triangles of the funicular and vectOT 
polygons we have at once I 
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Therefore, by the properties of fractions (adding numerators 
and denominators). 



This is the equation to a parabola, the axis of y being the 
axis of symmetry. Hence all the vertices lie on the parabola, 
for the equation remains exactly the same whatever particular 
value n may be supposed to have. 

When the dip and span of the funicular and the number of 
loads are known, T^ can be calculated. 

Let 2s c the span, 

(j=the dip, 

iV= number of loads (^ = "iv^~i)- 
nTL J w , «)(iV+l)s 

"id 
(b) Suppose the number of loads even, then the middle link is 
horizontal. First take the origin at the middle point of this 
link. Then for the equilibrium of the piece between V and Q 
the link through Q must, when produced, pass through M the 
mid-point of the space between the 1"* and w - 1"" verticals. 




If the origin be taken at a distance -^ below V, the 

w » 

equation becomes y=-iyjnp-3?, a parabola. 

* Method of Sections. If any closed curve be drawn 
cutting some of the bare of a frame in equilibrium, then the 
part inside the curve may be looked upon aa a rigid bod; 
in equilibrium, under the action of the known external forces 
on that part of the frame, and certain forces acting along the 
bars at the pointa where the curve cuts them. If the forces 
necessary to produce equilibrium acting along these bars can be 
found, they will give the magnitude of the stresses in those 
bars, and whether the stresses are tensile or compreesive can be 
determined by the senses of the forces. 

Fig. 228 represents an ordinary queen post truss. If we 
consider the part enclosed by the dotted curve on the right, it 
will be in equilibrium under the action of the external forces in 
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Od, ab and be, and certain forces in ch, hi and io. Suppose these 
bai-s cub; then, to maintain thiB right-hand portion in equilibrium, 
we mual apply to the cut surfaces of the bars forces equal in 
magnitude to the stresses in them before cutting, and of the 
proper sense. For instance, if cA be in compression we must 
take the sense of the force at the cut surface from left to right ; 









"'N 


p/ 


X^' A 





if in tension, from right to left. Conversely, if we can find the 
forces in these cut bars which will keep the right-hand portion 
in equilibrium, these forces with their proper senses will give the 
stresses in the bars. 

If the curve can be drawn so as to cut only three non- 
concurrent and non-parallel forces, we can always iind by this 
means the stresses in the three bars. (In special cases we may 
be able to find the stresses in one or more bars when more 
than three are supposed cut). 

The method of sections enables us (i) to test the accuracy of 
the stresses already found by independent means; and {ii) to 
draw stress diagrams for various frames in which the ordinary 
method of procedure fails. 

To determine the stresses, we either use the construction for 
resolving a known force into three components acting in three 
non-concurrent and non-parallel lines, or the construction for 
finding the sum of the moments of a number of forces. The' 
latter method will be explained in Chap. X. 
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*ExAMPLK. Ddermine the stresses in the bars ch, hi a«d io of the 
queen posi truss (Fig. 239) if YZ = iO, VW = 12, UW = 12//., the 
loads in ed, dc, eb ajuf ba being 0-5, 0-6, TS and 1 tons. 

Draw the truas to scale and the load and reaction lines. 

Draw the vectors ED, DC, CB and EA of the loads in ed, dc, 
cb and ba. Take any pole P of the vector polygon and construct 
the link polygon in the usual manner. Close the link polygon 
and draw PO in the vector polygon parallel to the closing line. 

Draw any closed curve cutting the bars ch, hi and io. Then 
the forces acting on the enclosed body are OE, ED and DO and 
the forces in the bars supposed cut. For these forces the first 
line of the link polygon drawn is parallel to PO, and the last is 
parallel to PC; these lines intersect (when pi-oduced) at Ji, 
consequently the resultant of OE, ED and DC, viz. OC,. acts 
through R parallel to OC. 

Produce io to cut the axis of this resultant in Q. Join QtoU, 
the point of intei'section of ih and ch. From C and draw lines 
parallel to io and QU, viz. CX and OX. Then CX and XO are 
in equilibrium with 00, their axes being to, Qf and EQ. 

From and X draw OV parallel to ch and XY parallel to ih ; 
then 00 acting along liQ is in equilibrium with OX, XY and YO 
acting along io, ih and ch respectively. 

Since OX pulls at the cut end of the bar io (enclosed by the 
curve in Fig. 229) to must be in tension. Similarly ih is in 
tension and ck is in compression. 

When the angle is small between the sides of the link 
polygon, for which the point of intersection is required, the 
method becomes untrustworthy. In that ease the moment 
method explained in Chap. X. is used. 

Cases in which the method of sections enables us to draw 
stress diagrams for which the ordinary method fails will be 
considered also in Chap. X. 

(49) Draw the frame in Fig. 2.10 and determine the stresses in hg, gf and 
fd by the method of sections. The Jiiad at /*= 1 ton and at Q^O'S ton. 

flS^ao, RP=i\, Rq^qp^w ft. 
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MISCELLANEOUS EXAMPLES. VI 

1. ABG h a triangle having a right angle at B. The aides AB= 12", 
BC-5". A force of 52 lbs. weight acts from A laC, oneof2i acts from 
B bo A and one of 27 from Cio B. Find the magnitude and line of action 
of tlie resultant. Draw the figure to scale and exhibit the resultant. 

(Inter. Soi., 1904.) 

2. ABG is a light frame in the form of a right-angled triangle, A beine 
the right angle. It can turn in a vortical plane atiout a fixed horizonti^ 
axis at A ; and, when a weight W is suspended from C, the comer B 
(which is vertically below A] preasos against a lilted vertical plate. Find 
graphioally the atress in uaoh rod and the roactiona at A and B. 

(Inter. Soi., 1B06.) 

3. The pair of rafters shewn in Fig. 231 carry a load equivalent to 
150 lbs. at the middle of each. Find the direction and magnitude of the 
thrust on each wall. 




4. A triangular frame A BC can lum freely in a vertical plane about A 
(the right angle). The side AB \a horizontal, and the comer C rests 
against a smooth vortical stop below A. Find, graphically or otherwiEv. 
the Btresaes in the various bars due to a weight W auspended from B. 
AB = 3ii.,AC^ltl., ir=50 lbs. weight. (Inter. Soi., I903.I 

5. The beams AB and AC (Fig. 232) are part of a roof and carry a load 
of 160 kilogrms. at the ridge. The span of the roof is 10 metres, and the 
beams make 28° with the norizontal. Find the thrust this load causes j 
on each wall. ' 




If the walla are relieved of the outward thrust by a rod joining the endi 
B and G of the lieama, what is the thrust in this rod, and what thrust do 
the walls still bear T (Military Entnmoe, 1906.) 
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6. A heavy straight rod A B, 12 ft. long, turns on a pivot at A , and is 
supported in a horizontal position by a vartioal foroa of 16 lbs. weight 
applied at B. If the weight of the rod is known to be 90 lbs., find the 
preBBore on the pivot and the position of the centre of gravity. 

(Naval Cadets, 19M.) 

7. A heavy uniform beam AB reeia in a vertical plane against a 
smooth horizontal plane CA and a smooth vertical wall CB, the lower 
extremity A being attached to a cord which passes over a smooth pulley 
at C and sustains n given weight P. Find the position of equilibrium. 

(RofE.,n.) 

8. Find the stresses in the bars of the short Warren girder PQRST 
figured (Ex. 12, p. 222). Loads of 2 and 1 tons act at P and T, and the 
frame is freely supported at Q and S in same horizontal line. 

(Inter. B.Se. (Eng.), 1905.) 



10. A uniform bar is bent into the shape of a V with equal arms, and 
hangs freely from one end. Prove that a plumh lino soBpended from this 
end will cut the lower arm at | of its length from the angle. (B.Sc., 1004.) 

11. Fig. 233 shews (drawn to scale) a reetan);rular framework of four bars 
freely hinged. It is supposed to lie on a smooth table with AB tixed. 
A piece of elastic cord ia stretched, nnd its ends fastened at E and F. 
For what positions of E and F will the frame remain rectangular, for 
what positions will the frame move to the right and for wliat positions 
to the left! Justify your St 




If the frame is held rectangular by a pin driven through the oomer C, 
and the elastic cord scretohed till it exerts a pull of 10 lbs., and fastened 
to the frame at the comers A and C. wb.it force does the pin at C exert 
on the frame! (Military Entrance, 1905.) 




13, AB and BG are two uniform rods taatened hy smooth joints U 
other at B, and to lixed points A and C; the point C being vertically 
above ^ &ad CA = AB; given that the weight of BC is twice that of AB, 
find the reaction at C and A by whioh the rods are supported. 

(B.0f E.,in., 1904.) 

14. Draw a cirole and from a point A oatside the oirole draw two 
tangents and produce them to B and G. Suppose that AS and JiC are 
two equal uniform rods connected by a smootn hinge at A at reat on a 
smooth vertical circle ; find the position of the rods when AB is 10 times 
as long as the diameter of the oirole. (B. of B., 111.) 



16. A uniform rod AB can turn freely, in a vortical pJane, about a 
hinge at A ; the end B is supported by a thread BC fastened to a fixed 
point C; AG ie horizontal and equal to AB. Draw a triangle for the 
forces whioh keep the rod at rest, and shew that in any inclined position 
of AB the reaction of the hinge is greater than the tension of the thread. 

(B. of E., II., 1903.) 

17. A, B, (7 and D are four points in a horiEontal line. Two weights, 
P and Q, are to be supported by three strings, AP, PQ and QD, in such 
a way that P is vertically below B and Q bulow C. Give a construction 
for finding suitable lengths of string for the purpose. 

Also shew that in any configuration in which the stated condition is 
satisfied, the string PQ will intersect AD produced in a fixed point, 

(Patent OfBoe, 1905.) 

18. The outline of a crane is aa follows : j4SC is a right-angled triangle, 
AB being horizontal and AC vertical, and AB is equal to AC ; on the 
other side of AC is a triangle ADC, the angle A being 45° and the angle (' 
being 120°. A load of 10 tons hangs from D, and the crane is supported 
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e reaotioDB at the supports, and the 
(Patent Office, 1905.) 

19. Dtaw five pamllul lines at diatancea apart 4, 5, 3 and 6 inches from 
left to right. Construot a funicular polygon for loads 2 W, W, 3 (T, 2 H' 
and W suspended from vertices on these lines, the sides of the polygon 
which stretch across from the middle line to its neighbours being each 
inclined at 60° to the vertical (Inter. Soi. B. Sc. (Eng. ), 1S04. ) 

20. Draw the stress diagram for the following truss, Fig. 23G, indicating 
whiuh members are in tension and which in compression. Assume equal 
vertical loads. (Admiralty Exam., Assistant Engineer, 1904.) 




21. A king post roof truss is loaded with I tun at each of tlie five joints; 
find graphic^Iy the amount and nature of the force ocling in each member. 
8p8Ji=30 ft., pitch = 7' 6". 




Flc. !8fl. 

22. Draw the stress diagram for the frame shown in Fig. 236, aaauming 
the joints to be loaded with equal weights in the direction of the arrows. 
The arrows A and B indicate the direction of the reactions. 

(Admirolty, 1905.) 



CHAPTER VII. 

FEIOriON. 

HowEVEK carefully the Experiments I.-VI. are performed, there 
are sure to be some slight divergencies from the results stated. 
These discrepancies are chiefly due to the friction at the pulley, 
and but to a very small extent to the weight of the ring or card. 
Resistance to Motion. In all ca^es where one body slides 
or tends to slide on another, a resisting force called Mction is 
called into play. This force has the same direction as that of 
the motion, or attempted motion, but is of the opposite sense. 

ExpT. XII. Apparatue : A board with a smoothly running pulley 
screwed or clamped on to one end : an open Lox with a. hook for fastening 
a string a set of weights and a soale pao. A board of varying width is 
best, as this will give different areas of contact between the box and the 

Arrange the board horizontally and the box, etc, as in Fig. 237. See 
that the hook is screwed in a position so that the pull of the string is 




Fio. 2ST. 



horizontal. Put a 500 gramme weight in the box and load, the scale 
pan 20 grammes at a time until motion ensues. Find the greatest weight 
that can be put into tlie pan without moving the box. 

Starting with no weights in the box, increase the load by 100 grammes 
at a time up to 800, and find in each caae the maximiim weight that ova 
be placed in tlie scale pan without moving the box. 
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TaMation of Hesults. Add to each load put in the box the 

weight of the box itself, and similarly the 

weight of the scale pan to its load in each 

case, and tabulate the results as indicated. 
Graph. On squared paper take two axes 

Ox and Oy and represent on these, to scale, 

the loads. 

Plot points like P (Fig. 239) where OM 

represents the weight of the box and its load, p^^ ^^g 

and PM the pan weight and its load to scale. 

All the points like P will be found to lie approximately on a 

straight line. 

By aid of a stretched black thread, determine the straight line 

lying most evenly amongst the plotted points, and draw this 

line. From this line find the greatest load that can be placed 

in the pan so that the box will not move when it contains 

270 grammes, and test the result by experiment. 

Deductions. In the first experiment with 500 grammes load 
in the box, at every instant before motion there was equilibrium. 
For equilibrium the vector polygon must be closed, and there- 
fore the sum of the components of the forces in any direction 
must be zero. Hence, the friction resisting the motion of the 
box must have been always equal to the pull of the string on 
the box. Hence, for a given pressure between the box and 
plank, the friction may have any value from zero up to a certain 
maximum value, called the limiting faction. If there was no 
friction at the pulley, the load due to the scale pan and its 
contents would measure the friction ; if there was friction at 
the pulley, the pull of the string on the box — which measures the 
friction between the box and the board- would be slightly less 
than the load. If the straight line goes through the origin, it 
shews that the pull necessary to turn the pulley is too small 
to be measurable ; if it does not, then the intercept on the 
if axis gives the friction due to the pulley {OA in Fig. 239). 
Draw through A a line parallel to Ox. 




Distances measured upwards from this line to the sloping one 
give to scale the pull on the box. In Fig. 239 fJH, is the pull 
on the box for a normal pres- 
sure AM^, and PM-^ therefore 
measures the limiting friction 
in this case. 

Coefficient of Friction. 

Since ^P is a straight line, the 

. . PM, limiting friction 

ratio -7-rJ or p 

AM^ normal pressure 

is always the same, no matter 
what the pressure. This ratio 
is called the coefficient of fric- 
tion for the two surfaces, and is *^ m * 
always denoted by the letter /i. 

ExFT. XIII. Place the box at the narrow end of the board au that it 
overlaps and the area of contact ib leas than before ; shew that jj ia 
unaltered. 

RxFT. XIV. Pin a sheet of paper to the board and shew that ,11 baa a 
different value from that Formerly obtained. 

Laws of Statical Friction. The laws thus roughly eetah^ 
lished are : 

(i) Friction is a passive force, otdy caUed inio play hy the acHon 
of other forces ; it tends to prevent motion atid may have any valite from 
zero up to a ceriaiik maximum, depending on the normal pressure and 
the natwe of the surfaces. 

(ii) Limiting friction is irtdepetident of the area of contact. 

(iii) LimHing friction is dependeni on thf nature of the swrfaxes. 

(iv) Limiting fricti&n is proporlionni to the notTnal pressure, 
F=/x\V. 

Friction and Stress. If F is the force of friction on the 
box, - F is the force on the plank, and friction is therefore of 
the nature of a stress. 

Anf^le of Friction. Draw PQ (Fig. 240) vertically down- 
wards to represent to scale one of the normal pressures, and QR 
horizontally for the pull on the box (-the limiting friction); 
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then, since there is equilibrium, the closing line RP must 
represent in magnitude, direction, and sense, the total reaction 
of the plank on the box. ^ 

The angle e, l)et«een RP nnd 
the normal to the plank, is called 
the angle of friction, and fi = tan e. 
Measure t and ii~ t is always the 
same, no matter what the pressure, 
if the box is on the point of 

moving, for -^ is constant. 

A^en there ta no pull on the 
box, RP is vertically upwards (QP); 
as the pull increases, BP slopes 
more and more away from the 
normal and away from the sense 
of the attempted motion, until 
the maximum angle « is reached, 
iixpressed m slightly di fie re tit 

words, the total reaction of the surface may be inclined to the 
normal at any angle between zero and t. 

(1) If the box weigliB 6 ois., and it is loaded with 1-5 lbs., and the 
horizontal pull on it when on the point of motion is 15 ozs., find e and n- 

(2) If the box weighs 10 otb. and is loaded with I lb., and the coefficient 
of friction is J, find the pull on the btut and the total reaction of the 
surface of the plank when motion is about to take place. 

(3) If the box weighs 15 lbs. and ii — Y< would equilibrium be possible 
with a horizontal pull of (i) 3 lbs. weight, (ii) 6 lbs. weight ! 

(4) A block of stone weighs half a tun and rests on a fixed stone with a 
horizontal top ; » horizontal push of 500 lbs. weight just causes the block 
to he on the point of motion. What is the angle of friction and what is ^ ? 

(5) A 1000 gramme weight rests on a table ; the angle of friction is 25°. 
^'hat is the least horizontal force that will produce motion ? 

(6) A cube of side 7!" rests on a horizontal plane. The weight of the 
cube is 7 lbs., and it is pushed with a horiEOntal force of 3 IbB. weight 
without producing motion. The line of action of the force passes through 
the centre of the cube and is perpendionhir to one faoe. Draw a diagram 
of the axes of the forces acting on the block (they arc concurrent), and fi[id 
tho reaction of the surface. 

(7) Draw a diagram of the forces in Ex. 6 when the applied force is 
^ of the «'ay up, and find tlie surface reaction. 
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Force not Parallel to the Surface. If the string in the 
friction experiment is not quite horizontal, the normal pressure 
between the surfaces in contact ia no longer the weighted box. 
Knowing, however, the slope of the string, the normal pressure 
and the friction can he found. 



Example. The string slopes up- 
wards at an angle of 15° wUh the 
horizoniid, the weight of the box, etc., 
is 17 lbs., and a pull of 5'5 Ihs. 
weight causes the box to be on the 
point of motion. Find the angle of 
friction t, and the fridional force 
called into play. 

Draw JB (Fig. 241) vertically 
downwards of length 17 ems., 
i{C = 55 cms. sloping upwards at 
an angle of 15'. Then CA is the 
total reaction of the plank on the 
hox, and t?^£ = <. 

Scale Cj4, and measure CAB 
by a scale of chords. Set off 
.^£ = 10 ems. along .^fi, and draw 
EF perpendicular to AE ; then 
EF on the 10 cm. scale measures 
/I { = tan «). Look up a table of 
tangents, and compare e thus 
determined with the value ob- 
tained by the scale of chords. 

Draw CD perpendicular to 
AB; then BD and DC are the 
vertical and horizontal compon- 
ents of BO ; hence the friction 
1 the box is given by CD. 



BD is fche upward piill on the box, due to the string teiidin,- 
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to lift it off the plank ; hence the normal reaction of the plank 
is not BA but DA. 

Draw BG perpendicular to ^C If the inclination of the 
string had been that of BO, the force given by EG would have 
been the pull that would have caused the box to be on the point 
of motion. 

Evidently, this is the least pull possible when the box is in 
limiting equilibrium. Any forc« greater than BG, if in the same 
direction, will cause motion ; any force less than BO will not 
cause the box to be on the point of motion. Scale BG and 
measm^ the angle it makes with the horizontal. 

(S) The box, etc, weighs II lbs. ; the coetliciant of friction is D'i. Find 
the least pull aa the box that will cause it to be just on the point of 
motion, and tho amount of friction called into play. 

(9) The box, etc., weighs 21 -5 lbs. ; a pull of I21ba. applied at an angle 
of 20° with the horizontal just causes the box to be on the point of motion. 
Find the least foroe that will move the box, and the corresponding normal 
preasnre and friction. 

(10) The box weighs 9 lbs. and »i = 0-3. A horiwintal force of 27 lbs. is 
applied to the box. Is them equilibrium ; and if so, what is the angle the 
total reaction of the plank makes with the vertical! 

(11) A harrow weighs 6 owts., the chains by which a horse can pull it 
along make 2(1° with the horizontal. If the horse exerts a pull of 2 owts. 
along the chains, find the total reaction of the ground in lbs. wt. , the 
angle it makes with the vertical, and the reaistancB corresponding to 
the friction between harrow and ground. 

(12) A block weighing 37 Iba. is to be pulled along a horiKOntal plane by 
a rope ; find the leant possible pull and its direction if the coefficient of 
friction is 0-37. 

(13) The least force that will move a chair weighing 10 lbs. along a 
rough floor is 6 It*. ; find the angle and ooe£6eient of friction and the 
reaction of the ground. 

(14) Two men push a aide-board along, the side-board weighs 7'5 cwts. 
and the angle of friction is 25°. Find the force the men must exert it 
(ffl) they push horizontally, {b) downwards at an angle of 20° with tliu hori- 
zontal, (c) upwards at 20° with the horizontal, {a) find the direction in 
■which they roust push in order that the force they exert may be aa small 
as possible. 

(15) A block weighing 17 kilogrammes rests on a rough horizontal table, 
the angle of friction being 37°. If a horizontal force of 5 kilogrammes 
weight acta on the block, find the least additional force that will cause 
niotion. What is the greatest horizontal force that can be applied 
-without motiaa taking pl^ ? 



The Inclined Plane with Friction. 

Example 1. A block rests on a board; ike latt^ is lUied about 
a koriximtal oxw Ihrough its end. The coeffident offncium being 0'2, 
find the angle ai wkidt the block begins to slide mid the greatest fricttm 
called iiUo play. 

Whilst there is equilibrium, the reaction of the board on the 
block must be equal to the weight of the block and in the same 
line (Bince these are the only two forces acting). The angle 
between the vertical and the norma) to the plane is the same as 
the angle between the plane and the horizontal, and as the 
former is equal to t when the block is on the point of sliding 
the angle of the plane must also be % and tanc = 0'19. Tyisw 
AB (Fig. 242) horizontally of length 10 cms., and BC vertically 
of length 1'9 cms.; then CAB is the angle of the plane. 

Draw any length 
LM vertically 
downwards to re- 
present W, LN at _ 
an angle £ to LM, * 
and MN perpen^ 
dicular to LN, aa 
indicated in Fig. 
242. MH is the 
friction and HL the 
normal reaction. 
Measure the fric- 
tion as a decimal 
of ^. 

To do this, set 
off as indicated 
MJV=ML, MI =5 
inches, and draw 
through N a line ^'^ ^'^ 

parallel to W!. Measure the intercept on ML on the J" 
scale. 
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Example 2. A block of weight 10 lbs. is mppotied on. an inclined 
plane by a horizontal force. If ti = 0'3, and the plane rises 1 verlicallii 
in 2 horisiontallj/, find Ike valve of the horizontal force that will jiisl 
cause the block to be on the point of molim, (i) upwards, (ii) dovm/wards. 

First draw the plane 
AC (Fig. 2i3) by drawing 
AB = i" horizontally, and 
BC = 2" vertically, then a 
normal IHN to the plane. 
Set off along the normal 
MN=2",iind(i)NK^0-G" 
down, and (ii) A"^, =0'6" 
up the plane. 

When the body is about 
to move up the plane, the 
total reaction of the surface 
has the direction MK, when 
doum the direction is MKj. 

Next draw the vector 
polygon, a line PQ verti- 
cally downwards 10 cms. 
long, to represent the 
weight fF of the block, 
then from the two ends of 
TQ, a horizontal line QR 
and one PR parallel to 
KM. Then QR gives the 
horizontal force which will 
just cause the block to be 
on the point of motion up ' ' Fio. 24». 

the plane, and EP is the total reaction of the surface. 

Draw PR^ parallel to MK^. Then QRj measures the horizontal 
force which will just cause the block to be on the point of motion 
down the plane, and EiP the corresponding reaction. \^'ould the 
block rest on the plane if the horizontal force were zerol 
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Example 3. The problem as before, but the dope of the plam 
is new 1 in 8. 

The graphical work is as in the previous example, but notict 
now that R-y comes to the left of ^and QB, is from right to left, 
shewing that the pull is to be replaced by a push down. 

Notice that whether the force pulls up or pushes down depenc^ 
on the relative magnitudes of < and a, where ( is the angle d 
friction and a the inclination of the plane. 

Hinimnm Force and Inclined Plane. If ax then the 
body will not rest on the plane without a supporting force. 
(Why ?) This condition being fulfilled, the total reaction QB 
(Fig. 244) of the surface makes an angle of o - 1 with the 
vertical when sliding down is about to take place; hence the 
least force EP, which will prevent motion down the plane, 
must be perpendicular to RQ or make an angle o - e with the 
horizontal, or < with the plane and below it 




When motion is about to take place up the plane, the total 
reaction makes an angle a + e with the vertical, and the least 
force is perpendicular to this reaction and makes an angle u + f 
with the horizontal, or t with the plane and above it 
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If o<e (Fig. 245), then, when the body is on the point of 
motion down the plane, the total reaction makes t-a with the 
vertical, and the least force malces t-a with the horizontal, or 
t with the plane dowrwai-ds Ijut above the plane. 




When motion is about to take place up the plane the least 
force makes < with the plane upwards. 

(16) A gnu hoa to be dragged up a steep hill (dope 1 in 5) : the aarface 
resiatAnce is oquivalent to an angle uf friction 40°. Find the best angle to 
which the ropea should be adjuatssl. If the gun weighs I ton find the value 
of the least force. What force would have to be applied if the ropes were 
pulled (a) parallel to the ground, ('i) at an angle uf 20° with the ground? 

(IT) A weight of 3 IcilogramnieH is supported on an inolined plane (riaing 

I in 4) by a force parallel to plane. Find the greatsBt and least values this 
force can have so that the weight may not move if ju = 0'2. 

(18) A weight of 7 owta. is supported on an inclined plane, rising.! in 1 ; 
if ^ = 0'3 find tlie least fori*' that ean support the weight. 

(19) In the laat example find the least and greatest forces parallel to the 
pl&ne so that the weight may be (i) on the point of moving up, (ii) on 
the point of moving down. 

(20) Find the least horizontal force that can move a hlciek weighing 

I I Ifae. up an inclined plane of inclination 30°, the angle of friction being 15°. 
Find also the least force tliat will prevent motion downwards and cause 

motion upwarda. 

What are the valuea of the frioUon called into play in the three oaaea T 
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(21) Find the foroe piu^llel to a plane of inclination 60° th&t will 
support a block of wei^t 15 lbs, on tho plane, the coefficient uf friction 
being 1/3, Find also the least force that can move the block up the plane, 

(22) A force of 17 lbs. weiaht will just support a block of weight 40 Ibe. 
on a plane inclined at an angle 55° if applied parallel to the plane. What 
is the greatcHt force that can be applied parallel to the plane without 

(23) What is the inclination of a plane, coefficient of friction J, if the 
minimum force neceBsary to move a block weighing 25 Iba. up it is 15 Ibe. ? 
(Remember the direoti<m of the minimum pull is perpendicular to the 
total reaction of tho surface and thjg makes an angle t with the normal.) 
For this plane what is the force that will just support the block ? 

(24) A block of weight 5 cwts. is kept at rest on a rough inclined plane 
by a rope A B faatenea to a point A on the block and to a point on the 
plane. The plane rises 3 vertically to 9 horizontally and *i=0'38. Find 
the length of the rope AB that will give the least tension if .A be 1 foot 
distant from the plane. 

(25) Two light rods are pin-joint«d together and test in a vertical plane 
on a rough hoard ()i = 0'4), A weight H'= 9 lbs. is suspended from the joint ; 
find the greatest angle between the rods consistent with equilibrium. 

(26) In the enamplo on p. 156, if the coefficient of sliding friction for the 
piston be -g, find the total reaction of the guides and the force transmitted 
along the connecting rod. Find also the tangential foroe urging the crank 
forward for the various positions given. 

Harder Problems on Friction, In some cases a little 
ingenuity is necessary to effect the graphical construction. 

Example. J uniform beam, of length 11 ft. and weight 3 cwts., rests 
against a smooth vnrtical wall and a rough floor for whkk the coefficieni 
offiiclion is 0'4. Firid the posiiioD. of the beam when, U is just on the 
point of slipping down, and the friction which prevents the motion. 

Notice first that the reaction at /i is horizontal, and that at 
B inclined at t to the vertical.' First draw the vector polygon. 
Xr (Fig. 2i7) vertically down, of length 15 cms. ; ¥Z hori- 
zontally, of length 6 cms.; and join A'/. Join Z to the mid- 
point *l/ of XV. ^ 

From any point A draw AB parallel to MZ (Fig, 246) and of 
length 1-7", jiC vertical and CB horizontal. Then AB gives the 
position of the beam relative to the wall AC and the ground CB. 

*PnK)r Since-y-X = Y^ = 04, and F/ is horizontal, ZX gives 
the direction of the reaction of the ground at B, and Xl'Z 
must be the vector triangle for the forces on the beam. 
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The three forces on the beam, viz. the weight through G (the 
mid-point) and the reaction at A and B, must pass through a 
point 0. Produce Off to .ST (as in Fig. 246), then 0KB and XYZ 
are simikr; /. ^=^; if, then, XF be bisected at M, 
^=^ and therefore MZ is parallel to AB. 




A Simpler Proof. Replace the uniform heavy beam by a 
light rod having 1-5 cwtB. concentrated at its ends ; then for the 
equilibrium at A we have the load given by MT, the reaction 
at A given by YZ, and therefore the push of the beam along 
fiA must be parallel to 2M the closing line of the vector 
polygon for A. YZ is known because it equals 0"4 XY. 

Similarly, at B we have the load XM, the ground reaction ZX 
and the push MZ of the beam along AB. 
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Example. A unifoi-m ladder rests against a loaJl at an angle of i 
30°. If it be jmt on the point of slipjnvg down, and the anglf | 
of fnciion is the same for wall and ground, find the aieffiaeni of 
friction. 




AB (Fig. 2i8) represents the ladder and G its M.C. through 
which its weight ia supposed to act. Then, since B is on the 
point of moving to the right, the friction acts from right to left 
and the total reaction at B makes some (unknown) angle with 
the normal, and slopes towai-ds A. At A, the total reaction 
slopes upwards, for the friction acts upwards. Since the angle 
of friction is the same at A and at B, these reactions must 
intersect at right angles ; the point D of intersection, therefore, 
lies on a semicircle having AB as base. For equilibrium, the 
vertical through G must be concurrent with the reactions, hence : 

Describe a semicircle on AB, draw the vertical through G to 
intersect it at D, draw AD and BD the reaction lines, and 
measure /x ( = tane). 
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(29) A unifoim bar AB of weight 27 lbs. rests on rouuh ground at A, 
imi! agairiHt a smooth bar at C. The inclination of the liar is 30° to the 
Imrisiontttl ; AB — ^ ft., vlC=.') ft. ; finrf the reaction of the ground and the 
coefficient of friction it the bur ia about to Blip. 

Example. The coefficients of friction for a ladder resting against a 
icail and on the grmnd are 0-3 and 0-6. Find the limiling position of 
the ladder supposed uniform, and the fridion on the wali, »/ the ladder 
weighs 120 ^s. 



Draw a vertical line PQ 
(Fig. 249) of length 12 cms. 
to represent the weight, and 
from the ends draw PR and 
QR parallel to the reactions of 
the wall and ground. Bisect 
PQ at S and join RS; then 
RS IB the direction of the 
ladder. 

Proof. Replace the beam 
by a light rod with equal 
loads at the ends. 

In Fig 249 SQ is the load 
at the bottom, QR the reaction 
of the ground, and, therefore, 
BS must give the push of the 
"beam on the ground. Hence 
BS is parallel to the beam. 



{30} Shew, bj drawing ST parallel 
fl.? will repreBent the beam position. 
TS are in the right directions, and are 
O the mid-point of RS. 




> RQ, and TO pttrallel to PQ, that 
Notice that the reactions BT and 
t with the vertical through 



* Beam on Two Rough Inclined Planes. 

Example. A beam rests on two flames of inclinatumf 30° and 45' 
for which the coefficients of fridUm are 0'12 and 0-2. Find the irco 
positions of the beam when in limiting equilibrium, the mass-centre 
of the beam being ? of its length from the 30° ^ane. If the beam 
weigh 700 kilogrammes, find the fiidion on the planes in the two cases. 

(The vertical plane of the beam is supposed to intersect the 
planes in their lines of greatest slope,) 

Siippose the 30° plane to be on the left 




Set off PQ (Fig. 250) downwards of length 7" and draw PS and 
Q5f parallel to the normals to the planes, i.e. P5 making 30° and QS 
making 45° with the vertical. Mark the point B where PIi = i" 
and QR=3". Then setoff the friction angles, where taiit=0'12, 
on both sides of PS, and, similarly, set off Ej on both sides of QS. 

When the beam is about to slide down the 45° plane the 
reaction of the plane tends to prevent the sliding and is, there- 
fore, to the right of the normal ; at the same time the reaction of 
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the 30° plane tends to prevent sliding up and is, therefore, to the 
right of its normal. For this case then QO, and PO, (Fig. 250) 
are the directions of the reaction lines. 

When the beam is about to slide down the 30° plane the 
reaction lines will be parallel to PO and QO for the 30° and 
the 45° planes respectively. 

Now suppose the beam replaced by a light rod having 400 kilo- 
grammes concentrated at its end A in contact with the 30° 
plane, and 300 kilogrammes at the other end B. Then for 
the equilibrium at A wo have PR { = 400 lbs.), the reaction of 
the 30° plane and the push of the rod. 

When A is about to slide up, the reaction of the plane is 0,P, 
and hence BO, gives the push of the rod at A ; therefore the rod 
must be parallel to O^R: 

Similarly, when A is about to slide up, PO is the reaction and 
BO must give the push of the beam at A ; hence the beam must 
now be parallel to OH. 

Draw the planes XA of 30° inclination to the left, and XB of 
45° inclination to the right. At any point A on the former, 
draw A Y parallel to P0•^, and AB parallel to 0^R. From B on 
the plane XB draw 5 K parallel to QOy Then through F, the 
point of intersection of AY and, BY, draw a vertical cutting AB 
in Z. See that AZ/ZB^l 

In a similar manner, draw the other limiting position of the 
"beam A-^BJ, and verify the accuracy of the vector polygon 
construction again. 

To determine the friction in the first case, drawOi/" perpendicular 
to PS; then PP is the normal reaction and 0,F the friction at A. 

It is evident that there are not always two positions of 
limiting equilibrium, e.g. if BO is steeper than 45°, or JIO-, steeper 
than 30°, there will only be one position ; if both happen together 
there is no position of limiting equilibrium. 

(31) A ladder rests acBinat a, vertica.1 wall. The angles of friction fur 
the wall and ground with the ladder are 20° and 40°. Find the position of 
the ladder when jtiBt cm the point of slipping down, if the position of the 
M.c. is i np the ladder from the ground. 
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(32) A heavy beam woighing 1000 Iba. reaU in limiting eqnilibrium with 
one end on tho ground and the other on a plane of inclination 30°. If the 
coelfloient of fnotion=04 for both ends, and the beam be about to slip 
when inclined at 20' to the horizontal, find the position of the x.o. 

(33) As in previous exerciac, only n is 0'4 for the ground and 0'3 for the 

(34) A heavy unifonn beam AB weighing 700 Iba. resta with ita end A 
on a plane of inclination 30° and oocllioicnt of friction 0'3. The other end 
it ia on a plane of inclination 40° and coefficient of friction 0'4. If the end 
B is about to slide down when the beam is horizontal, find the position of 

(36) A uniform rod of length 7" reats inaide a vertical rough hoop of 
radiua 5". It is found that t}ie greatest inclination that the rod can have 
to the horizontal is 30°. Find the coefficient of friction. 

(If is the centre of the hoop and AB the rod inclined at 30° to 
horizon, draw the circle circumaoribing OAB; thia cuta the vortical 
through jlf (the mid-point of J B) in C ; then CA and CS are the reaction 
tinea at A and B. Measure the tangent of the angle between eaoh of these 
lines and the corresponding radiua.) 

(36) In the previous exercise if tho coefficient of friction at the ends art 
0-3 and 0'2 (lower and upper endn), find the position of the M.c. 

[XI) The angle of friction being 20° at each end, and the rod uniform, 
find the position of the rod in the loop when on the point of slipping down. 

Draw AB in any position in the circle. Join OA and OB and draw the 
reaction lines at A and B. Join the point of intersection of these lines 
with M the mid-point of AB ; this lost lino represents the vertical 
Measure the angle between it and AB ; this gives the position of the beam. 

(38) The angle of friction being 2.')° at each end, find the limiting position 
of the rod when the masa-centre is distant 2" from the upper end of the 

(39) A heavy beam weighing 1050 lbs. rests in limiting equilibrium with 
one end on the ground and the other on a plane of inclination 60°. If the 
coefficient of friction ia 0'4 for both ends, and the m.c. ia | up from the 
ground, determine the position of equilibrium and the frictiuna at the ends. 

(40) As in previous case, but the coefficient of friction for the end in 
contact with the inclined plane is 0'25. 

(41) A heavy uniform beam weighing 570 Ihs. resta with one end A on 
a plane of inclination 30° and the coefficient of friction 0*2. The other end 
d is on a plane of inclination 50° and the coefficient of friction is 0'4. If 
tho end B is about to alip down, find the position of the beam and the 
friction on the two planes. 

Find if another position of limiting equilibrium is poaaible. 

Example. Fig. 251 represents part of an ordinary biet/r.le sct-mt- 
spatmer. By means of (he screw thread S amd the rack BOj, a« 
upward force a- is ^ven to the movable piece. If a short rod DE is 
placed between the jaws, required to find the force ^ vihich is exertal on 
the rod when the magnitiide of a is Z lbs. weight, and the coeffidetU of 
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friction between, the moeahle and fixed parts is 0-i. The distance 
between the axes of a aiid jS is 1", between A and G r5", between B 
and G 0-6". 

The effect of - j8 downwards on the movable piece, is to press 
the latter against the fixed part at A and B, and since the lower 
Jaw is tending to move upwards the friction acts downwards, and 
hence the total reactions at A and B slope as in Fig. 251. 

Draw the axes of the four forces, a, yS and the two reactions, 
the distances being taken double the actual ones. Find the points 




Fio. sn. 
of intersection and 0, of and the reaction at £, and a and the 
reaction at A. For equilibrium, the resultant of a and the reaction 
at -d must balance ^ and the reaction at B, hence this resultant 
must have the direction 00^ . 

Draw a vertically upwards of length 3", and through its end 
points draw Tj and a-.^ parallel to ^f ^ and OOj reapectively. This 
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gives (Tj tho reaction at A. From the ends of ir^ draw ir and — ^S 
parallel to OB and P respectively. Then a + (r-p + (r, = and 
/3 is the force of the moving piece on the rod. 

Another, and perhaps slightly simpler, way of solving the 
problem is aa follows. Find the point F of intereeetion of the 
reactions at A and B. Resolve a acting along BO-y into two 
parallel forces along ED and the parallel through F. The former 
uomponeitt is the reaction of the movable piece on the rod. 

Compare the results obtained by the two methods. 

Example. Fig. 253 represefiUs ike load stage aTid part of the 
rack of a screw jack for raising loads eccentrically. AB is the pitch 
line of the rack ahng which ths lifting farce 
a acts, the load fi is carried bij C. D and 
E are parts of the casing against which tlie ' 

rack presses when a- load is being raised. 
AD = 0-5", DE = 5" and the distance of I 

the load line from AB is 3-5". Hlien Uie \ 

had is 2'6 cwts.,Jind the smallest magni- . 1 

tv4e of a necessary to raise the load if the \ | 

coe^dent of friction between the rack and ', 

casing is 0'3. , 

Draw the axes of the forces a and ^ i 

and the reaction lines of D and E. jyV 
Find the point F of intersection of the '■ 

two latter, and resolve /3 through C into 
two parallel forces, one through the 
point F and the other along AB. The 
component along AB ia a. f^"- ^s. 

(4-2) Find a also by the method first given tor the pruvitms example anJ 
oompare the results. 

(43) Find the leaat value ot o necesaary to prevent the load dosoending. 

Example. ABCD (Fig. 254) represents a horizontai drawer. II 

is attempted to pidl the drawer out of its case hy a non-central handU 

P. Neglecting the frictim, at the bottom of the drawer, how far ma* 

the drawer be pulled out before jamming, !/^ = 0'6) 
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Suppose the drawer ia pulled out a distance Aj4i ; then, owing 
to the pull being non-eentral, the drawer is pressed at C against 
the right slide, and at A^ to the left. The reaction at C makes 
angle c with CD (tan t = 0*6 1 actually t for motion is a little less 
than c for rest) ; the axis of the pull meets this reaction line at 
0. At Ai, the reaction is along A-^K, making t with AiB-^. 
Neglecting the weight of the drawer there are three forces, and 



l^#. 







three only, acting on it, viz. the pull and the two reactions. 
For equilibrium these must pass through at point. 

Now is fixed relatively to the drawer, hence A-y moves until 
^^K passes through 0, i.e. the drawer can be pulled out a 
distance AA^, where OA^ makes an angle « with CD. 

Hence to find point A^ ■ Divide CL into 10 equal parts, set 
oflr £0 = 6 of these. Mark JVon CD, where LN=LC; join ON, 
cutting AD at A^ ; then the drawer can be pulled out a distance 
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(44) Find the farthest diatanoe that the handle may be from the centre 
[ine in order that the drawer may be pulled out to within a quarter of ita 
length, ^ = 0-6. 

(45) The handle being midway between the centre line and a side, find 
H if the drawer jama when pulled out halF its length. 

Example. ABC {Fig. 255) represmls a wedge, DE a wti/orm 
iron rod of weight 7 "2 lbs., hinged al D a'nd resting om. the wedge at E. 
The coefficient of friction between the rod ami wedge is 0'3, and bettoeen 
the wedge amd ground it is 0'4. The wedge isfusfted by a horiztmial 
force a so that it is just an the point of motion ; determine a if the 
weight of the wedge may he neglected ; given 

DE = 4-6/il., I>B = l-9/)l., AC = 32/(., BC = 4/i. 




The line of the reaction at E is known, also the weight of the 
rod a«ts through its mid-point, and since the rod is in equilibrium 
the direction of the reaction at D is known ; hence find the 
forces by the vector polygon. The force at E on the wedge is 
now known, the axia of a is known, and also the angle the 
reaction of the plane makes with the vertical ; hence draw the 
vector polygon for the wedge, and determine a. from it. 

ing through the m.c oI the 



(46) The weight of the wedge being 3 Ibe 
triangle ABG, determine a. 

(47) Determinea when-ia=B(7=l ft. ; 
and the weight of the wedge ia 4 Iba. 



is the same for both surfaoee. 
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In the problems on friction so far discussed it has been 
supposed that the body considered remains in equilibrium untH 
the total reaction of the surface makes the angle of friction with 
the normal. This is not always possible, as the body may begin 
to turn about some point or edge before sliding commences. 

Example. A cube of 2" side rests on a rough harizotiial plane, 
for which ^ = 0-6 ; it is acted on by a horixontal force perpcndiailar to 
a face and passing through the mid-point of the lop face. Shew that, 
howtver large this force, the cube icHl not slide, but that eguiliinium 
vill be hokcn by ike cube turning a 




Draw a square of 2" side ia represent the central section of 
the cube containing the axis of the horizontal force. 

While the cube is in equilibrium the three forces — horizontal 
push, weight, and reaction of the plane — pass through a point. 
This point 0, Fig. 256, is determined by the intersection of the 
horizontal axis and the vertical through the M.c. of the cube. 
If about to slide, the reaction of the surface makes an angle with 
the vertical whose tangent is 0'6; draw this line 0A^ through 
; it cute the plane outside the base of the cube. But 
the plane reaction must act within the base, and hence it is 
impossible for the cube to be on the point of sliding. 

Afi the push a increases from zero, the total reaetion of the 
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surface makes a larger and larger angle with the normal until 
it cornea to the position OA. Evidently when the reaction is 

at A, AC must barely touch the gronnd except at A, and the 
cube must be on the point of rotating about the edge throngh A. 

Draw the vector polygon of the forces when OA is the line 
of reaction of the ground, and detennine the greatest value of a 
consistent with equilibrium. 

Example 2. A cable reel has an outside diameter of 4 /(. ,■ the 
radiiM, from which the cable is wieoUed, is at a certain moment 1-3S 
ft. The reel is placed on the ground (coefficient of friction = 0-2S) ; 
find the point at lohidi the cable 'nusl be taken off, and the direction 
of the cable at that pmnt, so that the reel may be just on, the poini of 
slipping, and find the force necessary to effect this if the reel ajid 
cable weigh 0-32 g 

Draw (Fig 257) 
to scale circles 
representing the 
reel AB which 
rests on the 
ground, and the 
layer from which 
the cable ia being 
uncoiled. Then, 
since both the 
weight and the 
reaction of the 
ground must act 
through A, so 
must the pull of 
the cable. Draw 
AB^ a tangent to "'^ ""■ 

inner circle, which gives the direction in which the cable ia taken 
off, and the point B^ (there are two such points) at which the 
cable leaves. The vector polygon must now be drawn, the three 




FRICTION AND REEL. 278 

sidflB being parallel to a, ^ and 7 respectively ; t is the angle of 
friction. 

Measure tbe pull of the cable and the reaction of the ground. 

Since for equilibrium the three forces must pa^B through A if 
the cable be taken off at any other point than B^ the reel will roll. 

Try an experiment, illustrating this, with a reel of cotton. 

ExAMPOL The ^rotund slopes at an angle of 30° and the reel 
is just on the point of sliding down, find the point at which the 
cable leases the reel and 
ike direetion and 7/iagni- 
tude of the pull on U. 

Draw (Fig. 258) the 
plane and reel in posi- 
tion as shewn, also 
the vertical through 
the centre G of the 
reel. Since the reel is 
by supposition about I 
to slide down the fric- 
tion must act upwards ; 
draw then, at A, a line 
malting the angle of 
friction with tbe nor- 
mal. This line cute 
the vortical through G 
at a point ; from 
draw tangents to the 
inner circle touching 
it at points B and B^ ; 
these points of contact 
are the points at which 
the cable may leave the reel, and the tangents themselves are the 
directions of the cables. 

Now draw the vector polygons for the two cases and determine 
the senses of the pulls and their magnitudes. 




t4S) One end of the ootton on a large reel is fixed to a vertical rough 
wall ; if the reel rests in equilibrium against the wall and is just on the 
point of slipping down, find the point at which the cotton must leave 
the reel; given ii~OG, the outer radius of reel=l", the inner radius at 
which the cotton unrolls =0*45". 

If the reel weigh 7 ozs. find the tension in the cotton, 

(49) One end of the cotton is fastened to a rough plane, ^=0'3, of 
inclination 45°. Find the inulination of the cotton if the reel is about to 
slide down the plane. 

(50) Why is it not possible to cause the reel to be about to Blide up the 
plane by pulling at the cotton. 

(51) Stand a thick book upright on a table and push it, perpendicular 
to the cover, with a pencil, first near the table and gradually inoreasing 
the distance until the book topples over. Measure the thickness of the 
book and the height of the push and calculate ^. 

(52) Draw a rectangle of height 4" and base 2" to represent the right 
section of a cuboid through its centre, at points distant i, J, J, ... incheG 
from the base ; suppose horizontal forces applied in turn until equilibrium 
is broken. Mark the corresponding points on the base where the total 
reaotion of the surface cuts it, the coefficient of friction being 0'3. Find 
the highest point at which the force may be applied. 

(53) Draw a square of side 3" to represent the section of a cube through 
its centre, and a line through a top corner inclined at an angle of 30° with 
the horizontal, to represent the line of action of a pull on the cube. The 
coefficient of friction being 0'4, find the greatest possible pull, if the 
equilibrium remains unbroken. Draw the axis of Mie total reaction of 
the surface. Weight = 10'7 lbs. 

(64) In the last esample, it the pull be exerted at mi angle below the 
horizontal, find the greatest angle for which sliding is pOBBible &iid the 
greatest puti possible if the cube does not move. 

(55) ABO (Fig. 259) is the right central section of a triangular prism, 
ABC being a right angle. BC rests on rough horizontal ground. A rope 
is fastened to A and pulled horizontally as indicated parallel to SC. If 
AB^A-y, SC=35', and jx = 0-3, determine if sliding is possible. If so, 
find Che least value of a that will cause sliding. 

(56) If a be reversed in sense and ^=04 wilt sliding be possible! 
Give reasons. What value of a will oause the equilibrium to be broken 
in this ease, and what value of «i would oause it to be broken by sliding 
with this value of a ! 

(57) BC (Fig. 260) is part of an inclined plane of inclination 20°. ABCD 
is a cube kept in position by a string parallel to BC and fastened to D. 
What is the greatest value of /i consistent with equilibrium? If /i bos 
this value find the greatest value of the pull in the string consistent with 
equilibrium if the cube weighs 11 lbs. 

(5S) As in last example, but let string slope upward at an angle of 45' 
with horizontal. 

(59) In Fig. 260 make AB^2B0. If m=0-3, find the direction of the 
string attached to Z> so that the prism may be on the point of turning 
about the edge at C. 
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MiaCELULMEOtrs EXAMPLES. VII. 

1. Ad experiment was performed in which a loaded slider was, by a 
suitable horizontal force P, cauaed to be just on the point of niotion. 

Plot the values of P and the weight of the slider W given in the table on 

Snared paper, and determine approximately the value of the coefficient 
friction. 



P in Ibi. wt. - 


0-45 


0-65 


„« 


11 


,. ,. 


17 


IT in lbs. wt. - 


23 


3.1 


43 


5-3 


a -3 7-3 


8-3 



2. In Fie. 261 the cirolea represent 
the coupled driving wheels of a railway 
engine. If the engine ia starting, show 
roughly the direction of the pressure 
between the wheels and the rail. Give 
a reason for your answer. 

(Na-valCadeU.) 
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is placed un a rough plane inclined 
noted on by a f6ree up the plane 
equal to the weight of 6 lbs,, acting alonjf the plane ; the particle doea not 
move ; find the Iriotion between the particle and the plane. 

If the particle is just on the pomt of sliding, find the coefficient of 
friotion. (B. of K., D.) 

4. A uniform rod rests with one end against a smooth vertical wall, 
and the other end on a rough horizontal plane ; it can just stand without 

. sliding when its inclination to the horizon is 45° ; find the coefficient of 
friotion ; also find the inclination when the friotion called into play is one- 
half of the limiting friotion. (B. of E., n.) 

5. If the angle of friotion for an inclined plane be 45°, determine 
completely the least force that will drag a weight of 100 lbs, down g. plane 
inclined at SO' to the horizonUl. (B. of E., II,, 1906.) 

6. Find graphically the magnitude of the least horizontal force which 
will support ft weight If on a rongh plane whose inclination a< taii~'^ 

(B.Sc., 190*. I 

7. Define the coefficient and the angle of frioti(»i. A Ixid; weighing 
600 lbs. is sustained on a rough inclined plane (base twice the height) by a 
rope pulled in a horizontal direction. Prove that the ereatest and least 
tensions of this rope consistent with equilibrium are about 389 and 134 
lbs. wt. {Inter. Sci,. 1904.) 

8. Find, graphically by preference, the direction m which a fortw of 
given maenitude must act if it is just able to move a liody of given weighi 
up a rough inclined plane, the coefficient of friction being known. 

Shew that when motion is possible there ore in general two aneb 
directions. (Inter. Sci., IQOai 

9. A beam rests gainst a smooth vertical wall and a rough inclined 
plane of inclination a passing through the foot of the walL Detenniiie thi- 
greatest angle the beam can make with the vertical 

(Inter. B.Sc. (Eng.), 19n.-j.. 

10, Define friction and limiting friction, Biplain briefly -what \>- 
meant when friction is said to iw a passive force. 

AB\%a, uniform rod of weight 10 Ills. ; it lies on a rough horiz(»)taI table, 
and is pulled at the end B in the direction of its length oy a force of 2 ll•^. 
If .<4S stays at rest, how much friction is called into play* 

Evervthing being as it was, a thread is tied to the end B and ia pullr<i 
vertically upwards by a gradually increasing force P ; find the leaei 
coefficient of friction for which P will begin to lift the point B. How wili 
the rod begin to move if the coefficient of Iriotion egoftls 0-25! (B. of E.,ILi 
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11. A body is placed on an inclined plane and the coefficient of friction 
JH i ; it is acted on by a force along a line of great«st slope ; find the force 
when it m on the point of making the body slide up the plane. 

(Eof E„n., 1903.) 

12. A ladder A B rests on the ground at A and against a vertioal wait at 
B. If AB is inclined to the vertical at ati angle less than the angle of 
friction between ladder and ground, shew geonietricallv that no load, how- 
ever great, suspended from any point in the ladder will cause it to slip. 

(B.Sc., 1905.) 

13. A weight resta on a rough inclined plane, whose inclination (a) 
exceeds the angle (\) of friction, being prevented from sliding by a force P. 
Find (geometrically or otherwise) the direction and magnitude ot the 
least force which will suffice for this purpose. (Inter. Soi., 1906.) 

11. A uniform circular hoop is weiglited at a point of the circumference 
with a mass equal to its own. Prove that the hoop can hang from a rougli 
peg with any point of its circumference in contact with the peg, provided 
the angle of friction eiceeds 30°. 

(Relative to the point of support the m.c. ot the hoop and particle lies 
on a circle of radius half that of^the hoop.) (Inter. Soi., 1905.) 

16. Draw a horizontal line ABC, AB-l" and BC=3". Lot ABC 
denote a uniform beam of weight lo resting on a rough prop at B, and 
underneath a rough prop at A. Find the direction and magnitude of the 
least force applied at the end G which will just begin to draw out the beam 
from between the props. (B. of E., II., 1906.) 

(Draw the reaction lines at tlie points A and B to intersect in D, 
resolve the weight of the beam acting at its h. c. into two, one passing 
through D and the other through C, the tatter oomjionent to be the 
least possible. ] 

16. Prove that a sash window of height a, counter-balanced by weights, 
cannot be raised or lowered by a vortical force, unless it is applied within 
a middle distance xcoti^ (^ the angle of friction). 

If the cord of a counter- balance breaks, the window will fall unless the 
width is greater than a cot ^, (B.Sc, 1902.) 

17. A squa^ window saeh weighing 30 lbs. slides vertically in grooves. 
From the two upper corners sash cords are carried over pulteys and carry 
two counterpoises each of 15 lbs. Shew in a diagram the ^rces acting 
on the sash when one of the gasli cords brealts, and find the least coefficient 
of friction between sash and grooves that will keep the sash from sliding 
down, if all other friction may be neglected. (C.S., Div. I., 1906.) 

18. If a body having a flat base is placed on a rough inclined plane of 
inclination i and angle of friction \, and the body is pulled by a horizontal 
force P, prove that for equilibrium P must lie between the values 
IFta,n(i + X) and (rtan|i-\) where X = weight of the body. If X > i, 
explain the second case, (Inl«r. Sci,, 1906.) 

19. Define the coefficient of friction and the angle of friction for two 
rongh bodies. A mass of 500 lbs. on a rough inclined plane for which the 
ooefiicient ot friction is -J and whose inclination is tan"'-^ is sustoincd by a 
rope which is pulled in a horizontal direction ; prove that the greatest and 
least tensions of this rope are about 3S9 and 13U'4 lbs. wt, respectively. 

(Inter. Soi., 1004.) 



CHAPTER VIII. 

MOMENTS. 
To obtain a real grasp of the theory of moments the experimeniE 
described in Appendix I. should be performed. It is only bv 
actually performing such experiments that the physical meaning 
of tnming moment or torque becomes realised. 

Definition. The moment of a force about a point is the 
product of the force and the peipendicnlax distance of its axis 
from the point. It is positive if the direction and sense of the 
force telatire to the point is contraolockwise, n^rative if clod- 
wise. 

Geometrical Representation. From the point draw any 
line to the axis, then the area of the parallelogram which lias 
this line and the vector of the force as adjacent sides, measure 
the moment. If the sense of the boundary, as given by the 
vector, is contraclockwiae, the moment is positive. 

Thus, if {Fig. 262) is the point, a the axis, and a the vector 
of the foree, the positive area OABO measures the moment. 

Whatever the direction of OA, the area and the sense of tlie 
boundary remain the same. 

For a given force, the moment in general changes when ih* 
point is changed in position. In Fig. 262 the farther is l« 
the left of a the greater the positive moment. When is on" 
the moment vanishes, and on crossing to the right of AB, tlie 
moment is negative. If, howcrer, moves on a line paralld lo^ , 
the moment remains u 
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It is important to notice that when the moment of a force is 
zero about a point 0, we may have either OA or AB zero, i.e., 
the force itaelf may be zero, or it may pass through the point ; 
to decide which alternative is correct further information is 
necessary. 




Taking account of sense, OABO or an area equivalent to 
it is called the momental aroa of the force a in a about the 
point 0. 

Unit Moment. There is no special name in general use for 
the unit moment. If we use a lb. wt. as the unit of force and a 
ft. as the unit of length, then the unit moment may be called 
07U li. fi. moment. This of course might mean a force of 1 lb. wt. 
at a ft. distance, or 2 lbs. wt. at 6" distance, etc. ; later we shall 
sec that these are really equivalent. Whatever the units of force 
and length used, it is necessary to specify them in giving a 
number as the measure of a moment 

Graphical Heaaurement of a Moment. 

EXAMPLF. ab (Fig. 263) is Ihe axis, AB the vector of a force. 
Jieqaired Ike measure of the moment of the force about a point O 
(distant p from ab). AB = 2-65", scale \ cm. to \ lb. irt., and 



Take a pole P of the vector polygon at a distance h (2") from 
AB. Through dniw a line A^B^ parallel to ai, and througb 
any point Q in ab draw QA^ parallel to PA, and QB-y parallel 
to FB, cutting /(^if, in A\ and B^. 

Measure A-^B^ on the J cm. scale ; it is the moment of tbe 
force AB about in lbs. inches. 




Proof. PAB and QA■^B^ are similar triangles, and therefore 



A^B^ AB' 

From the ratios it is seen that y and h being in inches, A^h^_ 
must be measvired on half the AB scale. 
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(This is really onr old argument of p. 46 ; the iDoment is repreEented by 
a rectangle p. AB, ur by an equal rectangle A-^B-Ji. If the base h is the 
unit of length then the altitude ^,8, measures the area ; if Mie twice the 
unit uf length, the altitude is only \ what it was liefore, and to obtain 
the old altitude wc must multiply by 2, or use a scale with \ the old unit.) 

Sense of a Moment. If the vector polygon and moment 
diagram be drawn according to rule, an inspection of the latter 
will shew whether the moment is positive or negative. 

The radial lines of the vector polygon are always supposed 
drawn in the order of the vectors, and the link polygon lines in 
the same order. 

Hence the order in which the pointe ^,, .B^, ... are drawn gives 
the sense of the intercept — downwards in the case considered. 

The force being in ah and downwards, the moment about is 
negative ; hence the rule : if the intercept has a downward sense the 
moment is lugative, if upwards, a pmtive sense. 

(1) Verify this rule by taking O on the other side of ob. 

(2) Verify again by taking P on the other side of A B. 

(3) A force is given by a length 3-48 inches (scale 10 lbs. to 1-25 om.), 
find graphically its momenta about poiats distant 6'T2 ft. from it on 
opposite aides of the force axis. 

(4) Find the moments in Ex. % by drawing through O lines parallel to 
PA and PB and meaBuring the intercept on ah. 

Another Qraphical Construction. With aa centre — on 
your drawing for Fig. 263— describe a circle of 1° radius. From 
any point Q on ah draw QO and a tangent QT to this circle. 
Find the components of AB in ah along QO and QT. Measure 
the latter component on the cm. scale ; it is the moment of AB 
about in lbs. ft. units. 

Proof. The sum of the moments of the components of a force 
is equal to the moment of the force itself (see p. 296). As one 
component passes through and the other is at unit distance 
from it, the second component must measure the moment. 

Sum of Moments of Like Parallel Forces. 

Example. Draw four parallel lin^ distant apart 1-22, 2-38 and 
1 "94 inches, and let downvmd forces represented by lines of 3, i, 2-5 



and 3-7 tms. (scale 1" to 10 lbs. weight) ad in these. Take a point 
1 43 inches to the left of ike first axis. Find the sum of the momenU 
of tliese forces about 0. 

Add the vectors of the forces, and choose a pole P distant 
3 inches from the vectors (Fig. 364). 

Draw the link polygon .Kjfi^ffjS^fi in the usual way and 
produce the links to cut the line through parallel to nb in 
Xj, X2, .:, A"j. 

Measure XyX^ in inches and multiply by 30 ; the product is the 
sum of tlie moments in lbs. inches. 

Proof. Let x^,x^, x^ and x, be the distances of from oi, he, 
cd, de. Since the A PAB is similar to R^X^X^, 

:. ^^:M| i.e. AB.x,=kX,X,. 
h x^ 11.^ 

Again, PBC, POD, PDE are similar to M^X^X^, i^^jX,, 

^4X4X5, respectively; 

.'. BC.x^ = h.X^^, 
OD.x^ = h.X^X^, 
DB.x^ = h.XiX^. 
Adding, we get 

Sum of the moments of the forces about 

= hiX^X.^ + Xs Jj + X^X, + X^X,) 
= hX^X^. 
And since X^X^ is downwards, the sum is negative and the 
moment cloekwise. 

Obviously, for more than four forces we only need to extend 
the construction ; the method will be exactly the same. 

The sum of the moments is thus represented by a rectangle of 
height ^1X5 and base k. The moment of I lb. inch is represented 
by a rectangle of height 0-1" and base 1"; hence, since A = 3", 
to reduce A.XjX^ to unit base we must treble the altitude. 
i.e. 3 . XjXj measured on the tenth inch scale gives the sum of 
the moments in lb. inches. 
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I'ft* mtnnml of the remltanl force AE acting thrmtgh R is equal to 
the sum of the nu/menis of the components. 

If X is the perpendicular distance from on the axis of AE, 

&=^ or AE.x=k.X^X,. 







If the point about which moments are to be taken is at Op in 
the space c, then the moment of AB is A .8-^^82 and is positive; the 
moment of BO is h.S^^ and is positive; the moment of CD is 
h . S^^ and is negative ; and the moment of DE is ft . S^S^ and 
is negative : the algebraic sum of the moments is thus h . SyS^ or 
the intercept between the first and last lines of the link polygon 
multiplied by A. 

Por all positions of then, the intercept, between the first and 
last lines of the link polygon multiplied by A, meaaures the sum 
of the moments. 

A simple inspection of the figures shews that this sum must 
always be equal to the moment of the resultant. 



Fig. 264 has been drawn for parallel forces having the same 
sense; the conclusion applies to all parallel forces which have 
a resultant. 

The snm of the moments of a number of parallel coplanar 
forces about any point in their plane is e^ual to the moment 
of the resultant about that point. The algebraic sum of the 
moments is giren by the intercept, between the first and last 
lines of the link polygon, on a line drawn through the point 
parallel to the fbrces. 

Notice that, the sum of fke momeiUs about any point in tin 
residlant is zero. 

{5) Fiod the rnxnt of the moments about poiote in the spooee a, d and e. 

Sum of Moments of Unlike Parallel Forces. 

Example. Draw six parallel lines ab, be, cd, de, ef (from left to 
ngh£), the spaces b, c, d, e ani f being 0-82, 12, 1-46, 1-79 and ; 
I'lS inches wide; fai-ces of 4'6 (down), 1'5 {up\ 5'45 (domt), 
2-8 (dovm), 5 {up) and 3'2 (down) lbs. iceight net in these Hn^s. 
Find the sum of the momeBis abrnd a point distant 1'18 inches to 
the teft of ab. 

Take a pole P (Fig. 265) at 2 inches distance from the sum AI! 
of the vectors, and proceed exactly as before, the only difference 
being that the link polygon ia now re-entrant Measure X■^X- 
on the force scale and double the number obtained ; the result 
is the sum of the moments in lbs. inches. 

(6) Parallel fonwa of 3'3, 4'1, 2*3, TS and 2-8 tons weight »ot on lines 
distant 7, S, 4 and 6 ft. apart From left to right, the drst and last forces 
being downwai^Js and the reat upwards ; find the sum of the n 
in too ft. units about the points, 

(i) distant 3 ft. to right of axia on extreme right, 
(ti) distant 4'5 ft. from first and 2'6 from second axis, 
(iii) distant 1 -8 ft. from third and 2-2 ft. from fourth axis. 
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(8) The distances apart of the centres of the wheels of an express engine 
and tender are 9' 8", 5' 3^, 6' 0", IV 2'5", 6' 6" and 6' 6~ from the leading 
wheels backwards. The loads earned by these wheels are 14 tons lOowts., 
17 tons 8 cwtH. , U tons, 14 tons lOcwta., 12 tons 5 ewts., 12 tons 10 cwts. 
and 13 tuns 5 cwta. The engine is partly on a bridge, one bridge support 
being mid-way between the centres of the fourth and fifth wheels. Find 
the sum of the moment of the loads about the support. 




Sam of the Moments of Parallel Forces in Equilibrium. 
Tlie Bom of the moments of such a set of forces is sero fot all 
points in their plane, and the snm of the moments of all the 
forces on one side of a point is equal in magnitude — but opposite 
in sense— to the snm of the moments of all the forces on the 
other side. 

Any one force of the given set reversed in sense is the resultant 
of the rest Its moment, for all points, is minus the moment of 
the resultant and this is equal to the sum of the moments of the 
rest. Hence the sum of the moments of the given set of forces is 
zero. A proof from the link polygon is given on p. 292, 
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Example. A locomotive has the centres of (he wheels from front 
to rear at tlie foUoieing distances apart, 8' 9", 5' 5", 5' 5", 6' 0". The 
loads bffme by these wheels are 6 ions 8 cwls., 14 tons 6 cwts., 14 tons 
8 cwls., 16 tons 7 cwts., 16 tons 7 aets.; the engine is on a freely 
swppm-ted bridge of length 40 ft. , and the leading wheel is at a distance 
of 9' from the left-hand pier. Find the sum of the moments of all the 
forces to tite left of a point mid-way between the third and fourilt 
wheels aiout that pmnt. 

Draw the reaction and load lines of the bridge to scale (say, 
1 cm. to 1 ft.) ; then set out the load vectors AB, BC, OD, DE and 
EF to a scale of (say) 1 inch to 10 tons (Fig. 266). Take a pole 
P at a distance of 20 cms. from AF, and draw the link polygon 
XR^S^R^R^R^Y ; X and F being the points on the reaction lines. 

Since there is equilibrium, XY must be the closing line, and 
the reactions are determined by drawing PO in the vector 
polygon parallel to XY. 

Through Z, the mid-point of the space d, draw a line parallel » 
the axes and cutting XY\n M and R^R^ in N. 

Measure MN in the force scale and multiply by 20 ; the pro- 
duct is the sum of the moments, about Z, of all the forces to the 
right or left (taking account of sense) of Z. 

Froo£ To find the sum of the moments of all the forces to 
the left of Z, we find the intercept between the first and last 
line of the link polygon. The first force (the reaction) has OA 
as its vector, and therefore the first lino of the link polygon 
(drawn according to rule) is XY, the second is X^R^, the thini 
RyR^, the fourth is ^^^g and the final (taking into account only 
forces to the left of Z) is ^^^4. Hence MN gives the sum of the 
moments of all forces to the left of Z, its sense is downwards and 
the moment therefore negative. 

The unit moment of a ton ft. is ropres,ented by a rectangle of 
height 0-1 inch and base 1 cm., the sum of the moment is givea 
from the construction made, by a rectangle of height MN anc 
base 20 cms. If we measure MN, therefore, in the force soale and 
multiply by 20, we have the sum of the momenta in tons ft. 
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(30 cm. was taken as k instead of 10 to avoid the lines of the 
link polygon being too steep.) 

For the sum of the moments about Z of all the forces on the 
right we have ^3^4 as the first link, and since FO is the last 
force, XV is the kst link, and the intercept is now NM. The 
sum of the moments is, therefore, of the same magnitude, but of 
the opposite sense. 

The total sum of the moments is therefore zero. 

Evidently, the deduction is true for all parallel forces in equilibrium. 




(9) The distanceB apart of the centres of the wheels of an express engine 
find tender are (from the leading wheel backwards) 12' 0", 10' 0", 8' 7-25", 
)}' 9" and 6' 9". The loads borne by these wheels are * 21 tons 15 cwts., 
a. is really that borne by the two pairs ot bogie 

, _, load to make the eiamiile simpler. The first 

<JiBtance. namely IZ 0", is from the centre of the bogie truck to the front driving 




19 tons, 19 tons, 12 tons, 12 tons 5 cwts., 12 tons 15 owts. Tl 
Btands on a bridgo, the left-haiid aujiport being 11' G" from th» 
wheel (centre), and the bridge ia TH ft. long. Find the sum of the 
of all the loroBB to the left of the centre of the bridge about the centre. 

Two Parallel Forces, (i) Of same serue. Thie is only 
apecial ceee of the general construction, but it is worthy > 
separate consideration. ^ 

Draw (Fig. 367) any two 
parallel lines ab and be, and 
vectors AB, BO of the forces 
supposed to act in those lines. 
Construct the axis of the 
resultant in the usual way 
and mark fi,, ifj, M and ii'., 
where the axes of the forces 
cut the links. S^R x h then 
gives the moment of the force 
in be about any point in axis 
of resultant, and EB^ x ft gives the moment of the force in ab. 

From the triangles RJi^li and R^RR^, which are similar to 
triangles in the vector diagram, we obtain 

R^R^_BP , R^_BP 

R^H~AB BgR'HC 

JijR^ HC 

R.^R^'^AB' 

or, the resultant divides the diatanue between the axes inversely 
as the magnitudes of the forces. 

Notice that R^R^ is any line ; if, then, the axes turn round any 
points B^ and It.^ and remain parallel, the axis of the resultant 
turns round a fixed point in R-iR^, viz. R^. 

(ii) Of opposite senses. Construct as in the previous case: 
now BO ia upwards and the axis of the resultant is external 
to the other axis and neai-er the greater force. 

See from the similar triangles that the axis of the resultanl 
divides externally the distance between the other axes inversely 
as the magnitude of the forces. 



and therefore 
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(iii) Eqital in magnitvde but opposite in sense. This ie the 
case already considered in the chapter on the link polygon fp. 184). 

(10) The axes of a. couple are 3-76" apart, each force ie of magnitude 
7-21 Iba. weight. Take the pole at unit distance from the vector line and 
find a line giving the momenta! area of the couple in lb. inches. 

(11) With the same forces as in Ex. 10 find a line giving the momental 
area of the couple in lb. centimetree. 

(13) If a kilogramme = 2 "204 Iba. find the moment^ area of the couple in 
Ex.. 10 in kil- centimetre and kil-inoh unite. 

MomentB of a Couple.— Direct Proof. The sum of the 

momeiUs of a couple of forces is the same for all points in the plane 
and is equal to the momental area of the ample. 

a and - a being the forces and 

(Fig. 268) any point, the moment B C E 

of a about is given by OABEO, V V \ 

that of - a about is given by \ .A \ 

OECDO. The algebraic sum of \ \ \ 

these is ABCD, which is the mo- ^ -^ ^ 

mental area of the couple, and this pio. aae, 

result is quite independent of 0. 

TIw moment ajid the couple are two distinct things. The 
conple is simply the pair of forces, the momental area of the 
couple measures the sum of the moments of the pair of forces 
abont every point in the plane. 

Sum of Moments for Ooncnrrent Forces. Draw any 
pardlialogram OACB (Fig. 269) and let ^ ^^ 

OA and OB represent concurrent forces, 
then 00 represents their resultant. 
Take points P, P^ and P^ as indicated, 
and measure the perpendiculars from 
them on OA, OB and 00. Find the 
algebraic sum of the moments of OA -■* 

and OB about P, P, and P„ and com- '"'• '^■ 

pare with the moments of the resultant OC about those points. 

(13) Di'ftw any three nou -concurrent lines and take an arbitrary vector 
polygon for the forces in them. Find the axis of the resultant by the 
link polygon. Measure the forces and reaoltant to any scale. Mark some 




point on the paper and meaeu 
lour fnroes and calculate the 
these momenta ? 

The algebraic sum of tlie momentB of two concuirent forces 
is eimal to the moment of tlie resultant abont all points in 
their plane. 

Proof Let a, b and c (Fig. 270) be the axes of the two forces 
and their resultant, the senses being as indicated. P is any point 
ill their plane. 

Through P draw a 
line parallel to c, cutting 
a and bin A and B. 

Then AB may be 
taten to represent the 
resultant in magnitude, 
direction and sense, and 
AOB is the vector poly- 
gon for the forces. 

Then the moment of 
AO about P is twice 

AOP and is positive, the moment of OB about P is twice 05? 
and is negative; therefore their algebraic sum = twice AOB and 
is positive. 

(Notice that the sum is the same for all points in ^S or AB 
produced, and tliat, whatever the position of P, it is always twice 
the area of AOB and in the sense of the letters.) 

Draw BOi parallel U) AO; then twice A0B=A0OiB and 
therefore measures the moment of AB in c about A, B or any 
point P in AB. 

It will be seen that the proof is perfectly gensral for aji 
positions of P. 

For any system of coplanar forces the sum of the moment 
of the components is. for all poles, equal to the moment of 
the resultant (if there is one), or to the momental area of 
the resultant couple (if there la one) or is zero. 
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ProoC Thia result follows at once from the link polygon 
construction, which consists in finding the resultant of concurrent 
forces two at a time, and since the theory of moments holds 
at each new composition it must hold at the final step when the 
resultant or resultant couple is found. 

As a particular case consider the decomposition on p. 203. 
Taking moments about X, we have moment of AB = moment 
of AD, and hence AD is uniquely determined. 

Sniu of the Moments of any Number of Forces about 

a Point. If the forces have a resultant, take the pole of the 
vector polygon at unit distance (or a simple multiple thereof) 
from the resultant vector. Measure, on the force scale, the 
intercept between the first and last lines of the link polygon 
on a line drawn through the given point parallel to the resultant 
vector. 

If the forces are equivalent to a couple (the vector polygon 
closed) take a force of unit magnitude (or a simple multiple 
thereof) as the arbitrary force vectoi- and measure, on the 
distance scale, the perpendicular between the first and last lines 
of the link polygon. 



points on their axes are (0, 0), (1,2), (.l.a), (1,4), |2, 3) inches respectively, 
and fcho forces are dii'eeted towards N. (lie y ftxia), N.E., 15° N. of E., 
B. W. and W. Find tlie sum al their moments in Iba. inches about a point 
whose coordinates are (1'5, 2-7), tlie coordinates being all measured in 
inches. 

(15) Choose tlie magnitudes of the first and laet forces in Ex. 14, so 
that the vector polygon is closed. Find the momental area of the 
(Mjuivalenfc couple. 

(16) Find the sum of the momenta of three forces of magnitudes 3, T'2 
and 5 lbs. weight acting along AB, BC, CA the sides of a triangle about 
a point whose coordinates are (4, 2) inches. The cooi-dinates of tJie vertices 
^, Sand of the triangle are (2, 2), (1, 3), (3, 4) inches. 

<17) Draw a triangle ABC of sides AB-S, BC-3-5 and CA -i inches ; 
through tlie vertices draw three parallel lines, and suppose forces of 
niagniCudea 6'2, 7'4 and 9 llis. to act in these lines through A, B and C 
and to have the same soiiae. Construct tlie line of action of the resultant 
in the nsual way. Draw three more parallel lines through A, B,C, making 
45° with the first set, and suppose forces of the same magnitude sa before 
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] them ; construct the new axis o( the resultant. Repeat the 
tiun for parallel lines which are perpendicular to the first set- 
it the three axes of the reeuttents are concnrrent. This point of 
noe is called the centre ot tbe ptmdlel foroei. 
(IS) The coordinates of four paints are (1, 2), (0, 3), (4, 0) and (2-5, 3-6). 
Pamllel forces uf like sense act through theae points and are of magnitudoa 
2-2, 3'6, rs. 3 lbs. weight. Construct, as in previous esample, three link 
polygons, the sides making 46° with eaeh other respectively, and shew th&t 
the Uiree axes of the respective resultant forces are concurrent. 

(19) I'hree parallel forces equal in magnitude and of same sense act 
through the vertices of a triangle. Shew by three constructions that the 
resultant passes through the m.c. of the triangle. 

Centre of Parallel Forces. 

A nombsr of parallel forces pass throngli points A, B, C, ... 
respectively. If the axes turn about tbeae points so as all 
to lemain parallel, then the axis of the resaltant turns about 
a fixed point in itself, the centre of the parallel forces. 

Suppose maases to be at A, B, C, ..,, whose magnitudes have 
the same numerical values as the forces acting through the 
points. The mass-centre of these mass-points must lie od tbe 
axis of the resultant force, for the sum of the momenta of 
the forces and of the masses have exactly the same numerical 
value. Supjwsing, then, the axes of tbe forces to have a different 
direction, the m.c. of the mass-points must be at the intersection 
of the axes of the resultants. But the masses can have only one 
M.c, and, therefore, whatever direction the parallel forces may 
have, the resultant must always pass through a fixed point, viz, 
the mass-centre of the masses. 

Since the mass-centre theorem remains true if some of the 
points be considered as having negative masses, the above theorem 
remains true if some of the forces have a different sense from 
tbe rest. 

(20) Parallel forces of like sense and of magnitudes 1-27, 2-18, 3-24, 
4'1 lbs. weight act tlirough the comers ^BC/> of a square ot side 8*35 oms. ; 
find the oentrc of the parallel forces. 

(21) Find the centre of the parallel forces in the last exercise if the 3-21 
lbs. weight force he reversed in sense. 

(22) Draw a triangle ABG having -45^10-2. 50=11*8, (7^=6-48 cmH, 
Parallel forces act through A, B and C of magnitudes (in lbs. weinht) given 
by the opposite sides. Find graphically the centre of theparallel Uivtxa 
^id shew that it is the centre of the circle inseribod in ABC. 
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Hass-Centres by Link Polygons. The masacentree of a 

number of masa-pointa can be accurately and expeditiously 
found by the aid of the link polygon construction. 

Example. Masses of 1'32, 1-66, 2-15 aiid 1'67 lbs are 
concentrated at jmnts whose coordinates in inches are (l-li, 0), 
(2-2, 1-13), {3'36, 2-87), and (i, 2), respectively. Find tli4 position 
of the mass-centre. 

Plot the points on squared paper (Fig. 271), and through them 
draw lines parallel to the axes of coordinates; label those parallel 
to the y axis m,, m^, m^, m^ in order from left to right, then 
those parallel to the x axis from top to bottom must be labelled 
m^, »Mj, %, OTg. 



Set off the masses nij (=132), m^ ( = 1'66), m^ ( = 2-15), 
m^ { = 1 67) to scale along a line parallel to the y axis, and 
choose some convenient pole F for the vector polygon. 

Using one side of a set square bounding a right angle, draw 
through P,, any point in the vertical ra, line, a link PP, 
parallel to the first line of the vector polygon. With the other 
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edge of the set square draw through any poiut Q, in the hori- 
zontal line my, a link QQ^ perpendicular to the first line of the 
vector polygon. 

In this way it is quite easy to draw correctly and quickly 
two link polygons P^P^P^P^, QyQ^Q^Qi whose vertices lie on 
the vertical and horizontal m lines, and whose corresponding 
links are perpendicular. 

The intersection at P of the first and last links of the polygon 
PyP^P^i gives a Hue PR, parallel to Oy, on which the M.c. of 
the points must lie, and the intersection at Q of the first and 
last liuka of the polygon Q^Q^Q^Q, gives a horizontal line QR, 
on which the M.C. must also lie. The point R of the intersection 
of these lines is therefore the M.c. 

Proof. Since the H.C. of a number of masses is the same as 
the centre of the parallel forces whose magnitudes are pro- 
portional to the magnitude of the masses, all we have to do to 
find the former point is to find the axis of the resultant force 
in two cases. This is done most conveniently by supposing the 
forces acting through the mass-points to be (i) parallel to the 
axis of y, (ii) parallel to the axis of x. 

To find the axis in the first case the vectors of the weights 
are drawn parallel to the y axis, and a link polygon constructed, 
and the resultant force has PR as ite axis. 

To find the axis in the second case, the vectors of the loads 
may be drawn parallel to the x axis and a second link polygon 
constructed. It is, however, more convenient, instead of drawing 
a fresh vector polygon, to suppose the first one turned through 
a right angle. To construct the second link polygon, therefore, 
we have only to draw links perpendicular to those of the first 
link polygon. There is less chance of eiror if the two link poly- 
gons be constructed simultaneously, by aid of two perpendicular 
edges of a set square, than if one be drawn completely first. 

To find the M.C. it *vill, iu general, he necessary to draw two 
link polygons, preferably at right angles, each determining a line 
on which the M.c. must lie. 
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(23) Maasea 3, 2-6, 5, 4, 3-7 Iba. are concentrated at points whose co- 
oidinates oro (1, 0), (2, 3), (1, 1), (3, 2| iiiohes. Dra.w two link polygons 
at right angles and find tho niass-contrc. 

Test Ihc accuracy of your results hy taking momenta about the axes of 
coordinates. 

(24) Choose another pole for the vector polygon in the previous question 
and see that the same point is obtained fur h.c. 

(25) Masses given by linos ()f length 2-7, I'Sfi, 3-1, 17'2, 094 inches are 
oonoentrated at tho vertices, taken in order, of a regular pentagon of side 
3 inohea. Find graphically the position of the h.c. and test roughly by 
meaaureniont ana by cnlonlating the moments. 

(26) Draw as follows five straight line segments to form a broken or 
lig-zag lino : (i) horiJiontally a length of 48 oniH., (ii) sloping upwards at 
i,"? a length of 375 ems., (iii) sloping downwards at 15° a length of 5-3 eras., . 
(iv) sloping downwards at 60" a length of 2'8 cms., (v) horizontally a length 
of 4'25 cms. Find graphically the position of the H.c of the zig-zag line. 
(Suppose each lino to be concentrated at its mid-pojnt.j 

(27) Find graphically the M.c. of nix sides of a regular heptagon. (Notice 
there is an axis of symmetry in which the M.c. must lie.) 

M.O. of Areas by the Link Polygon, When the area can 
be divided up into part* for which the M.c.'s are found easily we 
may apply the link polygon to find the M.C. of these maas-pointe. 

At eaoh of these m.c.'s we must auppoee a maes concentrated 
proportional to the corresponding area. 

ExAHPLB. Mnd the M.c. of the area given hy Fig. 272. 

Draw the figure to scale and mark its axis of symmetry. 




Pro. 372. 

Divide the area up into top and lx>ttom rectangles and 
conBtmct their M.c.'s. 

Construct the M.c. of the central trapezium. 

Draw horizontal lines through the M.c.'s of the two rectangles 
and the trapezium. Ruduee the areas of the three parts to unit 



base and draw a vector polygon for masses proportional to the 
areas, and finally, by a link polygon, determine the horizontal line 
on which the M.c. of the whole must lie. 

(28) Find the M.c. of the double angled iron in Fig. 273. (Divide up into 
four rectangles and use two link polygons.) 

(29) Find the mass-centre of the bar shewn in Fig. 274 f the ends are 
semi-oiroles of radii 2-9 and 21 cms., the distance of the centres apart 
being 12'lcni. 

(30) Find the h.c. of the area in E\. 29 when a circular hule of radius 
1 cm. is out out aa indicated by dotted circle. 



Fta. !T3. Fio. SJt. 

Irregular Areas. When the area is irregular, or cannot bo 
divided into parts for which the M.C.'s are known, we may resort 
to the method of strip division. Divide the area up into a 
number of equally narrow strips, take the mid-point of the 
middle line of eaeh of these strips as the M.c. of the strip, and 
draw two link polygons for these mass-points. The masses at 
the points are approximately proportional to the lengths ot the 
mid lines of the strips. If the area has an axis of symmetry 
only one link polygon need be constructed. 

(31) Draw a semi-circle ot rad 
strips parallel to the base, and determine the f 
link polygon method. 

(32) Find the h.c. of the irregular figure 
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Centre of Oravity, Centre of Parallel Forces, Hass- 
Centre, Centroid, Centre of Fignre, Centre of Hean 

Position. Every particle of a body near the earth's surface is 
attracted towards the centre of the earth. The body being 
small compared with the earth, the axes of these forces are 
parallel (or nearly so). The centre of these parallel forces is 
called the centre of gravity of the body. The centre of gravity 
as thus defined is the same as the mass-centre of the body. 
Moreover, if the maaa be uniformly distributed throughout the 
volume, it is the same as the centroid or centre of figure, and as 
the centre of mean position. 

Centre of gravity is not, however, a good term to use, since it 
denotes a point whose position depends not only on the body 
but on the earth also, whereas the mass-centre depends on the 
body alone and would remain unaltered if the body could be 
taken right away from all external forces. 

Since the mass^ientre or centre of gravity of a body is the 
point through which the resultant of the weights of the particles 
always acts no matter what the position of the body (near the 
earth's surface), the body, if supported at that point, would be in 
equilibrium. 

This consideration leads to an easy experi- 
mental way of finding the M.C. of many ^A 
bodies. Suppose a triangular board ABC 
(Pig. 275) suspended by a string attached - 
to any point .D of it; then, since only two B<^ 
forces act on the board, viz., the pull of the \_ 
string and the resultant weight, these must 
be in a line, and therefore if a line is drawn 
on the board in continuation of the string 
it will pass through the M.C. By suspending j 
the board from another point i^i and mark- 
ing the point where the vertical through iJi cuts the line already 
on the board, the position of the M.c. is determined. 

The M.C, of such bodies as cardboard or wooden triangles. 



quadrilaterals, circular sectors, ... should be determined experi- 
mentally, and the results compared with the graphical deter- 
minations. 

^Moment and Couple. The moment of a force a in AB 
about a point is the same as the momental area of the couple 
a in AB and - a in CO {where CO is parallel to AB), since both 
are given in magnitude and sense by the parallelogram OABC. 

'*<=ResQltant Couple and Momenta. Any set of forces 
(coplanar) can be reduced to a resultant force through any 
chosen point (7 and a number of couples whose momental 
areas are added algebraically to the momental are^ of the 
resultant couple. This couple has therefore a momental area 
given by the sum of the moments of the forces about 0. 

^^ Moments and EqnilibriiinL If there is equilibrium, the 
resultant force and the resultant couple must vanish for any 
point 0, hence the sum of the moments about any point must 
be zero. 

* Moments of Resultant and Components. If a system 
of forces has a resultant, this resultant reversed in sense must 
be in equilibrium with the components, and therefore the 

sum of the moments of the given forces minus the moment 
of the resultant must be zero for every point. Hence, 
2 moments of components = moment of resultant for all pointa, 

* Theory of three Moments. Any system of coplanar 
forces can be reduced to either 

(i) a resultant force, 
(ii) a resultant couple, 
(iii) or there is equilibrium. 
If, then, the sum of the moments of the forces about one 
point be zero, there is either equilibrium, or there is a resultant 
force passing through the point. (There cannot be a resultant 
couple because the sum of the moments = the momental area 
of the couple.) 
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If, then, the sum of the moments is zero for three non- 
collinear points, the forces are either in equilibrium, or there is 
a resultant passing through three non-coUinear points. The 
latter alternative being impossible the forces must be in equili- 
brium. 

UISC£LLANEOUS EZAHFLES. Tin. 

1. ABCD is a rectangle, AB^i2, £0=8. At A, B, O and D are 
■naBsea 8, 10, 6 and 1 1 Iba. Find the H.c. by the funicular polyaon. 

(B.Sc., 1905.) 

2. Prove that the Bum of the momenta at two forces in a plane about 
any point in their plane is ecjual to the mument of their resultant about 
that point. Can the conditions of equilibrium of a body act«d on by a 
system of forces in one plane be eipressed solely by the principle of 
momenta? (Inter. Sci., 1906.) 

3. What do you understand by "the moment of a force"? A down- 
ward puah of 40 lbs. acts on a 6 ' bicycle crank which is 50" below the 
horizontal poeition. What ia the magnitude of the moment produced 
about the axlH T If, by auitable ankle action, a push ia produced at right 
angles to the crank in the same position, how great must this be to 
produce the same moment as the downward puah of 40 Iba. ? 

(Naval CadeCa, 1904.) 

4. Indicate the method of finding the resultant of two parallel, unequal, 
unlike forces acting upon a rigid body. 

A uniform bar 12 feet long, weighing 56 Its., Teats horizontally upon 
two supports, one being under one end A and the other being 5 feet from 
the other end B ; supposing a weight of 10 lbs. to be hung from the end 
B, find the pressurea on the two supports. (B, of E., Stage I., 1904.) 

ft. Define the moment of a force about a point and state any theorem 
oonceming momenta. 

ABC ia a triangle with a right angle at A,ABi&2 feet and AC ia 
3 feet 1 a foroe of 6 lbs, acts from A to B and 
one of 4 lbs. from A to G ; find the moment 
of the forces about the middle point of BG. 

If the point in questdon were fixed, indicate 
on 0. diagram Che direction in which the tri- 
angle (supposed to be a lamina) would revolve, 

6, When a body capable of turning about 



• the a 



1 of t 



forces perpendicular i 

relation between these forces? (State the 

relation, no proof is wanted. } 

The disc in Fig. 276 weighs 2 Iba. and turns 
aboiit the point O. What force P, acting in 
the poaition shown, is required to hold the 
disc in the poaition shown t 

(Naval Cadets, 1903.) 





sits OD a platforj 
raiaea hiniBelf b_ ^ 
force must he exert to support himself, and how 
much work must he do to raise himself a, distance 
of 2 metres ? The weight of the man with the 
platform is 100 kilo2ramniea, and the pull at 
either end of the tackle to raise a given weight 
at the other is twice as much aa it would be 
without friction. (Military Entrance, ISOd.) 



8, An hexi^nal table, di«neter 3 ft. and weighing 60 lbs., has weightn 
5, 10, 15, 20, 25 lbs. placed in order, etc. at live of the aiigloB. Determine 
the centre of the parallel forces, and its distance from the centre of the 
table. (B. of K. II., 190*.) 

9, Mark five points in a line PQRST, the distances apart representing 
3-2, 47, 1-8, and 2-6 ft. from left to right. Through P. Q, R. S and T 
act foroea of magnitude 1510. 2150, 750, 18.30 and 1980 lbs. weight. The 
forces make angles of 16°, 50°, 80", U(f and 250° with PT reckoned oontra- 
olockwise. 

Find the sum of their moments in lbs. weight about a point U, distant 
7 ft. to the left of P. (i) by decomposing each force into two components, 
one of which is parallel to PT, and the oLher passes through the point U ; 
(ii) by finding the resultant force. 



10. On squared paper mark five points whose coordinates are (2'1, 3'3), 
(0-3, 5-21, (3-7. 2-1), (3-9, 4-5). (5-7, 0-8) inches. Masses given by linos of 
length 2-3S, l'S2, 4-16, 3-05, 2-18 oentimetres (scah) 15 cms. to 10lba.)are 
at these points. Find the coordinates of the niass-oentre by » 



CHAPTER IX. 
BENDING MOMENT AND SHEARING FORCE. 

Hooke'a Law. If a bar be subjected to tensile or com- 
pressive stress it« length changes ; the relation between the 
stress and the elongation, or compression, was discovered by 
Hooke, and is usually called Hooke's Law. The lavp is purely 
an experimental one. 

If / be the original length of the bar, T the force producing 

extension, and e the elongation, then T is proportional to -=, or 

r=X* (Hooke's Law) 

and \ is called, the modnlns of the bar. 

If A is the cross sectional area of the bar, then 



s per unit a 



and 



T 



■ r 

Jt -2^E then E is called Tonsg'B Modulns for the material 

of which the bar is made. 

An exactly similar law holds for compression. Always, then, 
if a bar is in a state of compressive or tensile stress it is shorter 
or longer than its natural length, and this stress is proportional 
to the compression or extension. 

Tor very large forces the law ceases to hold and the elastic 
limit of the material is said to have been passed. 



This law is of great importance in majiy ways; it has 
important bearinga on the stresses set up in many frames as 
well as on the bending of beams. 

Simple Cantilever. AB (Fig. 278) represents a horizontal 
beam fixed in a wall at j4 and loaded at its free end £ with a 
weight IF. (The weight is supposed so large that the weight of 
the beam itself may be neglected in comparison with it.) Consider 
the equilibrium of the part BP of the beam. It is evident that 



the force or forces which the part AP exerts on PS must be in 
equilibrium with the load W at B. Suppose the beam cut 
vertically through at P, then the forces which we have to apply 
to the out surface at P to keep PS in equilibrium must be 
equivalent to the reactions of jiP on PB. 

No single force at P can be equivalent to ^ at B; if we 
suppose a force - ^ to act at P, then PB is under the action of 
a couple whose momental area is - JV. PB (clockwise). Hence 
for the equilibrium of PB, we must apply at P an upward force 
of magnitude ^T and a couple of momental area fF. PB. The 
reaction forces of AP on PB must therefore be equivalent to 
-W 3.1 P and a couple whose momental area is W. PB. 

This is simply another way of looking at the theorem on 
p. 206, viz. a force ^ at B is equivalent to a force W a.i P and a 
couple of transference - W. PB ; it is this force and couple 
which are equivalent to the reaction forces of PB on AP. 

This theory can actually be demonstrated by connecting the 
two parts of the beam by a rod EF, hinged at its ends, (see 
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Fig, 279) and a horizontal string DC passing over a pulley G and 
bearing a load Q, whilst a vertical string at D passes over another 
pulley and bears a load R. 

When the vertical and horizontal pulls on D are adjusted so 
that BD is horizontal and in a line with C, it is found that the 
vertical pull R \a ai magnitude IV, and the horizontal pull Q 
is such that Q ^ DJ-'= W x FB. 



C C 



Since the part PB, under the action oi R, W, Q and the force 
in EF, is in equilibrium, and since H and iV constitute a couple, 
Q and the force in EF must also form a couple, and therefore 
EF is in compression and the stress in it is measured by Q. 

The upper fibi-es of the beam (Fig. 278) must therefore be in 
tension and the lower ones in compression, and hence the upper 
flbres are elongated and the lower ones shortened. The beam 
itself must therefore be bent more or less, the loaded end being 
lower than the fixed one. It is these tensile and compressive 
forces in the fibres of the beam itself that prevent further 
bending, and it is the moment of W about P which tends to 
produce the bending. Hence WxPB is called the Bending 
Moment at P. 

The upward force W at P, of AP on PB, prevents PB sliding 
downwards relatively to AP, whilst the external load fV tends 
to make it do so, hence IV is called the Shearing Force at P. 

For the portion AP on the left the sheaiing force and bending 
moment at P have the same magnitude but are of opposite senses 
to those on the right. 
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Bending Moment and Shearing Force Diagram for a 
Simple Cantilever. 

Example. A horizonUd beam is fited ire a v>all, 6ie length from 
the wall A. to the loaded end B is l^-ifi. If the load he 5-18 tons 
draw diagrams giving the bending moment and bearing force at every 
point of the beam. 

Draw AB (Fig. 280), of length 3'88", to represent the beam 
(ecale 1" to 5 ft.), and then PQ the load vector, of length 
d'lS cms. (scale 1 om. to a ton). 




Throngli P draw PO, of length 2", perpendicular to PQ. 
Through B draw BC parallel to OQ, and above AB draw a 
rectangle of height PQ {BS in Fig. 280) and base AB. 

The triangle ABC is the bending moment diagram and the 
rectangle RS is the shearing force diagram. 

The bending moment at any point S of the beam is given in 
tons ft. by ST measured on the mm. scale. 
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Draw the force and moment scales and measure the bending 
moinents at points 5-36 and 10'28 ft. from A. 

Proof. Consider any point iS* of the beam ; the moment of the 
load W at B about S is given by {Chap. VIII., p. 288) ST.PO 
where ST is parallel to A.O. 

Since PO repreaonta 10 ft., if ST" be measured on the force scale, 
i.e. in centimetres, and multiplied by 10 the result will be the 
bending moment at S in tons ft. 

Hence, wherever S may be in AB, the vertical intercept ST 
of ABC gives the bending moment (b.m.) in tons ft. 

Again, since the load to the right of S is always PQ, the 
shearing force (r.f.) is constant and, therefore, the diagram for 
all points is the rectangle US. 

At iS the part on the left tends to slide upwards relatively 
to the part on the right and we may regard SR as being drawn 
upwards to indicate this. If w6 wished to indicate that the 
part on the right tends to slide downwards relatively to the 
left part then SR would have been drawn downwards. 

Authorities differ in this matter. In Cotterill's Applied 
Mechanics the s.F. ordinate, at any point, is set upwards when 
the part on the left tends to slide upwards relatively to the 
right hand part and is set downwards in the other case. In 
the article " Bridges " in the Encf/rhpcedia Britannka, on the other 
hand, the ordinate is set upwards or downwards, at any point, 
according as the right hand portion tends to move upwards or 
downwards relatively to the left. 

Fig. 381 is an example of Cotterill's method of construction, 
Fig, 282 an example of the Encydi^cedia method. With the 
exception of Fig. 282 we shall adhere to the former way, i.e. to 
Cotterill's method. 

B.U. and S.F. diagrams for a beam freely supported 
at the ends and loaded at any one point. 

Example. A beam LM (Fig. 281), of length 2I'5/i!., is svp- 
ported freely at Us ends in a horizontal posUinn. It is loaded with 
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a weight W (3470 V>s.) at a jmnt distant 13-2 Jrom L. Draw the 
bending vwmeht and shearing force diagrams. 

Draw LM to represent to scale the beam length, and mark the 
point N on it whore the load acta. Choose a pole P for the 
vector polygon at 10 unita of length from the load vector AB. 
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Draw the link polygon and close it ; in the vector polygon draw 
f parallel to the closing line, so that OA is the reaction at L, 
and BO that at M. 

At iVj a point on LM. where LJVj = 7-73 ft., draw a vertical 
cutting the link polygon in 8 and T. 
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Measure ST on the force scale and multiply by 10, this product 
is the bending moment at JV, in lbs. ft. Draw a scale of bending 
moment* and measure the moment at a point distant 15-7 ft, 
from L 

Draw a horizontal line UV between the reaetion lines at L and 
M, V being vertically below M. Set downwards VV^ = Oh, and 
upwards ITV-^ = 0A. 

Complete the rectangle VV^XTJ-JJ as indicated; this is the 
shearing force diagram. The shearing force at any section is 
the ordinate of this diagram reckoned from UV. 

Vroot. Suppose the beam cut through at N^, then the external 
vertical force acting on ii\r, is OA, and on jV,^ it is AO, hence 
the part £iV, tends to slide upwards relatively to NiM. 

To keep N^M in equilibrium, we must replace OA at L by 
OA at N^ (the shearing force at N{) and a couple whose momental 
area is OA . LN^. Since this momental area is measured by the 
moment of OA about N-^ it is given by ST and 10 . ST measures 
the moment. 

Similarly, to keep LN^ in equilibrium, we must replace AB at 
N and BO at jtf by AB + BO ( = A0) at jV;, and a couple of 
momental area AB . N^N+ BO . N^B, i.e. by a couple whose 
momental area is the sum of the moments of AB and BO about 
J\^j, and this moment is measured by 10 . ST. 

Hence, before cutting, the material of the beam at JVj must 
exert shearing stress given by AO or OA, and stress couples 
whose momental area is measured by 10 . ST. 

The shearing stress prevents the shearing of the beam at N■^, 
LNj upwards N^M downwards ; the stress couples prevent the 
part NjM rotating con traclock wise, i.e. prevent N^ sagging. 
Hence the measure of the momental areas of the stress couples 
at iVj — which prevent the beam bending— is 10 . ST. 

Similarly, the shear stress at JV, is measured by OA. 

The maximum bending moment is at iV, where the load is, the 
shearing force is constant from X to JV, changes suddenly at N 
and is constant again from iV to if. 



However complicated the loadiTig on a beam or girder, the 
proeeas for iiiidiiig the shearing force and bending moment at 
any Bection ia similar to the above. 

Dbfinitiox. The shearing force (ST.) at any section is 
defined as th:e sum of all the external forces perpendicular to 
the beam on one side of section, uid is considered positive when 
the right-hand part tends to move upwards relatively to the 
left-hand part. 

Definition. The bending moment (E,M.) is defined as the 
snm of the moments of all the external forces perpendicular to 
the beam on one side of the section, and Is considered positive 
when the right-hand part tends to rotate or band contrs- 
dockwiae. 

B.H. and B.F. Diagrams when there is more than one 
Load. 

Example. A bridge 80 ft. long is supported fruly at Us ends. 
The leading pair of wheels (centre line) of a locomotive and tender is 

15 ft. from one mpport (abutment) of the bridge, the distances apart of 
the centre lines of the wheels are 10' 5", 8' 9", 10' 8", 6' 6" and 6' 6", 
reckoned from tiie leading wheels. The loads borne hy the wheels are 

16 tons, 17 l<ms, 16 ttms, 10 tons 7 cwts., 9 Urns, 9 loas. The engine 
and tender being wholly on the h'idge, draw Hie B.M. and S.f. diagrams. 

Set off the load vectors AB, (Fig. 282), BO, OD, DE, EF, TO 
to scale. Choose a convenient pole P and draw the link polygon 
as usual. Close the link polygon and draw PO in the vector 
polygon parallel to the closing line. The intercept on any vertical 
line between the first and last lines of the link polygon gives the 
sum of the moments of all the external forces, including the 
reaction, on either side of the vertical line. 

Hence the link polygon gives the b.m. at any point of the 
bridge. In this connection the closed link polygon is called the 
bending moment diagram. 

In Fig. 282 the pole P ia taken as four units of length from 
AG, and hence the B.M. diagram must be measured on the force 
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scale and the measurement multiplied by 4 ; this j^veB the B.H. 
in ton feet. 

Draw a horizontal line ^Kfor the datum line of the shearing 
force diagram. At Y set VZ upwards (see p. 311), equal to GO ; 
at Yj on fy set upwards Y^Z^ = F0; at Y^ on ef set upwards 
Y^^ = EO; at Y^ on dc set upwards Yf^Z^= DO; at X^ on cd set 
downwards X^W^ = OC; at X^ on 6c set downwards X^W^=BO; 
and at .^^ on abse.t downwards Xj^ji-^O. 




Complete the zig-zag ZZ^Z^^XjW^W.^W^ff^ ; it is the shearing 
force diagram. 

Evidently, for the space g, the shearing force is GO=YZ, for 
the space / the sum of the forces to right is FO + 00, and the 
shearing force ia FO, and so on all along the bridge. 

It will be noticed that the maximum bending moment is along 
cd, and the maximum shearing force ia through the space a. 

(1) A horizontal beam fixed in s, wall projeoU 12 ft., and it is loaded at 
its far end witli 500 Ibe. Draw the B.H. and s.K. diagrams and measuri) 
the B.M. and s.F. at a point diatant 4 ft. from the wall. 

(2) A oantQever, whoae horizontal distance between the free end and 
the point of support is 2S ft., ia loaded at distances of 5, 10, 16 and 25 ft, 
from ite fixed end with 500, 300, 700 and 1000 lbs. weights. Draw the 
diagrams of fi.M. and 3.F., and measuro these qiiantitica at distances of 8, 
15 and 20 ft. from the fixed cud. 
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(3) A beam of length 30 ft. is supported freely nt its encU in a horizontal 
poaicion. Loads of 1, 2'5, 3, 2 tons weight arc applied at distances of t>, 
10, 20, and 25 ft. from the left-hand end ; the beam ia propped at the 
centre, the upward thruat there being equal to a force of 1 '8 tons. 

Draw the e.m. and a.F. diHgrama and measure the b.M. and B.r. at 
distances uf S and 20 ft. from the left-hand end. 

Bending Moment for non-parallel Forces. In aucli cases 
the forces must be resolved into componentB along and per- 
pendicular to the beam. The former tend to elide the beam 
off the supports, consequently the beam must be fixed at one 
end (say by a pin-joint) and supported at the other. The com- 
ponents perpendicular to the beam are alone considered as 
producing bending moment 

It is not necessary, before attempting to draw the B.M. dia^am, 
to find the reactions at the supports ; the B.M. diagram itself deter- 
mines the componente perpendicular to the beam. 

(4) A horiiontal beam PQ, ot length 25 ft., is pin-Jointed to a support at 
P, and rests freely on the support at Q. Forces of 2500, 2000, 1500 and 
3000 lbs. weight act at points distant 5, 13, 18 and 20 ft. from P, and arc 
inclined to the vertical at angles of 15°, 30°, 60° and 45° towards Q. Draw 
the B.M. and s.f. diagrama, and measure their amonnts at points distant 
7 and 19 ft. from Q. 

(5) A beam PQ, of length 18 ft., is pin-jointed to a wall at P and 
supported at Q by a chain o[ length 27 ft. which is fastened to the wall 
at a point R, vertically P, and distant 12 ft. from it. Loads of 1, 1 -2, 23 
and I'S tons are hung at equal intervale along PQ. Draw the b.m. and 
S.F. diagrams. 

Reactions non-terminals Occasionally it happens that the 
order in which we have to draw the vectors in the vector 
polygon, to determine the reactions of the supports on the 
beam, is different from the order of the points on the beam 
at which the forces are applied. In such problems it is necessary 
to take care that the links of the link polygon, or B.M. diagram, 
are drawn between the proper lines. If the diagram is too com- 
plicated to be read easily the vector polygon must be re-drawn, 
BO that the vectors follow in the order of the points. 

Example. PQ (Fig. 283) is a harizmtal beam of length 25-3 /(., 
i^ is pin-jointed at P, and rests <m a knife edge at E, and is partli/ 
supported by a rope fastened to it at Q. The rope QU /oases over a 
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snwolk paUet/ at U, vertically above P, and a weight IV is aClacked to 
the end. The beam being loaded at S,T and Y, required io find the 
leadiitg moment and shearing force at any point. 

FQ=25-3 ft., PW^U-l ft., PS=4'36 ft, -P2'=10-5 ft., 
P£ =.19-7 ft., PF= 32-2 ft.; the loads at S, rand Tare 1650, 
1890 and 1340 lbs. weight, and the weight suspended at the 
end of the rope is 3740 Iba. 
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Draw the vectors of the loads at S, T and V, viz. AB, BC and 
CD; then DE^ (E^ is not shewn in Fig.) parallel to QU for 
the tension in the rope. Project horizontally E^ to E on AD. 
Notice that the space e in the beam diagram must go from T 
to F". Take the pole of the vector polygon 10 units of length 
from AB. Draw the link polygon P,.% parallel to OA, SyT-y 
parallel to OB, T.J^.y (through whole space c) parallel to OC, 
y^Qi parallel to OD, Q^Ri parallel to OE (so that the space e 
must be considered as going from QQ^ round the top of the 
beam to the vertical through li). Close the link polygon by 
PjSj and draw OF in vector polygon parallel to it. Then BF 



is the reaction at R, and FA the vertical component of the 
reafltion at P. (The space / must be considered as going round 
from PP-y over the lieam to the vertical through R.) 

The vertical intercepts of PlS■^T■^V-^Q^B■^ give the bending 
moments in lbs. ft. when measured on the force scale and 
multiplied by 10. 

For the 8.F. diagram set . downwards from PQ aX, Q a. 
distance = Z>E, at f a distance = Ci', &t R b. di8tance=fCj at 
T set upwards a distance = 5f and at S, at distance AF, 
complete the rectangles as in the figure. The vertical intercept 
at any point between PQ and the thick horizontal lines gives 
the s.F. at that point. 

As regards the b.m. ; the fact that D^R^ ia (if we start with 
OF in the vector polygon) the first and the last line of the link 
polygon, and yet for the space RQ we measure intercept from 
R^Qi is perhaps a little difficulty. The difficulty is due to the 
links not being drawn in the order of the points. When we 
come to the right of R the intercept between Pj.fi, and T^V^ 
does not take account of the B.M. due to the reaction at .fl, but 
the intercept between R^Q^ and P^Rj (produced) does so, and, 
since, coming backwards from the right, Q^R^ is before Pilty, the ! 
intercepts have to be added. i 

It is, however, clearer to redraw the latter part of the link j 
polygon by taking the forces in order. Letter the spaces 1 
between R and V, fand Q, d^ and e-^, respectively, and the space j 
c will now end at R. \ 

In the vector polygon, from C draw CD-^ upwards, equal to 
the reaction at if, viz. EF; from D^ set D^^E^ downwards, equal 
to the load at f ( = OD) ; then E-^F is the vertical reaction at Q. 
The vector polygon is now FA, AB, BC, CV^, DyE^ and E^F. 
The link polygon is as before up to the space d-^ ; T-^V^ stops at 
B^ ; the next link through the space d^ is R^V^ parallel to OD^ ; 
and then V^Q^ through e, is parallel to OE^. PjQ^ should be the 
same line as /'jfl, if the construction ia accurate. The B.U, 
diagram is now P^S^TyR2F2Q.^J. 
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i.F. at diatianceB of 12 and 21 ft. 



What are the B.M. and 
fromP? 

{6} The span of a. roof truns ia 40 ft. : three equal loads are placed at 
equal iDt«rvals of 10 ft., each load being l*? tuna weight. The resultant 
wind pressure on the roof ia equal to a foroe of 1 ton. and makes an anele 
of 45 with the horiiOnt*l, and its line of action passes through the 
mid-point of the line joining the points of support. The roof being 
supposed pinned at the end facing the wind and freely supported at 
the other, draw the diagram of the B.M. and a. P. for the forces perpen- 
dicular to the line joining the points of support. 



(7) Find the b.h. and s.F. diagrams for the 
verUcal post of the derrick crane in Fig. 284, 
due ta a load W {3 tons) suspended at A. 
Length of jib AC-IGS ft., length of tie rod 
^S=14ft.,S(7=10ft., BB=30 ft. Thepost 
is kept vertical by a smooth collar at D and a 
cup-ahapi ' > - - " , ^„ . - 



laped socket at E, and DE=i ft. 




Fio. 281. 



(8) Find the b.m. and s.F. diagrams it the chain supporting Wis carried 
over a smooth pulley at A, and is fastened to the post at F the mid-point 
of BG, and the collar at D is replaced by a tie rod at Zlj, sloping dijwn- 
wards at an incline of 30°, ED^ = 12 ft. 

(9) Find the b.m. diagram in Ex. (8) if the toad is suspended from a 
point A^ in BA produced, where BAi — 17 ft. 

Beam uniformly Loaded. 

Example. A beam 20 /(. lung is uni/ormli/ loaded with 50 lbs. 
per fool run; draw the shearing force and beniiing moment diagrams, 
the beam being supported at its ends. 

Draw a line PQ, 20 ems, long, to represent the beam ; draw a 
vertical upwards from the beam 1" long to represent the load per 
ft. run. Complete the rectangle of base 20 cms. and height 1". 
The area of this represents a load of 20 x 50 lbs, weight. 
Divide the rectangle into ten equal parts. Suppose the load on 
each of these jtarts concentrated at its M.C. 

The reaction at emh end is 500 ll>s. weight. 



Draw the link polygon for loads ea^h of 100 lbs. weight 
concentrated at the M.C.'b of the rectangles. 

Then draw the B.M. diagram. This diagram gives only 
approximately the B.M, at the various points, because the real 
loading is uniform and not ten equal detached loads. But, the 
vertices of the diagram are points on the true b.m. diagram. 
For consider any point X on one of the M.C. lines on the beam, 
the bending moment there = moment of reaction at P - 2 momenta 
of all the weights along PX. This last quantity is equal to the 
weight of PX multiplied by the distance of its M.c. from X, 
which is the sum of the moments of the partial system; and 
this difference ia exactly what the b.m. diagram does give. On 
the other hand, for points between two of the M.c. lines, the 
diagram ia wrong, since it neglects the load between them. The 
true B.M. diagram is a curve passing through all the vertices of 
the constructed diagram. Draw a smooth curve through the 
vertices and meaaure to scale in Iba. ft. the b.m. at points distant 
3, 11 and 15 ft. from one end of the beam. 

To draw the shearing force diagram. At Q, the right-hand 
end point of the beam, set downwards QQ^ representing 500 lbs. 
to the proper scale. Join Q, to the mid-point of the beam and 
produce it to cut the vertical through P. This line, with the 
datum line PQ, forms the shearing force diagram ; for the S.F. 
must decrease uniformly from 500 Iba. weight at 5 to zero at the 
centre. 

Beam contluiioiisly but not tmiformly loaded. The 

method of the previous section applies to this case also. 

Example. A hmi^onld beam PQ (Fig. 285) supported at the 
ends is cffniinu&asly loaded, the load per foot run at any point being 
given hy the ordinates of the triangle PQC. Find the S.F. and B.M. 
diagrams — th€ scale of the figure being korizontally 11" fo 100 ft., and 
vertically 1 cm. to 0'5 Ions per ft. run. 

Divide the load curve into eight equal parts ; find the 
vertical M.C. line of each part, and the load represented by the 
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area of each part. Set these off to ecale and draw the vector 
and link polygons as usual. Draw a curve through the vertices 
of the link polygon— this curve will be approximately the B.M. 
diagram. 



Draw ordinatea for the shearing forces at the end points of 
the sections from right to left, and draw a smooth curve through 
their end points. 

(Remember that the s.F. diagram is such that the ordinate at 
any point gives the sum of the forces on one aide of the beam.) 

(10| Draw the B.H. and B.F. diagmms for a horizontal beam fixed in a 
vertical wall aod prujocting 25 ft., the load being uniform and 600 Iba. 

(11) Draw the b.m. and a.r. diagrams for a cantilever due to its own 
weight and a load of 3 tons at its end, the length of the cantilever being 
30 ft. and its weight 100 Iba. per ft. run. (Draw the diagrams aeparately 
and add the ordinate.) 

■ (12) The length of a W»m ia given by PQ {7") (scale 1" to 8') the load 
per toot run is given by the ordinatea from PQ to a circular arc on PQ, 
the maximum ordinate lieing 4 cms. (scale 1 om. to 05 ton per ft. run). 

Draw the b.m. and s.F. diaenima and measure the B.H. and s.F. at points 
distant 21 and 15-3 ft. from the oentro. 

(13) Draw a right-angled triangle ABC having BC horizontal and 
ot length 6-72", and BA vertical of Jcngth 4;3". I*t BC ropreaent the 
lensth of a cantilever from the fixed end B to the free end C, scale 1" to 
10 ft. Let the ordinate of the triangle at any point M of BC represent, 
to the scale of 1 cm. to 100 lbs. weight, the load per foot run there. Draw 
the diagrams of the bending moment and shearing force. 

TraveUing Z>oadB. We have now to consider how the b.m. 
and 8.P. at any point of a beam, bridge, or cantilever changes as 
one or more loads travel along it Many structures of large span 
are now made with cantilevers connected by comparatively short 
girders ; perhaps the best example of this kind of bridge is seen 
in the Forth railway. The whole bridge consists of two spans of 
about 1700 ft. each, two of 675 ft. each, fifteen of 168 each and 



five of 25 each. For the main spans there are three double 
cantilevers, like scale beama, on supporting piers, and these 
cantilevers are connected by girders each 350 ft. long ; the 
length of the double cantilever is 1360. For such massive 
cantilevers as those of the Forth bridge, the B.M. and S.F. 
due to the travelling train are small compared with those due 
to the weight of the structure itself. 

As the B,M. diagram is more easily constructed for a canti- 
lever than for a girder, it is advisable to commence with the 
consideration of the former. 

B.M. and S.F. Diagframs for a TraTelling Load on a 
Cantilever. 

Example. A cantilever is of length 250 /(. from pier to free end. 
Required diagrams giving the b.m. and s.F. ai any pmnt as a load of 
17'3 Ions travels from the free end towards the supported pier. 

In Fig. 286 PQ represents the length of the cantilever, Q 
being the free end, L the given point at a distance of 87 ft. 
from P. 

AB is the load vector. Suppose the load at Q. Choose a pole 
at a convenient distance from AB. Through E, a point on 
the vertical through L, draw RQ.^ and RQ,^ parallel to OA and 
OB. Then Q^Q^ gives the moment at L of the load at Q. When 
the load ia at S, the intercept SjS^ on the vertical through S 
gives the B.M. at Z, ; hence, BQ^Q^ gives the b.m. at L for ail 
positions of the load between L and Q. 

When the load passes L the b.m. vanishes. 

The shearing force at L is constant for all positions of the load 
between L and Q ; when the load passes L, the s.F. vanishes. 

At all points, therefore, the maximum 9.F. is the same and 
is equal to the load. 

To find the b.m.'s for points other than L we have only to 
notice that moving L to the left is equivalent to moving Q an 
equal distance to the right. Through any point B on the 
vertical through R, draw RP^ and BP^, parallel to OA and OB 
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and cutting the vertical through Qin Pj and P^. The triangle 
PjflPo gives the B.M.'a at /* as the load travels from Q up 
to P. For a point L, distant x to the right of P, mark a point 
L, X to the left of Q, and draw the vertical L-JJL^ ; then L^RL^ 
is the B.M. diagram for L as the load moves from Q up to i (i.e. 
in new figure from L' to P). 




(15) Find the nutximnm bendinc 
and P. Set up, at theae points, ordii 
moments to wx^e, and thus lind the cu 



1 points between Q 
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*B.H. Diagram for Several TraveUing Loads on a 
Cantilever. 

Example. Loads of 3, 5-2, 4-7 ami 3-3 Ions weight (ravel almg 
a cantilever of length 57 /(. The distances apart of Ihe loads hang 
5-3, 77 awl 5-3 /(. from the foremost load of 3 ions bachwards, 
deiermine ike b.m. and s.f. at any point as the loads travel from the 
free end v,p to the supporting pisr or waU. 

Draw a line PQ (Fig. 287) to represent the length of the 
cantilever having Q for the free end, and mark the point L on 
it where the b.m. is required. PL represents 15 ft. Choose a 
pole at, say, 10 iinit^of distance froni the load vectors AB ... E. 
Draw the axis ab of the load AS in its farthest position from L, 
and then on the other side of L draw axes 6|e,, C|rfj and d^e^ at 
the proper distance of the loads apart from the axis through L 
(i.e. draw the axes as if the leading load was at L, and the loade 
were travelling towards Q). 

Through any point Ai on the axis ab^ draw A-^X^ parallel to 
AO, and A^X^ parallel to BO. Produce the latter line back- 
wards to cut 6|'\ in Bj ; from B^ draw B^Xg parallel to CO ; 
produce this line backwards to cut Cjrf, in C^ and draw CjX^ 
parallel to OD; produce this line backwards to cut d^e^ in i>,, 
and draw D-^X^ parallel to OK. 

Then X^X^D^C^B^J^ is the am. diagram for L as the leading 
load travels from Mj(ab) up to and past L, and the last load 
comes up to L (the first load being then at M^). 

When the leading load is at M^, the b.m. is given by X^X^ ; 
when at M^ it is given by Kj Y,^ ; when at Jl/j by ZgZ^ ; and when 
at M^ it is zero. 

Proof. Since A^X^X^ is similar to OAB, the vertical intercepts 
of the former give (p. 322) the b.m. at L due to the first load as 
it travels from M-^ up to L. 

Again, B^X^g is similar to OBO; and since the distance from 
b^c^ to ab is equal to that between L and the second load when 
the first load is at M^, the vertical intercepts of B^X^X^ must 
give the b M. at L due to the second load, as it travels from k 
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up to L. A similar argument shews that CiX^^ and D^XfX^ 
give the b.m. due to the third and fourth loads, as these loads 
travel from their initial positions up to L. 



M. P M. L M. M, 




Since on passing L the load ceases to have any B.M. at L, the 
sum of the vertical intercepts of these triangles must give the 
total B.H. at £ as the loads travel. 

(16) Find the bending moment in tons ft. when the leading load ie at 
{1)21-5, (2) 11-8 ft. from L. 

(17) Shew how to find the B.M.'s at £ as the leading load travels from Q 
to JU, (the loads may lie supposed travelling from a seooncl cantiluvor over 
a, connecting girder to Ihu one under c<msi deration). Find the B.M. in 
tons ft. when the loading load is 1-2, 141 and 16 ft. fnmi Q respectively. 

To find the B.M.'s at points other than L it is not necessary to 
draw a fresh b.m. curve, because the lines A-^X^, B^X^ ... are all 
fixed relatively to one another ; and, therefore, instead of moving 
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L, it is sufficient to move the line -^jXj. Thus, supposing the 
B.M. diagram for the travelling loads are required for a point 
10 ft. to the right of L, then X^X^ must bo drawn 10 ft. to the 
left of M^ ; if for a point 10 ft. to the left of L, XyX^^ must be 
drawn 10 ft. to the right of M-y, and the lines A-iX-^ ... produced 
to cut it. 

The matter is thus mainly one of relettering the diagram 
originally drawn. Change L to P (the fixed end of the canti- 
lever) and move A/, to the right a diatance LP, and change the 
letter to P, Produce all the lines A^X^, B^^X^ ... D^X^ to cut 
the vertical through P in P-yP^ ... Py Then Pi^j£, ...P^ is the 
B.M. diagram for P as the last load moves from the free end up 
to the fixed end. For any point L, distant x ft. to the right of 
P, draw a vertical through L', x ft. to left of P and cutting 
A,Xj, BiY3...inLiI^...L^; then LiAjB,CjDiL^ is the b.m. for 
i (at P) as the last load travels from the free end up to L. 

(18) Find the moiiroum b.h.'b at pointB distant H. 10, 15, 20, 26, 30, 35, 
40 ftnd 45 ft. from tlie pier, and diuw the raaxiinuni b.m. ourve. 

(19) Draw the shearing foroe diagram for the point L as the loads travel 
up to and past the point. 

(Up to the leading load being at L the S.F. is AE; immediately it passes 
L, the s.F. drops to BE and so on.) 

(20) Loads of 10 tona 17-5 owts., 10 tons 17-5 owts., 19 tons, 19 tons, 
12 tons, 12 tons 5 owts. and 12 tons 15 cwta., due to an engine and tender, 
travel from a girder over a cantilever of length 150 ft. (from free end to 
pier). The distance apart of the loads from the leading one backwards 
are 6' 6", S 9", 10', 8' 7-25", 9' 9" and 6' 9" respectively 

Draw the diagram of the b.m. for a point distant 25 feet from the pier as 
the engine and tender travel over the cantilever. 

(21) Alter the lettering bo that the diagram will give the b.m's. at any 
point of the cantilever, and determine the b.h. at points distant 50 and 
75 ft. from the pier when tlie leading whoola of tho engine are at 110, 100, 
90, 75, 50, 10 and 5 ft. from the pier. 

Travelling Loads on a freely supported Bridge. 

Example. AB (Fig. 288) is a beam freely supported at its ends. 
A load W trmeh from A to B ; reqmred tlie b.m. at any point Q for 
every position V of ike load W. 

The reactions R^ and iJj at A and B, due to If ittP, are given 
by B^.AB=W.PB and B^.AB=W.AP, 
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and the bending moment at Q is 



n 



w 



Now suppose W at Q, then the reactions fi,' and B^' are given 

by 

R^.AB^W.AB and R;.AB=W.AQ, 
and the bending moment at P is 

B^.AP—^.AP.QB. 

Hence (Ae b.m. id (^ due to ^ load V! at V is the same as the b.m. 
at P due to the load V/ at Q. 

B.U. and S.F. Diagrams for a Travelliner X>oad on a 
freely supported Bridfre. 

Example. A fwrizonial beam AB (Fig, 289), of length bOfl., is 
freely swppoiied at Us ends ; a load of 3'38 tms travels from A to B; 
required diagrams gimng the B.M. and 9.F. ai apoittt Q (QB = 16'4/(.) 
for all positions of the load. 

Draw the b.m. diagram for a load of 338 tons at Q, and 
through any point F in AB draw a vertical PP^^ cutting the 
B.nt curve at P^ and P^. Then the intercept P^P^ gives, to 
scale, the b.m. at Q due to the load 3-38 tons at P. 

Set upwards from A, to scale, .^6'=the load, join BC cutting 
tha vertical at Q in Q,. From A draw AQ.^ parallel to BQ-^ 
cutting the vertical at Q in Q.,. Then A Q.^Qj B is the s.p. diagram 
with AB as base line. 

The vertical at P cuts the diagram at P^ , and Pi', measures the 
S.F. at Q due to the load at P. 

Ftoof. That for the B.M. has already been given. 



328 GRAPHICS. 

For the s.F. we notice that when the load at P is between 
A and Q the S.F. at Q is the reaction at B, and when P is between 
Q and B the s.F. at Q is the reaction at A. 

If ^ is the reaction at A when the load is at some point P' 
between Q and B, then R^.AB=fF.FB 

.-...,. at «-/;.- K-JI-B-^; 

hence PP-^' measures to scale the s.F. at Q, and therefore the s.F. 
at Q, when the load is between Q and B, is given by the ordinate 
of the diagram BQQi. 




Similarly, if the load is at P between A and Q, and i 
reaction at 5, B,.AB=fF.AF; 



I is the 



^AP 



,^PP, , 



.-. S.F. at e = S2 = »'^=»^^^', (sincere,, is parallel to .B(?); 

therefore the s.F. at Q, when the load is between A and Q, is 
given by the ordinate of the diagram AQ^Q. 
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Immediately before F comes up to Q the s.F. Is QQ^, and 
immediately after it is QQ^ . 

The maximum s.P. is therefore immediately before the load, 
travelling from A, comes up to Q. 

The maximum B.M. is when the load is at Q 

(22) What are the fl.M. and s.F. at Q when the load is at P and 
(i) AP=25-7ft., (ii) .^P = 41-6ft. 

Carre of Maximum Bending Moment for a Travelling 

Load. To find the maximum bending moment for other 
positions of Q, it is not necessary to redraw the whole bending 
moment diagram. A new closing line only is wanted. 

Keeping the pole fixed, the lines R^Ii^ and M^R^ (Fig. 290), 
being parallel to OX and OY, must always have the same 
directions, and hence, instead of supposing Q moved relatively 
to A and if, we may suppose A and £ moved relatively to Q. 




Suppose the maximum bending moment were required at a 
distance x from J. Set off QA^ = x from Q towards A and 
malie AyB^ = AB. Mark the points S^ and S^, where R-^R^ ^""^ 
R^Ri cut the verticals through A-^ and B■^, join iS'jSg cutting 
the vertical through Q in S. Then SR^ gives the maximum b.M. 
at a distance x from A. 

(23) Find the maxitniiin bending moment due tu the load at points 
distant 5, 10, 15, 20, 26. ... , 45 ft. from A (Fig. 2H9). Set up at these 
points ordinates giving the maximum B.M.'s to scale and join them by a 
smooth ourvu, whinh must evidently pass through A and B This curve 
■ " — , curve for a single travelling load. 
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*B.M. due to seTeral Travellinff Loads. 

Example. To find the B.M. at any point of a bridge,' freely 
supported at Us ends, as are engine travels from one end {abvJment) 
to the other. 

A bridge is 50 ft. long and an engine travels over it ; draw a 
diagram giving the B.a. at the mid-point of the beam for all podlitms 
of the engine whilst wholly on, the bridge. The load on the leading 
wheels is 17 tons 18 ewts., and on the fdlmoing ones 19 tons 16 cwts., 
19 tons 16 cwts. and 17 tons respectively. The distances between the 
centre lines of the wheels are, from rear to front, 8' 3", 7' 0" and 
9' 0" respectively. 

Draw the bridge length, ^^(Fig. 291), to scale and mark the 
load lines when the engine is in one definite position, say with 
the centre of the trailing wheels 3'7' from the left abutment 
Draw the load vectors ABODE and take a pole P at a convenient 
distance. Construct the link polygon Bi^RJi^R^E^R^ in the usual 
way, close it by the link R^B^, and draw in the vector polygon 
PO parallel to Bf,R^- Mark the point R where the first and last 
lines of the link polygon intersect. Bisect R^R^ at M; mark the 
point Mj on RR^ so that the horizontal distatice between R and M^ 
is half the span (25 ft.) ; join M and M^ and produce both ways. 

From the line ab mark off to the right horizontally a distance = J 
span and determine a point L; similarly, from de mark off 
horizontally to the left the same distance and determine a point 
K; draw verticals through K and L; then the figure between 
these verticals, MM^ and R^R.^.-.R^, is the bending moment 
diagram for the mid-point of the beam, from the trailing wheel 
leaving X to the leading wheel reaching Y. 

Maximum Bending Moment at tlie Oentre. An in- 
spection of Fig. 291 shews that M^B^ is the greatest value 
of the B.M. and this occurs when the third wheel of the 
engine is just over the mid-point of the bridge. 

When the leading wheel is over the mid-point, the B.M. is 
given by I^^B^ ; when the trailing wheel is over the mid-point 
the B.M. is given by M^R^ ; and so for all positions of the engine. 
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,0, 0-0' O'^ 
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(24) Find tlie B.U. diagram for a point distant IS ft. from the left 
abutment, 

Mark the point on X Y, project vertically to EgE, cutting it ni S, from 
S go borizontftlly 35' and then vertically to S, on FH,. Join SS^ ; then 
the vertical distiinceB between SS, and B|,ftj . . . flj give the b. m. at the 
point required. The horizontal distances between which this will bold 
are 15 ft. lo the right of al> and 33 ft. to tha left of de. 

(25) What is the maximum b.u. at this point T 

If the pole P be kept fixed, then, whatever the position of the 
engine on the bridge, tho link polygon RiIt^R^^ and the lines 
IiE^ and IiE^ will be in exactly the same relative positionB. The 
only things that alter as the engine moves are tho reactions at 
the ends, which alter the direction of the closing line li(jR^. 

Instead, therefore, of supposing the loads to move, we may 
suppose the supports moved. Thus, t« get the second pair of 
wheels cd over a point Q (distant x from X) of the bridge, we 
have only to set off a; to the left and 50 - a; to the right of of, and 
the points ao determined are the new position X^V^ of the 
support*. The verticals through X^ and F, out RqR and RR^ 
in, say, ffj, and G^, and ff^ff^ is tho closing line. Gf^G^ cuts cd in 
flj, say, then Gjfig gives the B.M. at cd (which is now the 
vertical through Q). 

Now Gg divides ftjOj in the ratio x:50-g^ If, therefore, we 
could find the locus of the points dividing the closing chords in 
this ratio, we could read off at once the vertical distances between 
the locus and R^R^ ■■■ R^, giving the B.M. at the point required 
as the engine travels along the bridge. This hats w a straight line. 

(26) Find the closiiiu linee of the b.h. diagrams for points distant 10, 
20, 30 and 40 ft. from A, and measure the maximum B.u. at those points, 

(27) Set upordinates at points along X I' corresponding to the maximum 
B.M. 'a determined, and join the end points by a straight line. It is the 
maximum b.h. diagram for all points on the bridge, as the engine, being 
wholly on the bridge, travels from left to right. 

*A straight line of variable length moves so tiiat its end 
points describe straight lines, the ratio of the distances moved 
through b7 these end points being constant, the locus of the 
point dividing the moving line in a constant ratio is a stnii^t 
line. 
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Aflfij and Gffif^ (Fig, 292) are any two positions of the moving 
line. 

S divides ifoB^ in a given ratio. 

Join ffoSj, and draw SS^ parallel to Gf^R^ cutting Gf,R^ in S^, 
then draw SjS^ parallel to R/f^ cutting GgG^ in .%. 

Then, since M=^o_^i = ^^ 



Fio. i9i. 
iSj must divide G^G^ in the given ratio. 
But SS^ bears a fixed ratio to G^^, 
and SjSj „ „ G^^ ; 

.'. -^L. is constant it ^^ is constant. 

Also the angle 'S^j^i'^ '^ equal to the angle at B, and is there- 
fore constant. Hence, whatever the position of S, and S^, the 
triangle SS^S^ retains the same shape ; the angle S^Sj is 
therefore constant ; and since SSj is always parallel to jK^iJ, S^ 
lies in a fixed direction from S, i.e. the locus of S^ is a straight 
line through S. 

Referring back to the b.m. diagram, we see that this locus 
may be drawn by finding out where it cuts I!(,E or E^R, and 
Joining the point so determined to the given point in RqR^- 

When Gg comes to R, then G^ must be 50 ft. horizontally 
to the right of B, and hence where the locus cute RR^ is deter- 
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rained by dividing RG^ in the given ratio. Since, for the special 
ease drawn, the ratio ia unity, S h a.t M and S^ is at M^, where 
the horizontal distance between M and A/j is 25 ft. 

Similarly, if the point, for which we want the B.M. ia at a 
distance x from the left-hand abutment, then, when G,, comes 
to B, ffj raust be 50 ft. horizontally from R, and the point 
required must be x ft. from E (horizontally) ; hence set off x 
ft horizontally from R, and project vertically down to BB^. 

As regards the limits within which the straight line Iocub 
is available, we must remember that unless all the loads are 
on the bridge, the link polygon will not be the same. When 
the leading wheels come to the right-hand abutment, i.e. when 
the right-hand abutment is at de, the point distant x from the 
loft-hand abutment will be 50-3; from de, and when the last 
pair of wheels is just on the left-hand abutment {Le. when the 
left-hand abutment is at oi) the point required is at z ft. to 
the right of ab. 

When only part of the train is on the bridge, only the part 
of the link polygon corresponding to the load aetually on the 
bridge must be taken. Thus, if the leading wheels have passed 
the right-hand abutment, R^B^ is the last line of the vector 
polygon, and the lino joining Eg to the intersection of BgB^ 
and eo is the closing line. Similarly, if the first two pairs of 
wheels have passed the right-hand abutment, B^Rg is the last 
link, and the line joining R^ and the point of intersection of 
.fij^fij and eo is the closing line. 

By dividing these closing lines in the ratio k to 50 - a^ points 
on the locus from which the b.M.'s are measured may be found 
for the various cases when all the engine is not on the bridge. 

*3.T. Diagram for more than one TraveUing' Load. 

The S.F. is determined at any point when we know the closing 
line of the link polygon. 

Take the case of the S.F. at the mid-point. 

When the leading wheel is just coming up to the mid-point, 3/, 
is a point on the closing line (Fig. 291) ; draw then in the vector 
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polygon PO^ parallel to the closing line through M^ (this cloaing 
line cuts BB^ at a point distant 25' horizontally from M^). 
The s,F. is then OJS; immediately the leading wheel passes the 
mid-point, the S.P. drops to Ofi. 

When the second wheel is over the mid-point, M^ is on the 
closing line; draw then PO^ parallel to this line. Just before 
the second wheel reaches the mid-point, the s.p. is O^D; and 
just after passing it the S.F. is O^C and has changed sign. 

Similarly, when the thinl wheel is just coming to and just 
going from the mid-point, the s.F.'s are O^C and O^B, and when 
the fourth wheel is just going to and from the mid-points, the 
S.F.'s are 0,5 and O^A respectively. 

Draw a horizontal datum line A^E^ for the S.F. perpendicular 
to the load lines ab, be, cd and de. At E-^ (on de) set down- 
wards E^D-y and E-^D^ equal to 0^E and 0^1) respectively, at Cj 
(on cd) set downwards (7,i>g = O^D, and upwards Cfi^ = 0/J. At 
B-^ (on be) set downwards OjiJ, and upwards O^B. At A-^ (on ab) 
set up AyB^ = 0-^B, and A^A^ = 0-iA. 

Then EJ)^^D^B^C^C^B^B^A^^ is the shearing force diagram 
for the mid-point of the bridge as the engine travels over the 
bridge from left to right, from the moment when the trailing 
wheel is on the left-hand abutment to the moment when the 
leading wheel is on the right-hand abutment 

The maximum value of the 8.F. at the mid-point is seen 
from Fig. 291 to be when the trailing wheel has just passed 
the mid-point. 

MISCELLANEOUS EXAMPLES, IX. 

\. A beam 30 ft. long, supported at the ends and weighing 1000 lbs., 
carnes a load of 1500 Iba. 10 tt. from one end. Shew how to find the 
moment of the force tending to bend the beam at any point ; ehew in a 
graph this moment for all points of the beam and find where the beam 
IS likeliest to break. (Home Civil, I., 1905.) 

2, A beam 40 ft. long is loaded with three weights of 6, 15 and 10 tons 

Cied 10 ft. apart, the 15 ton weight being at the centre of the span. 
w the dii^rara of the bending moments and the shearing stresses. 

(Admimlty, 1904.) 
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3. A beam ia in aqnilibrium under any system of parallel foroea, acting 
in a plane whiah passes through tlio axis of the beam. Explain what 
ia meant by the shearing force and the bending moment at any section, 
and shew how to determine their values. 

The beam AB ia '20 ft. long, and rests horJEontally on two Bupporta, 
one at A, the other 5 ft. from B, There is a load of 2 tons midway 
between the supports, and a, load of 1 ton at B. Draw a di^rajn for the 
bending moments along the beam. (Patent Office, 1905.) 

i. Find the stress diagram of a triangular crane ABO, of which AB \s 
the vertical post, AG r^ horizontal beam supported by a tie rod BC, due to 
a load of W tons carried at a point Z> of AC. Prove that the bending 
moment at D is W^^'I"^ ft.-tona. (Inter. Sei., 1902.) 

5. Draw a reotangle ABCD and itA diagonals AG. BD intersecting at 
E, the lengths oi AB and AC being 6 ft., and let ita plane be vertical and 
AB horizontal. Let AG and BD represent two weightless rods, tuminc 
freely round a pin at E, with their lower ends A, B connected by a thread, 
and standing on a horizontal plane. If a weight is hnng at G, find the 
pressure on the gronnd, the tension of the thread, the stress on the pin at 
E, and the stresses in the rods themselves. 

How would the results be affected if G and D were connected by a 
thread instead of A and 5? (B. of E., II., 1902.) 

6. BG, CA, AB are three weiahtlesa rods formed into a triangular 
frame ; their lengths are respectively 10, 8, 6 ; the frame ia hung up hy 
the angular point A ; a weight of lOO lb. is hung from the middle point of 

■ BC. find the stresses in BG. 

Find also what difference it would make in the stresses if 50 lb. were 
hnng at S and 50 lb. at C, instead of 100 lb. at the middle of BC. 

(B. o£E.,II., 1903.) 

7. Draw bending moment and shearing force diagrams for a beam 
loaded as [ollows : 

A uniformly distributed load of 3 owt. per foot run covers g of the span 
from one abutment, and the span ts 60 ft. Mark on your drawing the 
position and amount of the maximum bending moment. 

(B. of E., III., Applied Mechanics, 1904.) 

8. A bridge has a span of 72 ft. Draw the bending moment and 
shearing force diagrams for a jioint distant 9 ft. from the right-hand 
abutment as an engine travels from the left to the right-hand abutment. 
The distances apart of the centre lines of the wheels are 7', 5' 6", 7' and 
S' if from the lading wheels backwards, whilst the loads on the wheels 
are 8 tons IB cwta., 8 tons 19 cwts., IS tons 16 cwts., 19 tons 18 owts. and 
17 tons cwt. in the same order. 



STRESS DIAGEAMS iOontinued). 

In designing roof trusses, etc., the engineer has to take into 
account not only the permanent loads but also the pressures due 
to wind and snow. 

Indeterminate Reactions. The wind pressure, being normal 
to the roof, has a horizontal component tending to slide the 
roof off its supports. This is, of course, resisted by the walls, 
but how much is borne by each wall it is generally impossible to 
say, since a given force may be resolved into two passing through 
fixed points (the points of support) in an infinite number of ways. 
This does not mean that the reactions of the supporting walls are 
indefinite, but simply that further information is necessary to 
determine them, 

A similar difficulty occurs in the attempt to determine how 
much of the weight of a door is borne by each of the two hinges. 
Here the indeterminateness is due to not knowing the exact 
relation between the parts of the hinges screwed to the door and 
the parts screwed to the door post. 

When the door is put into position, it may happen that the 
upper hinge parts only come into contact, and then the whole 
weight of the door is borne by the upper hinge ; similarly for the 
lower hinge. Again, if the upper hinge parts come into contact 
first, the wood may give slightly, so that finally the lower hinge 
parts come into contact ; in this case we must know a good deal 
about the elastic properties of the wood and hinge before the 
hinge loads can determined. 
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The hinge parts on the post being at slightly different distances 
apart from the corresponding parts of the hinges on the door, the 
latter may have to be forced into position and any amount of 
compressive or tensile stress may thus be brought into play at 
the hinges. Finally, change of temperature, or accident, may 
alter the initial positions of the various parts. 

Reactions made determinate. In heavy gates it is not 
uncommon to have one hinge only near the top, the lower 
being replaceil by a vertical iron plate against which the lower 
part of the gate (or rather a rounded iron fixed to the gate) 
presses. The forces in this case are determinate, since the 
reaction of the plate must be horizontal 

A similar device is sometimes used for large roof trusses. The 
truss is hinged (pin-joint«d) to one wall, the other end of the 
truss forms an iron shoe jointed to the axle of an iron roller, 
which rests on a horizontal iron plate On the top of the wall. 
The reaction of the plate on the triass is therefore vertical and 
the resultant of the external forces being known, the reaction at 
the hinge can be determined, and therefore the stresses in all 
the bars. 

Reactions and Stresses due to Loads and Wind 
Pressure. 

Example, PQEST (Fig. 293) represents a roof truss, pmjoinied 
at P, wUh an iron, roller shoe at Q. The loads at T, S, avd E dve 
to the roofing and siuno are 1, 1-3 and 1-75 tons. The wind p-essure 
is equhaleni to farces of 0*25, 0'5 and 0'2 tmis ai S, R and Q 
perpendicular to the roof. Determine the readions at P and Q, and 
the stresses in the bars. 

Given Pg = 30 ft., QB = BS=19 ft., and that the base and 
altitude of the central triangle are 11-3 ft. and 8 ft. 

Draw the truss to scale and letter the spaces ; then draw the 
vector polygon AB, BC, CD, DE of the forces to scale. 

Project on to the vertical and obtain ABC-^DyE.^ ; then £,£ 
the horizontal force borne by P. 
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Take any pole Pj of the vector polygon and draw tLe link 
polygon for the vertical forces AB, BC,, CiD^. Determine the 
vertical reactions at P and Q due to these by closing the link 




polygon. In Fig. 293 these are DjOj and O.A. The total 
vertical reaction at Q is EjOj. Draw 00^ equal and parallel to 
EE., then OA is the total reaction at P, and EO that at Q. 
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The vector polygon for the external forces is now OABCDEO._ 
Another way would be to letter the spaces between the 
vertical loads and the wind pressures as indicated, c^ and d^, and 
draw the link polygon for all the forces AB, BO5, OjO, OD3, D^D, 
D£ and determine the axis of the resultant. Then find the 
point of intersection of this axis and the known line of reaction 
at Q and join P to this point. The reaction at P is thus 
determined in direction, and the forces at P and Q will be given 
in the vector polygon by drawing lines from A and E parallel to 
the reaction lines. 

Draw now the stress diagrams for the bars in the usual way, 
and tabulate the results. Shew in the frame diagram those bars 
which are in compression. 



(3) Find the etresaea on the supposition that P and Q are fixed and the 
wind presaurcs at S and R can be roploced by forces through P and Q 
parallel to them, 

(Fixing Q, in addition to P, renders the frame over rigid, and merely 
putting the frame in position niay set up large stresses. Again, suppose 
the temperature rises, then the bart tend tu elongate whilst the fixed 
points P and Q resist these elongations. Henoe, stresses will be set up 
quite independently of the loads. We are, therefore, driven to further 
assumption that the truss can be fixed in posiUon nithout causing stress, 
and that the temperature does not nhange. These suppositions are some- 
times made in books dealing with actu^ engineering struotures, but there 
is no real justilioation for them, see also pp. 337 and 338. ) 

(4) Find the stresses in the i>ars of the queen post truss of Ex. 21, 
Chap. VI. (p. 225), if Q be pin-jointed, and P on roUorn, and if the normal 
pressures due to the wind at T, S, P, Q he 0-25, 0-3, 0-5 and 0-25't«n8 
weight. 

Stresses found by Moments. On p. 248 was given a 

method of sections for finding the stresses in one or more 
particular bars by the resolution of forces into three components 
lying along three non -concurrent lines. A similar method of 
sections combined with the moment construction will also often 
give the stresses in particulars bars. 

For this method to be effectual we must be able as before to 
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make an ideal section of the frame cutting the particular bar 
for which streaa is wanted, whilst the rest of the cut bars are 
concurrent. 

A good example of this moment method Is afforded hy the 
suspension bridge problem already considered from another point 
of view in Chap, VI., pp. 2i2-248. 

Suspension Bridges. In suspension bridges, the roadway is 
supported by two set* of eqwdislant vertical rods (tie-rods) which 
are attached, at their upper ends, to the pins of long linked 
chains supported on pillars at the ends of the bridge. The 
pillars are kept vertical either by passing the chains over their 
tops and fixing them to blocks in the ground, or by means of 
separate tie-rods (backstays). 

In Fig. 284, PQ represents the roadway supported by eight 
tie-rods (only a few are taken tor the sake of simplicity). PR and 
SQ are the supporting pillars, BT and SU the tie-rods keeping 
tho pillars in a vertical position. 

The problem is : Given the span PQ (60 /(.) of Ike bridge and the 
dip of the chain, i.e. the vertical distance of the hwed potni L from 
the highest S {15 ft.), to find the lengths of the various links, their slopes 
and the stresses in them. 

If the roadway be uniform, each vertical tie-bar bears an equal 
fraction of the total weight. Let this be te (3-5 tons). 

Since the position of the chain cannot depend on the slope of 
the tie rods, we may suppose these rods replaced by a light rigid 
strut joining PS. In this case PR and QS must react on R and S 
with equal forces of 4u' (14 tons). 

Number the spaces as indicated and set out the load vectors 
AB, BO, CD, DE, EF, ... . From E draw EO perpendicular to 
j^E, and make EO represent 10 ft. to the scale to which the span 
and dip were drawn. 

Draw the link polygon tor the pole 0, starting with the first 
link, parallel to OA, through R. The middle link eo will 
evidently from symmetry be horizontal, but in all probability 
will not go through L. 
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Through any point Z in the lowest link draw the vertical 
XYZ cutting JiST in X and the desired position of the lowest 
link in Y. 

In the vector polygon draw OJI. perpendicular to YS, and B,0^ 
perpendicular to ZS. Then Oj is the correct position of the pole 
and £0, is the stress in the lowest link. 

This last construction ia simply to find EO-^ so that -r^ = -^y 
and this is done by making the sides of REO and REO^ 
perpendicular to the sides of XYS and XZ&, 




Draw the link polygon with 0-^ as the pole of the vector 
polygon, and see that if the first link be drawn through R the 
middle one will pass through L. 

Now draw to scale the supporting pillars RP and SQ, length, 
say, 18 ft., and the tie-rods RT and SU making 40° with the 
vertical. In the vector polygon AO^ gives the tension in the link 
oa ; hence draw through Oj a line parallel to RT (link polygon) 
cutting AE in N; then NA is the reaction along PR and OjJVis 
the tension in RT. 

Proof. If be the pole giving Z for the lowest link, and 
0, the pole for Y, then XY. EO^ measures the sum of the 
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moments of all the forces to the right of XV about any point 
in Xrz (Chap. VII., p. 291). Similarly, XZ . EO measures 
the sum of these moments, and, therefore, XY. EO^ = XZ . BO. 
0, was determined from this equation ; therefore E0-^ gives 
the stress in the link LY and the other links must be parallel 
to the corresponding lines of the vector polygon. 

The position of 0, may also be determined by calculation. 
The distances of the load lines from the middle point of the 
lowest link are all known; the reaction at S is also known, 
viz. half the sum of the loads. Hence, taking moments about 
the middle point of BS, we have the sum of the moments of the 
external forces = stress in the middle link multiplied by XY. 
This stress must be set olf from E along EO on the force 
scale ; it should come to 0-^ . 

Notice also that the horizontal component of all the tensions 
is the same in magnitude, hence the forces in the cut bars at 
X and Y must form a couple of momental area equal in magni- 
tude and opposite in sense to the couples formed by the reaction 
at S and the resultant of the loads ef, fg, gh and At. 

If the number of the rods be odd no link will be horizontal. 

The construction for finding the pole of the vector polygon 
is still the same. Z must be taken on the middle load line, 
and on the perpendicular through the mid-point of the 
resultant load vector. 



(6) The Bi 
tin -rods each 

The Suspension Bridge and Parabola. The connection 
between these was given in Chap. VI., p. 247. A much simpler 
proof by moments can now be given. 

Let V (Fig. 295) denote the lowest vertex and Q the n'" one 
from V, so that between V and Q there are n - 1 equal loads each 
of magnitude w. Since the loads are equidistant, the resultant 
load must be vertical and midway between V and Q. Take the 
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horizontal and vertical through F aa the axes of coordinates. 

Then if x and y are coordinates of Q, the reeultant load is at 
a distance - from V. 

Let QM and VM be the 
direction of the links at Q 
and V; then since the chain 
between V and Q is in equili- 
brium under three forces, the 
total load and the tensions 
along VM and MQ, these 
must meet at a point on the 
resultant load, i.e. at M, whose 
abscissa is \x. 

Take momenta about Q, then the moment of the total load 
acting through M is equal to the moment of T^ in VM ; but 

't\ is equivalent to T^ horizontally and ^ vertically, hence, 
taking account of sense, 




and if A = distance apart of tie rods 



■■■ -gf-'"''"!'- 



ir/y 



..(i) 



/(, is determined when the span and dip and number of 
spaces are known. Say span ^100 ft, dip =20, h'^^b, 

then 20-5^^. »!; 

.-. r,= 12-5u;. 
If the middle link be horizontal (Fig. 396), 
then MN^t' 
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and, taking moments about C 



-,-(„- 1)A, 



. »(n-I)/.-: 




..(ii) 



Links forming a continuous Curve. However large n 
may be (i) will be true always, but both h and w become smaller 
and smaller as the number of links is increased. When the 

loading is continuous, j is the load per horizontal unit of 

length (or foot run), and the chain assumes a continuously 
curved form. 

Such a loading and chain cannot be obtained easily but very 
near approximations are possible. Telegraph and telephone 
wires, for which the sag in the middle is small, are cases in 
point. The sag being small, the distance between the points 
of support is approximately the same as the length of the wire, 
and hence the load (which is contihtiously applied) may be 
taken as constant per ft. run. 

If the wire or cable were of variable section, so that the 
weight per horizontal ft. run was constant, the above supposition 
would hold whatever the sag. 

If |=jrtheny =^a:=. 

The equation to the curve assumed by the chain may also be 
determined directly, as in the following article. 
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Uniformly loaded Chain, In this case the number of 
vertical tie-rods is supposed so great that the roadway may 
be regarded as being continuously supported. Let 3^ = weight 
of roadway per unit length ; then the weight of any length % 
is Wx, and the axis of the resultant . weight acta through the 
mid-point of the length x. 




Let V (Fig. 297) be the lowest point of the chain, then the 
chain is horizontal at that point. Let Q be any other point on 
the chain. Take the horizonta] and vertical through V as axes 
of coordinates, x and y being the coordinates of Q. Then, for 
the equilibrium of the bit of chain VQ, the tensions at Q and 7 
must intersect on the axis of a, mid-way between V and N, i.t. 
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Draw the vector polygon for M ; then, from the similar triangle, 
y_Wx, 



r 



We might have established this by taking moments about { 



when T.. 



^4] 



The above construction shews us how to draw a tangent to 
a parabola (for the tension 7* at Q is in the direction of the 
tangent at Q), viz. to draw the tangent at Q, first draw the 
ordinate QN, bisect FN at M, and join Q to M; then QM is the 
tangent at Q. 

(7) A cable ia to be made so that when ereot«d its span will be SO ft. 
and dip 15 ft. It is to be of variable section bo that the weight per 
horizontal ft. run ia oonntant and equal to 100 lbs. Draw the tangent at 
the highest point, and determine the tension at the highest and at the 
lowest point of the cable. 

(S) The span of a suspension bridge in 100 ft., the dip 20 ft., the 
number of vertical tie-rode for each chain being 6, and the load on each 
5 tons ; determine the Btreasea in the links and their lengths. 

(9) In Ex. Sifthetie-rodsAC/andSrbeinclinedat 45° to the vertical, 
determine the stresses in them, and in the supporting pillars PJl and QS. 

(10) The span being 100, the dip 30, and the number of vertical tic-roda 
13 each bearing a load of 4 tons, determine the stresses in them, and the 
lengths of the links. 

(11) Conatruat the parabola of Ex. T and Rnd approximately the ratio of 
the oroaa seotional areaa at the hifjhest and lowest pointa. (If O is the 
lowest and H the highest point, join Off and take any point Pj on it. 
From P, go horizdhtally to P^ on the ordinate at If ; mark P where OP, 
cnta the ordinate at P-^ . Then P is a point on the parabola. The ratio of 
a small length of the curve at ff to its horizontal projection ia approximately 
the ratio of the cross seotiona at and If). 

(12) The dip being 5 ft. and the sjmn 100, draw the parabola. The 
load being 10 Iba. per horizontal foot, lind graphically the stresses at the 
lowest and highest points of the ohain. This example is approximiiidy 
the telegraph Une problem. 

(1.3) 
1.5 11«. 
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Stresses in Frames by Moments. 

Example. The frame QRSTUVW (Fig. 298) k freely mpported 
ai Q and T. The bam QV and UT simply avss oi W and are not 
pinned there. The loads at E and S are 4-8 and 62 l<ms respectively . 
//QT = 30/(., QV = 22-5/(., VT = ll'5/il. «?Mi S,V = ifi.; findlhe 
stresses in the bars. 

Draw the frame to scale and letter the spaces. Choose a pole 
P and draw the vector and link polygons. Close the link polygon, 
and in the vector polygon draw FO parallel to the closing Hue, 
In Fig. 298 the reactions at T and Q are CO and OA. 

It will be noticed that at all the points QBSTU and V there 
are three bars meeting (double joints), and that therefore the 
usual method of resolution is not applicable. 

The construction for determining the stress in hg will first be 
given and then the proof of its correctness. 




Draw a vertical through W cutting the link polygon and 
RS {bg). 

Measure j7, the length intercepted on this vertical between W 
and SS, and k, the intercept cut off by the link polygon. 

In the vector polygon draw BQ horizontal, and construct (as 
in Fig. 298) BO, such that ^ = - ■ 
BG must be drawn from right to left, not from left to right 
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Then BO ia the force exerted by bg on Ji, and OB is the force 
on S. The stresses in the other bars meeting at U or S may 
now be determined, viz. draw 6F parallel to g/", and CF parallel 
to cf, intersecting at F. The vector polygon for S is then BCFGB. 

For the equilibrium at V, draw FH parallel to fh, and GH 
parallel to gh, determining H, and the polygon for F is GFH. 

For the equilibrium at T. we have CO, OH, HF, FC, and since 
H and are already marked we must have HO parallel to ho. 
If it is not 80, s(Hne mistake must have been made in finding BG. 

Since QF and U7' have two pairs of letters to denote them, 
eo and ffk and i/e and ho, the stresses in these bars will be given 
twice over in the stress diagram. See that the results are 
consistent. 

Ftoo£ Suppose the frame cut through as indicated by the 
dotted curve (Fig. 398). Then any rigid body within may be 
considered as in equilibrium under the action of the load at H, 
the reaction at Q, and forces in the bars ES, UT and QV &^^ieA 
at the cut ends of the bars. The sum of the moments of these 
forces about any point must be zero ; hence, taking momenta 
about W: 

Moment of force at + moment of force at fi + moment of force 
in KS must be zero. 

The algebraic sum of the first two is given by 
h.k, 
and from Fig. 298 this moment must be negative or clockwise. 
Hence if s denote the magnitude of the force in Ig acting on the 
body hk=p.s, 

and the force must push towards R, since its moment is positive 
or contraclockwise. 

The bar bg or }1S must therefore be in compression. If, now, 
we consider the equilibrium at S, the force at S must push, and 
therefore, since I>G is downward, GB must be from left to right 
as indicated. 



Example. The frame PQRST (Fig. 299) is fredy supported id 
P and Q, aiid loaded at T, S and R mlh 1, 2 and 1-5 tons. Find 
the stresses in Ike bars. 

PT^TS^SR=^EQ=2 and TPQ = i5- 
PC/"=10-6 and UFQ = IS\ 
SV=G-S and FS!F=4G\ 

Draw the frame to scale and then determine the reactions 
at P and Q by the link polygon. It will be aeen that the 
usual process for determining the atresses stops at T and U, 
since at thoae points are three bars with unknown stresses in them. 

If we make an ideal section, as in Kg. 299, then any rigid body 
within the dotted curve may be considered as in equilibrium 
under the vertical forces at T and F and forces in the bars 
&/, ji, to, and the sum of their momenta about S must be zero. 

The vertical through S cuts the link polygon in M and JV; 
and hence the sum of the moments of the vertical forces at F 
and T is given by MN. -fi-X", where F-^^X is the perpendicular from 
Pj, the pole of the vector polygon, on to the load vector AD. 

Also two of the bars hj and ji pass through S ; hence, if s is 
the stress in to and SZ the perpendicular from S on the bar, 
oi the sum of the moments of the stresses in the three bars 
about S is given by s . SZ, and hence 

s.SZ^MN.F^X. 

Construct, then, s=XY, 

^•''^'^' xF-r^' 

and the stress in io is determined. 

Again, the sum of the moments of the external forces at T 
and F is clockwise or negative, hence the moment of 2' must 
be contraclockwise, or T must pull on the body enclosed by 
the dotted line and the bar u) must be in tension. 

Hence set off OZ parallel to oi and of length XY. 

The point L is determined by drawing AL and OL pai-allel to 
al and o/. Hence K is determined by drawing LK and IK 
parallel to Ik and ik. Since for the point t the action of the 
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bar lo is given by LO (OAL being the vector triangle), for the 
point U we must have the sense OL, and ainoo ot pulls at i/,, 
/ must be on the left of o, as in Fig. 29!J, so that th'e vector 
polygon ioT U is lOLKI. 




The point / is determined by KJ and // parallel to kj and ij. 
Hence B and J are known, and if the drawing has been done 
correctly, BJ will be parallel to 6;'. 

Notice that, if a mistake had been made in deciding whether 



to ia in tenwon or compression, the direction of BJ would have 
been totally different from Ig ; this, then, gives a test as to the 
correctneas of the reasoning and of the drawing. 

For the theory of reciprocal figures as applied to stress diagrams 
the student ia referred to Cremona's Graphical Statics,* edited by 
Professor Beare, and to a very elementary work by Professor 
Henrici and Mr. Turner on Vectors and Rokns.^ 

(15) Fig. mo gives a not UDuaital form of truss supporting the roof 
shelter on a railway platfurm. 

The loads at P, Q, R, S, T, U, V due to the roofing and snow are 
0-8, 2'7, 3-8, 5-2, 5, 47, I'S owta. Find by momenta the stress in WX and 
compare with that obtained by the nsual graphical method. RT^b, 
Pr=3-85, flFr=2-3. 

(16) Find the stress in SR, of the cantilever (Fig. 301), by the method of 
moments. The load at Q is 3 tons. Test the result by resolving the load 
at Q into three eomponenta lying along TV, TQ and SB. SR = 5'2, 
RV=5-5. TF=5-25, r.V=ll, SV = 9-i. RQ = 13-5, TQ = \l-i. Determiae 
the stresses in all the other bars, 

(17) As in the previous example, only the load is suspended from a chain 
which posses over a sraootli pulley at Q and is fastened to M, the mid- 
point of TS. 

MISCELLANEOUS EXAMPLES. X. 

1. Prove that a ohain made of eiiual links will hang in equilibrium 
in a vertical plane with the Unka parallel to lines drawn from a point 
to equidistant points on a vertical line ; and determine graphically the 
stress at a joint. (Inter Sci., 1002.) 

2. A heavy chain ia supported by its ends A and B, which are 12 ft. 
above the lowest part of the chain. The borizonal distance between 
A and .fi is 66 ft. and the weight of the chain is -20 lbs. per ft, of its 
horizontal projection. Draw out to scale (10 ft. to an ini^} the shape 
of the chain and find the force on the chain at the lowest point. What 
'- " ^—--n force in the chain. (A.M. II., B. of E., 1903.) 



3. A suspension bridge two hundred feet span between the centres of 
the towers has oables having a dip of 30 feet ; the backstays are anchored 
at a distance of 60 feet from the centres of the towers ; the load on each 
cable ia 4 tons per foot i-un. What is the stress on the cables at the centre 
of the bridge, at the towers, and in the backstays ! 

(Admiralty Examination, l&M.] 

4. Find the atrcHses in the bars of the trusses shewn, Figs. 302 and 30^ 
for equal toads. 

5. Find the stress in ZY of tlie French roof truss, Fig. 304, by the 
method of moments and thence the sti^esses in all the bars. The loads 



t R, S, T, a, V. W, X l>eing loO<). 2700, 1600. 3400, 1800, 3250, 1750 
Ihs. weight reapectively, YZ=QZ=ZU = i-7, (iU-SS, and ^fi=U, and 
the loads are equidiatant. 

• CUrendon Press. trubliahed by Mr. Edward Atuol J, 
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CHAPTER XI. 

WORK. 

A FOECB acting on a body is said to do work when the body is 
displaced. 

The work done by a constant force acting on a body is 
defined as the product of the displacement of any point on the 
axis of the force, and the force component In the direction of 
the displacement.* 

Thus, if in consequence of the motion of the body, the point 
A (Fig. 305) on the axis of the force OF moves from A to A^, 
the work done by F is the product AA, . OF^, where OF, is 
the force component in the direction of A-,. 

If the force component has the same sense as the displacement, 
work is said to be done by the force, and it is considered positive. 

If the force component has a sense opposite to that of the 
displacement, work is said to be done against the force, and this 
is considered as negatire work done by the force. The reason 
for this sign convention is not difficult to see ; suppose two 
forces difTering only in sense act on the body, then, so far as 
motion is concerned, these are equivalent to no force at all, 
and therefore in any displacement no work is done on the whole. 
But the components of the forces in the direction of any dis- 
placement are equal in magnitude, and opposite in sense, hence 
the work done by each force must be equal in magnitude, and 
if one be considered as positive the other must be negative. 



•The other component is supposed perpandicuUr to the first oi 



UNIT OF WORK. 355 

TTnit of Work. In Statics the unit of work is usually taken 
as the foot-pound, or the work done by a force of 1 lb. weight 
when the body ia moved 1 ft. in the direction of the force. 

If the unit of force be a dyne, the unit of work ie called an 
erg, and is the work done by one dyne when the body is dis- 
placed 1 centimetre in the direction of the force. 




Graphical Representation. Work done is represented 
graphically by the area of a rectangle of which one side represents 
to scale the displacement, and the adjacent side the force com- 
ponent in the direction of the displacement. To measure this area 
the rectangle ia reduced to unit base either (i) the unit of length, 
when the altitude ia measured on the force scale, or (ii) the unit 
of force, when the altitude is measured on the length scale 
(pp. 38-40). 

Moment of a Force and Work done by a Force. These 

are both represented graphically by an area, but have totally 
different physical interpretations. The moment of a force is a 
vector quantity, its plane ia determined by the plane of the force 
and the point, and its sense by the sense of the force. The area 
representing the work done by a force has no special plane, 
and may be supposed anywhere; it ia a scslar area though it 
may be positive or negative. 
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Example. The shafts of a carriage are indined at an angle of 
15° h the hmizontal. If the puU traiismHted aUmg the shafts from 
the horse be 123 Us. weight, find the work done by this force in, 
moving the carriage through 137 ft. 

Draw vertically upwards a line OD (Fig. 306), of length 6-85", 
and set up along it 0U-=5". Through draw (i) a horizontal 
line OFj, and (ii) OF sloping at 15° and of length 12-3 cm. 
Draw FF-y perpendicular to OF-,, and rniirk on OF^ the point 
W, where Dff, parallel to UF,, cuts it. 




Measure OfV on the force scale, and multiply by 10 ; this gives 
the number of foot-lbs. in the work done by the horse on the 



Proof. OF-^ is the component of OF in the direction of the dis- 
placement, and hence the work done is measured by OF-,. OD, i.e. by 
the area of the rectangle having OF^ and OB as adjacent sides. 

This rectangle is equal in area to OJJ. OW, and OU represents 
10 feet; hence measuring OW on the force scale gives the work 
done in 10 ft.-Ibs., and therefore 10 x OW on the force scale gives 
the work done in ft. -lbs. 
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( 1 ) The weight of e, bucket of water is given by a line of length 47 cm. 
(soale 1" to 10 Iba.). Find the work doue in ft.-lha. against gravity in 
raising the booket from the bottom to the top of a well 781 tt. deep. 

(2) A horae pulls a oanal boat with a force of 151 lbs. weight, the tow 
rope makes an angle of 26° with the bank. Find the work done in ft.-lba. 
on the boat in pulling it along 117 ft. 

(3) If a hole is punched through a metal plate 0*78 inohes thick, and 
the average reeistance to the force of the punoh is of magriitnde 23700 Iba. 
weight, find the work done in ft.-lba. 

(4] A weight of 1720 Iba. by tailing through 27-8 ft. lifts, by means of 
n machine, a WHight ot 870 Iba. through 47'3 tt. Find the total work 
done by gravity. 

(5) The inclination of a plane is 25° ; find the work done against gravity 
in pushing a body weighing 7'3 owta., i5'7 ft. up the plane. 

(6) If the body be pushed up the plane by a horisontal force of S-2owts., 
find the work done by this force. 

The work done by a foice when a point in its axis ia 
displaced, is the product of the force and the component 
displacement in tile direction of the force. 

Thifl IB really an alternative definition to that given on p. 354. 

Let OD (Fig. 307) represent the displacement, and OF the 
force under conaideration ; then, according to the first definition, 
the work done = OJ", . OD, where FF^ is perpendicular to OB. 




According to the alternative definition the work done = OF. OD^, 
where DD-, ia perpendicular to OD^. 

But OF^F and OD^D are similar triangles, 

.„d hence oF-OB ' 
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More shortly, if 6 is the angle between the force and the 
displacement, and /and d are their magnitudes, then the 
work done =/.d cos $ (according to second definition) 
=fcosd.d (according to first definition). 

Work and Motion. It should be observed that for a force 
to do work or work to be done against a force, motion is essential. 
Unless some point on the line of action of a force moves, and 
the displacement has a component in the direction of the force, 
no work is done by or against the force. Thus, however great 
the force which a horse exerts on a cart in trying to start 
it, no work is done by this force on the cart unless the cart 
moves. If by means of a second horse the cart be made to 
move, then the first horse does work on the cart, the amount 
being his pull multiplied by the component displacement. If 
a force acts on a body at right angles to it« displacement, no 
work is done by the force ; thus in the case of a body pushed 
along the surface of a horizontal table no work is done by the 
weight of the body because its line of action is perpendicular 
to the displacement, 

If, then, we know the work done by a force to be zero, we 
may have either (i) no displacement, or (ii) a displacement 
perpendicular to the force. 

We are not here directly concerned with the force or forces 
to which the motion as such may be due. For instance in 
Exercise 1, the actual work done by the person raising the 
bucket is not the same as the work done against gravity. To 
find the former from the latter we must know the speed of 
the bucket and the work spent in giving it kinetic energy as 
well as the work done against the resistances. 

It is true, of course, that if we knew the force exerted by the 
man the work done would be this force x the displacement. 
The difference between this work, and the work done against 
gravity, gives the energy imparted to the bucket, and the work 
done in overcoming resistances. Similarly, in the example on 
p. 356, we are concerned with the work done by the force 
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applied to the carriage ; this may not be the same as the work 
done against the resistances to the carriage motion, because the 
carriage may be going faster at one time than at another. 

Shortly put, we are concerned in Statics only incidentally with 
the forces causing motion; our problem always is to find the 
work done by certain given forces when the body Is displaced, 
the work being measured according to the definition on p. 354. 

Displacement and Actual Path. The actual path of the 
displaced point is immaterial; bo long as the displacement is 
the same, the work done will he the same. 

Let F be the force and AAj 
the displacement of A, then (Fig. 
808) the work done is F.AA^. 

If the displacement had been 
first from A to B, and then from 
B to Aj the work done would 
have been * fio sos. ^ 

F.ABi + FB^j^F.AA^. 
This decomposition of displacements may be supposed repeated 
without limit, so that A may be supposed to move on any 
curved path from A to A^, and the work done by F will still 
heF.AA^. 

(7) Draw a oircle of 3" radiua, and suppoae it to represent a vertical 
wheel of radius 6'. Find the work dooe oy gravity when a, load of 0'34 
ton is moved round the wheel from the lowest position through one, two, 
three and four quadranta rospectively. 

Change of Direction of Force. If the force changes its 
direction as the point on its axis moves, but the angle between 
the force and the direction of the motion remains unaltered, the 
work done will be the product of the distance moved through 
by the point and the force component in the direction of the 
motion at any instant. 

Thus, if the point move in a circle, and the force is always 
a tangent to the circle, the work done in a complete revolution 
will be the force x the length of the circumference. 



with the radius. Find the work done on the bi 

(9) A man pnehes at a capstan bar with both hands. One hand, at a 
distanoa of 9 ft. from the axis, pushes perpendicular 1« the bar with a force 
of 30 lbs. weight, the other pushes with a force of 38 Ibe. weight at a 
distance of 7*8 ft. from the axis, and inolined to the bur at an angle of 72°. 
Find the work done in ft.-lbs. during a complete revolution. 

Work done against Friction. In the Chapter on Friction 
it was explained that the coellicient of friction was the ratio 
of the force tending to produce motioD to the normal pressure 
when the body was juat on the point of motion. Such a 
coefficient of friction is therefore not at once applicable to 
bodies in motion without further experimmial mdence. 

Experimental Laws of Friction for Bodies in Motion. 

It has been found for bodies actually sliding one on the other 
that the friction between them is 

(i) proportional to the normal pressure ; 
(ii) independent of the relative speeds of the bodies ; 
(iii) „ „ area in contact ; 

(iv) dependent on the nature of the surfaces ; 
so that for bodies in motion, if F denoted the friction and N 
the normal pressure, /*= ^^^ 

where /t is constant for any two particular surfaces, but varies 
for different surfaces and is called the coefficient of dynamical 
friction. This coefficient of dynamical friction is slightly less 
than tor limiting friction. 

Example. A rough j>lane w of length 13 fi. and height 7-8 ft. 
Find the work do'ae &y the least pomble equilibrating force * when the 
body of weight 24'8 lbs. is displaced from the bottom to the lop of 
tkeplane. Tlie angle of friction for the plane and body is 18°. 

Draw the plane ACS (Fig. 309) to scale (^C=13cm. sayX 
and draw ON perpendicular to AC. 

it when in equilibrium; it may be moviiiK 
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Set off OfF vertically to represent the load of 24-8 lbs. weight, 
and draw OP, making 18° with ON, on the aide away from OJV, 
and then fFP perpendicular to OP. 



Project JfP to ff'iP, on 
the plane by lines parallel 
to ON. Along W'lW set off 

and ff'^U=10cm. 
Draw QQ^ parallel to UP^. 
Measure ff^iQi on the 
force scale, and multiply 
by 10 ; it gives the num 
ber of ft-lbs. of work 
done in sliding the body 
up the plane. 



(10) Find the work done against gravity and hIbo that dono agnnet 
friction. What oonnection is there between these and the work done 
by the equilibrating force? 

(11) Find the work done when the body ii ' ' ' 
the eqnilibrant when (i) parallel to the plane, 

Find also the work done against friction. 




n 7, and keeps the handle 

a force of 24 lbs. auting down 

noving It 12'3' 



horizontal. The resistance is equivalent U 

the hill. Find the work done on the roller by the n 

up the hill, if the roller weighs 268 lbs. 

(13) The axle of a fly-wheel has a radius of 2", the weight of the wheel 
is 1780 lbs. and the coefUcient of friction for the axle and bearing is O'lS. 
Find the work done in ft.-lbs. against the friction per rcvolntion of the 

If a given set of forces acting on a body would keep it in 
equilibrium, then the total work done by all the forces is 
zero during any displacement of the body, the forces being 
snppoBed constant. 



This is a direct consequence of the fact that tte vectors of 
the forces form a closed polygon, and therefore the sUm of 
their components in any direction is zero. 

In many cases the forces cannot be supposed constant for 
finite displacements, and we have to consider iniinitely small 
displacements. In the case of a beam leaning against a 
smooth wall and kept from sliding down by a peg at its 
foot, the reactions depend on the slope of the beam, and 
we cannot at one and the same time suppose the slope altered 
and the reactions unaltered. 

M.O. and Work Done. The work done against gravity 
in raising a body of weight IV is eiiual to the work done in 
raising a masB of weight fV sapposed concentrated at the 
maBS-centre of the body. 

Let M.'j, Wj, Wg, ... be the weight of the particles of the bodies, 
y,, y^, 1/g, ... their initial vertical distances above some horizontal 
plane, and V^, ¥^, ... their final distances above the same plana 
Then the work done against gravity is 

But 2W['/j = y2K'[ where y is the initial vertical distance of the 
M.c. above the plane 
and 2wijFj= FSuTj where Fis the final vertical distance. 

Therefore, total work done against gravity = (I'-y)';f' the 
work done on a particle of weight 0^ in lifting it through 
the distances F-y. 

(On each particle of the body other forces than the weight act, 
viz. the pushes and pulls of adjacent particles. These pushes 
and pulls constitute the stress of the body, and since the stress 
consists of equal and opposite pairs of forces, the total work 
done by these is zero.) 

(H) Find liy caloulation tho work done in emptying a cylindrical well 
shaft of diameter 3 ft., the depth of the well bein^ 110 ft. and the Uip of 
the water heing 26 ft. below the aurface ; the weight of e, onbio foot of 
water is 62'5 lis, approximately. 
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(15) ABC is a triangular prism weighing 78-3 lbs. It resta on th 
ground with the faoe BC, of lenclh 2-37 ft., in contact with it. BA i 
vertical and of length 316 ft. Find the work done against gravity ii 
turning the prism so that it is about ki fall over (i) round the edge at B 
(ii) round the edge at C. 



length, the rope weighs 6-7 lbs. per'yard. 

Work done by a Variable Force. 

Example. A force moves a body in its line of aclirni ; for suc- 
cessive displacements of I ft. Ike magniliide of the force is 51 '3, 72-4, 
65-7,. 42-6, 31-5, 27-1, 30-3. 39-2, 46-9 lbs. weight. Eepresent the 
lEorkdone graphically and find its amount in ft. -lbs. 
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Displacement in ft. 



On squared paper take two axes of co-ordinates, the horizontal 
one to represent displacemcnta to the scale of I" to a foot and 
the vertical one to represent forces to the scale of 0-1" to a 
lb. weight. 

Plot the points corresponding to the nnmbors, and complete 
the rectangles as indicated in Fig. 310. Evidently the whole 
area of the figure represents the work done. Find the area 
in sq. inches; the number of sq. inches multiplied by 10 gives 
the work done in ft.-lbs. 
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Suppose we knew that the force changed for every displace- 
ment of 6", being 60, 68, 52, 36, 29, 28, 35, 43 and 47 lbs. weight 
at the intermediate points. Then, plotting these points, we see 
that the total work done is represented by the area of the new 
figure. 

Further, if the force changed continuously instead of suddenly, 
we should have, instead of a succession of points forming a 
zig-zag line, a continuous smooth curve, and we see that the area 
enclosed by this curve, the axes of coordinates and the ordinate 
at 9 represente the work done. 



(17) The r 



J the n 



1 of a 






9pla«ementB 



betwueu the displacement and the reaistanoe. Divide the total displace- 
ment into ten equal parta and erent ordinates at the mid-pointB. Add the 
mid-ordinatea by means ot a straight strip and measure on the force acale ; 
multiply by the width ot the strips in feet. The product ia the work done 
against the reaistanoe in ft.-lbs. 



in ft. 


10 


30 


60 


70 


90 


no 


130 150 


170 


190 


Resistance 
in lbs. weight 


160 


1S4 


231 


^ 


^ 


540 


641 


709 


751 


776 



(18) The force in lbs. weight anting on a body ia always twice the 
magnitude of the displacement in feet and acts in the direction of the 
displacement. Find the work done by the force for a total displacement 
of 17-4 feet. 

Work done in Spring Extension or Compression. 

Experiments shew that when a helical spring is extended beyond 
ita natural length, the extension is always proportional to the 
force applied (up to the elastic limit of the spring), so that if 
e denote the extension, and W the load, — ia, for the same 
spring, always constant (Hooke's J^w). 

If the results ot an experiment be plotted, say extension in 
cms. horizontally, and load in grms. weight vertically, the points 
will be found to lie approximately in a straight line — as in 
Fig. 311 — passing through the origin of coordinates. From the 
graph we see that — is always constant and is measured by tan a. 
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The work done in extending the spring a distance OA is 
therefore given by the ^rea OAB to scale, and is measured 
by \OA.AB, i.e. ^ the product of the maximum extension 
and maximum loa<l. 



(19) A spring is found to extend a distance ot 12-7 oms. beyond its 
natural length under a load of 4(1*3 lbs. Find the work done in inoh-ibB. in 
gradually extending the spring from its natural length to 8*7 cms. beyond. 

(Draw the straight line graph by setting off OA = 12 7 cms. horizontally, 
and AB vertical^' a diatanoe of 4'63 inches, and join OB ; OB is the 
graph. Find the area enclosed by OB, OA, and the ordinate at a point 
8-7 from 0.) 

(20) A spring is found to extend a distance of 15 cms. under a, load of 
17"6 lbs. Find the work done in gradually extending it from an extension 
of 7 '3 ems. to one of 17 '4 in inch -lbs. 

(21) A bar is fixed at one end, and twisted by means of an arm of length 
1 ft., fixed at right angles to the length, at the other end. ■ To keep the 
free end of the bar twisted through a radian requires a force of 27 lbs. 
weight to be applied to the end of the arm. The force applied being 
proportional to the angle of twist, find the work done in twisting the free 
end from 0'56 to 1 '32 tudiaiis. 

Work done in compressing Oases. For many gases at 
ordinary temperatures and pressures the relationship between 
the volume they occupy and the pressure to which they are 
subjected is given by the law 

Pressure x volume = C (where C is constant) 
(known as Boyle's or Marriotte's Ijaw). 

Example. A gas obeying Boijl^s Law is enclosed in a cyliTidw fitted 
wUh an air-light pidon ; to find Ike work done in compressing the gas. 

Suppose when the compression starts at the atmospheric 
preeaure of 14'3- lbs per square inch, the volume of the 
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enclosed gas ia 100 cubic inches, then the constant above is 
14-3 X 100 = 1430. Suppose the volume" ia reduced to 20 cubic 
inches. 

On squared paper take two axes of coordinates, the vertical 
one for pressures, and the horizontal one for volumes. Along 
the latter set off OM to represent to scale 100 cubic inches, and 
set up vertically MP to represent the pressure of the gas 
{14-3 lbs. per sq. inch). 
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Cubic /hcAes 



Draw a horizontal line through F (Fig. 312), and mark any 
point F-, on it; put a straight edge along OFj, and mark the 
point F^ where it cuts the ordinate PM. From F^ go horizontally 
to Fg on the ordinate FF^ through F-^ . 

F^ is a point on the curve whose equation is 
F. F= 14'3 X 100 = OM.MP. 

Repeat the construction for a number of points like V^, and 

obtain, say, nine points between F = 20, and F= 100. Join the 

points by a smooth curve QF^P. This curve has for its equation 

P. f= 14-3x100. 

Find the area enclosed between the curve, the axis OM, and 
the ordinat«8 QN and PM, by the mid-ordinate method, ue. add 
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the mid-ordinatea of a number of equally wide strips between 
N and M by the strip method, and multiply by the common 
width of the strips, the former being measured on the pressure 
scale, and the latter on the volume scale. 

The product is the work done in compressing the gas in inch- 
pounds. 

Proof. Pressure meaning force per sq. inch, then it A is the 
area of the piston in square inches, the total force acting when 
the pressure is P is P .A = F, say. 

If L is the length of the cylinder in inches, then 
V=AL, 
and 

and we may take the ordinate to represent the force on the 
piston, and the abscissae to represent displacement. 

(22J Find the work done in compresaing a gas from a volume of 7 '32 to 
3'64 cu.-ft., if the initial preesurti of tlie gas wdb 6200 lbs. weight per 
sq. ft. 

*(23) The resistanoe tojthe motion of a body in a liquid varies as the 
square of the speed, find the work done in reducing the speed from 20 to 
11'5 miles per hour in a distance of 1'6 miles, if the resistance to the 
motion is a toroe of I2'3 tons weight, when the speed is 8*6 miles per 

• (24) If Ifj is the weight of a body on the earth's surface, and W the 
weight of the same body at a diBtanOo R from the earth's centre, then 
W^= W„R^ where B^ is the radius of the earth. Find the work done 
on a meteorite by the carth'a attraction in moving it from fi = 8000 miles, 
to R-R^-^iOO miles, if the meteorite weighs } a ton on the earth's 
snrfooe. 

MISCELLANEOUS EXAMPLES. XL 

1. Explain the term work. 

Find the work done in raising a lift full of people and weighing 2 tons 
through a height of 80 feet. Explain the system of units you use. 

(Engineer Students, 1903.) 

2. A uniform rope hangs by one end. and carries a weight at the other ; 
shew how to draw a diagram U> represent the work done in winding up the 
rope, and thereby lifting the weight. (B. of E. , II. ) 

3. Draw a line Ax, and take in it five equidistant points. By C, D, E, 
F; suppose a force (P) to act along Ax, and that its value at the points 
B, O, D, B, F are respectively 60, 35, 28, 25, 24 lbs., let the distances 
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SG, GD, . , . represent 3 ft. apiece ; draw a diagram of the work done by 
the force, and calcuUte (by Sirnpaun'a rule, if you know it) in fout-pounds 
the work done by tlie force while acting fiitm B to F. (B. of E., II.) 

4. Draw a <liagram of work in tliu following cose : Rix equal weights 
( W) urc taatenod Ui a nipo in Buob iv way that one follows another at 
diatantes of a foot. The rope hanijH vertically with the lowest weight 
3 ft. above the ground ; if the -rope be gradually lowered draw a diagram 
for the work done by gravity on tlie bodies, when all have come to the 
ground. (B. of E., II., 1903.) 

5. A load of 10 cwtB. is raised from the bottom of a shaft 500 feet deep 
by a wire rope weighing 2 lbs. per foot. The rope is wound up on a dmm, 
3 feet in diameter. I^aw a curve, showing the moment exerted at the 
di'um tliroughout the motion, and find the whole work done during the 
lift. (Patent Office, 1905.) 

6. Shew how to represent in a diagram the work done by a force P of 
variable magnitude, which displaces its point of applioation in its own fixed 
line of action from A to B. Let P begin with the magnitude 50 Iba. 
weight, and keeping its m^nitude constant, displace its point of applioation 
from A UiC,a. distanoe ot 2 feet ; then from Cto Z>, a distance trf 8 ft. , let 
P vary inversely (without discontinuity) as the distance of its point ot 
application from A . Draw Che work diagram and find the total work done 
from AloB. (Inter. B.Sc. (Engineering), 1906.) 

7. Give the vector definition of the mass-centre of a system of particles. 
Prove that the work done against gravity in moving a system from one 
conSguration to another is equal tu the work done in lifting a particle 
equiJto the total mass from the first position ot the m.c. to the second. 

(Inter. B.8c. (Engineering), 1905.) 

8. The table below gj ves the relation between pressure and volume for 
1 lb. of saturated steam, between certain limits of pressure. Plot a graph 
which will show this relation, and by counting squares on the sectional 

.per, determine the area bouiided by the curve, the horizontal axis or 
le of zero pressure, and the limiting ordinates (parallel to the line of zero 
volume). 

If for any small change of volume of the steam the product of pressure 



101-9 4-29 

1161 3-82 ■ 

129'8 3-42 

145-8 3-07 

163-3 2-TB 

1824 2-48 

203-3 2-24 

225-9 2-08 



pa] 



(Military Entranoe, I9ns.) 



APPENDIX. 
EXPERIMENTS ON MOMENTS. 

The LerW. A good simple lever can be made from a metre scaJa. 
Leaving about 3 ems. untouched at the centre, cut away from one edee 
down to the middle line and remove the end portions as in Fig. 313. 
Bore a hole just above the middle line at the mici-point of the length, and 
fix a ateel cylindrical peg firmly in the hole so as to protrude about i° 
on both sides. 



The lever should be supported betweei 
height or on a special stand. Weights n 
by looped threads, either directly or by e 



o wooden blocks of the ei 





i 

w. 


-1 


1 





stops should be provided to prevent the lever overbalancing when the 
weights are not properly adjusted. 

If the lever is not horizontal when placed on its supports, out away a 
little more wood from the heavier aide until it is. 

ExPT. I. Suspend, by means of a silk loop, a 100 gramme weight from 
the left-hand aide of the lever at 20 cms. from the fulcrum. From the 
right-hand side suspend a weight of 40 grammes and adjust its positjon 
until the lever is horizontal. 

Do the same with weights of 50, 60, 100, 150, 200, 250, 300, 400 and 
500 grammes on the right-hand side, noting in each case the distance of 
the supporting thread from the fulcrum. 

Tabulate the results thus : 



Weight in grammes^ If, I 40 50 60 lOol 



On Bqnared paper bake a horizc^ntal lino to represent distaaoes from the 
fulcrum, scale 1 id. to Soma., and vertical diBtancta to repreaent the weights, 
scale 1 iDoh to 50 grammes, and mark the divisions as indicated in the 
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Plot the points whose coordinates are given in your table and draw 
a smooth curve lying aa evenly as possible amongst them. 

The curve can be recognised as like the one construeted on p. H. 
Verify this by multiplying the weights by the distances (take the weights 
from the curve). 

Find that always ^^^^j^^ ^ ^^ ^^^^ ^^^ j^,^,^ 
is the same. 

See if this constant product is also the product of the left-hand weight 
and its distance. 

These products are called the moments or turning moments of the weights 
about the fulcrum, and we have mometit qfvmif/ni oa one aide— moment of 
wieight on the other. 

From the graph determine 
(i) At what distance from the fulcrum a weight of 120 grammes on 
the right would balance the left-hand weight? 

(ii) What weight must be placed at 27'5 cms. on the right to balance the 
left-hand weight? 

(iii) Suspend a 5 lb. weight from the right arm and determine by trial 
the point at which it is, in equilibrium. Read ofi'from the curve ite weight 
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(iv) If all the weights nsed on the ri)|ht in the experiment were suspended 
at the samu time from their uld positions, wlmt weight would have to be 
suspended at 30 cms. from fulcrum on the left ? 

(v) Where would a 500 gramme weight have to be suspended on the left 
tu balaneu all the weights used on the right ? 

EXFT. II. Generalise Expt. I. by taking three weights on one side and 
two on the other at the same time. 

If Mk and Ml meikn the moment of a weight on the right and left 
respectively, then the result of this experiment may be Bymbolised by the 
equation 2 jtf ^ _ jjlf « = 0. 

Notice that the weights on the left tend to produce a contraclookwise 
rotation of the lever, and those on the right a clockwise, hence if the 
former be reckoned positive and the latter negative, then, as an algebraic 
sum, the sum of all the momeats about Ihe/ulcnaa is zero, or SJf — 0. 

Repeat this experiment twice, using different weights, and see if 2^1^=0 
in these cases. 

(1) Weights 20, 25 and 100 grammes are placed at distances 45, 30 and 
2D cms. to the right of the fulcrum. A weight of 70 grammes is placed at 
10 cms. on the ieft; where must 20 grammes be placed to balance the others, 
and what weight must be placed at 40 cms. to the left to balance the same 
set? 

(2) Would an upward push of 200 grammes at 15 cms. on the right be 
likely to have the same balancing power as 200 grammes hanging at 
10 cms. on the left ! (A 200 grammes upward push at any point would be 
counter -balanced by 200 grammes weight hanging vertically below.) 

(3) AB represents a lever 25 cms. long, the fulonim being somewhere 
between A and B. A weight of 170 grammes at A balances 60 at B; 
determine graphically the position of the fulcrum. 
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Shew in Mveral aaaee that 



W,.AO=W^xCB-P. CD (where G is the fulcrum), 
P being the upward pull of the spring aa registered on the scale. 



(4) Forces in lbs. weight, 


10 


-15 


25 


-12 


20 


Distances from it in inches. 


2 


3 


-10 


7 





The abose table gives the parallnl forces acting on a lever, and the 
distances of their points of application from fulcrum. Distances to the 
tight are given as positive, those to the left as negative ; a -force meiuis 
an upward push. Find the distance of the 20 lbs. weight from the fulcrum 
for etjuilibnum. On which aide must it be placed ? 

(5) Expt. I, Chap. IV. shewed tliat a foree acting on a rigid body 
may be supposed applied at luiy point in its line of action. Suppose, then, 
a weight on one side of a lever were suspended by a thread cemented on 
to the lower edge (instead of strung from the upper edge), would this make 
any difference in its balancing power! If not, the moment would in this 
case be expressed by weight x T 



Fix a cylindrical peg through the centre of a rectangular piece of planed 
wood (aay 12" x \(r x i"]. Rx two drawing pina firmly near opposite 
edges of the board, leaving sufficient space between the beads of the pins 
and the board to inaert a loop of thread. Balance the board by means of a 
peg on two blocks as in the case of the metre scale levur. Hang weights of 
400 and 500 gi-ammea on the pins, and let the lever take up a position of 
equilibrium. Mark the lines of the strings on the board. Measure the 

Crpendioular distances of the strings from the fulcrum. See if the moment 
*'. £ (weight X perpendicular distance from fulcrum) = 0, is true. 
Remove the pina and mark their old positions ; set the pins in other 
positions on the two lines drawn on the board, and auspend the weights 
as before. Is the lever in equilibrium in the same position as before ? 
How can you tell tliat the position is the same? 
How does the experiment verity the deduction from Expt. Ill, Chap, IV, 
Notice that when the line joining the two pins is above the fulcrum the 
equilibrium is unstable. 



le of irregular shaped cardboard. Punch five holes in it, 
and fix it on the vertical drawing board (Expt. II. Chap. IV.) by means 
of two stout pins. Attach hooka, threads and weights as in Ebcpt. IV. of 
Chap, IV,, one weight hanging vertically. Remove one of the pins; the 
card will probably turn round the remaining pin, and take up some 

nition of equilibrium. The card is now a lever in equilibrium, the pin 
ig the fulcrum. 
Draw lines on the card shewing the axea of the forces. Mid indioate oo 
the Unos the magnitudes and senses of these forees. 



DKDUCrriONS. 373 

Dismount the card. Measure the perpendiculars from the fulcrum on 
the axes of the forces, and calculate the sum uf the moments. 

Find the sura of the vectors <A the forces. 

Draw throagh the fulcrum a line parallel to the sum of the vectors. 
Mark a point on this line, and mark also a point not near the line. 

Calcubt« the sum of the moments about these two points as if they 

If a force equal in magnitude and direction, hut opposite in sense, to the 
resultant vector acted in the axis drawn through the fulcrum, what wonld 
be the sum of the moments of the whole six forces about these three points, 
via. the original fulcrum, and the two marked points T 

What was the force oeting at the fulcrum on the card, i.e. the reaction 
of the pin ! 

ExPT. VI. Fix the same card to the drawing board (by two pins) iu 
such a position that the axis originally vertical is vertical again. 
Arrange Hie pulleys so that the same forces may act on the card as in the 
last experiment, and in addition a sixth force given by the reversed 
resultant vector whose line of axis has been already drawn. 

Remove the pins and see if the card is in equilibrium. 

It in equilibrium any point on the card pinned to the board would do 
for a fulcrum. Calculate the sum of the moments of the six forces about 
several points. 

Was the vector polygon closed for all the forces ! 

Would there have been equilibrium if the sixth force had been applied 
in any other line than the one through the fulcrum 1 

DednctiouB. 

(1) If a rigid body is free to turn about an axis (fulcrum} the rotative 
tendency of any force acting on the body is measured by the product of 
the force and the perpendicular on its axis from the fulcrum, and this 
moment is positiveornegativeoccordingas the rotative tendency is con tra- 
clookwise or clockwise. Expts. I. -VI, 

(2) If a number of coplanar forces act on a body free to turn about an 
axis, the body will turn until the sum of the moments of the forces about 
the axis is zero. If the body, free to turn about an axis, does not, the sum 
of the moments of the forces about that axis is zero. Expt. V. 

(3) If the sum of the moments of the forces is zero about three points 
(non -colli near) in the plane, the body will be in equilibrium (Expts. V, 
and VI.), and if the body ia in equilibrium, the sum of the momente 
ia zero for all points. Expt. VI. 



CIRCULAR MEASURE OF AN ANGLE. 

Draw a, circle of radiua 3° and mark by radial lines angles of 30^, 60° and 
90°. Step off the arcs, corresponding to thene, along a tangent and mentiure 
their lengths In inchea. Divide theee lenzths by the radiun. The numbers 
so obtained are approniinately the oirculiir measures of the angles. See 
that the last Dumber is 1 '57 and that the numbers are in the ratio 1:2:3, 

Whatever the radiua of the oirole the circular measure of these angles 
will be the xame. 

If an are be stepped off equal to the radiua, the angle at the centre ivill 
have unity as its circular measure. This angle is oalled a nuUan and is the 
unit of circular measure. Construct a radian and see that it is nearly 57 '3°. 

The measure of an angle in radians is always ^JP -, which being the 
ratio of two lengths is a number. "^i»« 

Mathematicians formerly wont to enormous trouble to calculate the 
measure of two right angles in radians : it has been worked out to 707 
deoimal places. The number of radians in two right angles ia always 
denoted by the letter r. Correct to 5 figures its value is 31416; the 
traction -"/- gives r correct to three figures. Instead ot giving the radian.i 
in an angle as a number, approximately correct, it is sometimes convenient 
to express it as a fraction of t ; thus the number ot radians in 15°, 30° and 
40° are T, ^ and ;. 



GREEK LEITERS USED IN THE TEXT, WITH THEIR 
USUAL PRONUNCIATIONS. 

a (Alpha). e (Theta). 

p (Beta). r (Pi). 

7 (Gamma). p (Rho). 

MEpailon). s}*S'«™»l- 



ANSWERS. 

CHAPTER r. 
Exercises. Faqes 1-41. 
9. 0-^' J 38-4'. 5. Total load, 15-1 ozs. 6. ll-3oza. 

7. 123. 8. 27-4. 9. 12. 10. -9-7. 

IS. Complete the triangle oa a, and measure the angle between u and the 
third side. Through the enda of b draw lines making 8 and 60° 
with b, then e is the side bounding the 60' angle. 
le. 8-88. 25. 192. 29. 1-36, 148, 057. 82. 1 47, 083. 84. 915. 
36. 8-38. 36. 606. 88. 0-575. 30. 2*88. 40. 225. 

41. 1-28,1-64,2-08,2-67,3-43,4-39. 42. 0-73, 0-62, 0'53. 

43. 1-13, 1-06, 0-92, 0-96. 
46. 0-04, 0-13, 0-21, 0'82, 097, 1-74, 1-90. 
4T. 0-63, 0-87, 096, 1-17, 1-30, 1-43, 1-48. 



25u' 



where u is 1"; y-x^ 



fil. ^^-.; rS" and t3'5" and are independent of EI. 

64. 3-8. 65. 8130. 66. lO'O". 67. 257 ; 694. 

68. 31 -2 million etgs. 70. 10'4 aeoB. 71. 2'94ft.-lba. 72, 17-4ft.-tons. 
73. A line of length 8-96 cms., scale 1 cm. to 1 Ib.-ft. ; a line of length 
8-96", Boalel"tollb.-ft, 



Miscellaneous Examples I. Pases 41, 42. 
1. 0-6", 1-42", 0-7". 2. 5-14oms. 4. 1-88". 

6. 7-85, 12-6, 15-7. 6. 45-3, 35D, 1-7, 7. 1-07,1-38,2-36,2-84. 

8. SI = 1^, whore u is an inch. 9. 2-47. 10. 21 ft. -lbs. 
n. 2-46, 1-10, 0-76, 4-0. 18. 0-31 oub. ft. 
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CHAPTER n. 
Exetoiaes. Paoeb 43-64. 




1. 512 sq.m 


8. 2. 20'4 sq. tms. 


4. 2-28 aq. ine. 


6. 91 sq. inH, 


7. 2420 aq. ft. 


8. 1-67 aq. ins. 


B. ABCD ia 


-I'OSaq. ina. 11. 9 sq. ins. 


12. 4S50 aq, yds. 


IS. 8-87. 


16. 5-9 eq. me. 


24. 37-6 cub. ins. 


n. 21 '6 cub. i 


na. 36. 9'75 oub, ins. 





Miscellaneous Examples II. Faobs 65, 66. 

3. 12aq. ins., r2Bq. ina. 3. 5-4 aq. ins. 4. 4-1 aq. ins. 

S. 1-6 sq. ina. 6. 9-9 aq. ina. 7. 152 aq. ema. 

8. 3560 oub. cms. D. 22200 aq. ft. 10. 40-7 aq. onia. 
13. Areaisd'»3sq. ins., angles are 71 '6°, 61 -S°, 46-4°. 

CHAPTER III. 
Exercises. Faoes 69-114. 
L 113ft. N.W.; 160ft. N.; 113ft. N.E.; 0. 
3. (i) 4-95', 0-6° W. uf S. ; (ii) 6-97', 11-4° W. of S. 
7. 14-3 cma., 23-2° S. of E. 

9. 3-69m./hr. 8.W.;3-7m./hr.,25rS.otW.; 197 ra./hr.,32-2°N. of W. 

Speeds 3-69 ; 4 ; 3-86 ra./hr. 
11. 5-83ft./aec., 31°E. of N. 12. 36-9° with the up-atreara line. 

13. 24-3° with the up-stream line. 14. 258 m./hr., 22-8° N. of E. 
15. 16-6m./hr.,25-2° W. of S. 17. 14-3 m./hr. from 36-5° N. of K 

18. 17 m./hr. (nearly). 19. From 28-4° N. of E. and 15-6° W. of N. 

20. 3-3mileB. 21. 135 m./hr. 475 E. of S. 

23. fl-2 m./hr., 14r E. of S. ; 15-7 m./hr., 147° E. of S. 

23. The total accelerations are 17 ft./aec, 48-3° S. of E., 26-1 ft./aeo. E., 

16 ft./8ec., 45° N. of E. and 0. 

24. 41 '9 ft. per sec. per aeo. at -22-5° with ita own direction of motion. 
26. 707 ft. each. 27. 10-6 and 5-5 ft. 

28. 27-9 and 161 ft. per sec. per sec. 

89. 4-93 and 0'83 ft. per see. per sec. 

30. 47 milea. 31. 29'2 ft. per aeo. per sec. 

32. 1-61 ft. per sec. per aeo. down the incline. 

33. 2-31 ft. per see. per sec. making 43'4° with the verticaL 

42. 0-85" from the centre. 

43. 1-1" and 0-8" from the aides crmtaining the second and third, and the 

third and fourth mosaea respectively. 
48. 5-93 oma. from origin. 49. 4" from origin. 

68. 1-92" and 0-29". 67. 0'60S of radius from centre. 



68. 0-84" from oentr 
86. 0-19" from the c 

69. 0-33" from the o 

70. 0-44" from centr 
Tl. 0-57" from centr 



ANSWERS. 

of circle. 

ntre of the 3" circle away from the hole, 
□tre of the rectangle away from the hole. 

of rectangle. 

of rectangle. 



UiscellaBeons Ezajnples III. Faqbs 115, 116. 

8. 26-8 tt. per sec. at 52-6° with the horiuootal. 

4. U-2m./hr., 49'1°N. of W. 6, Coordinatea are 242 and 3-54 Cl 

e. Coordinates are 232 and 3-88 eras. 8. 2-25" from centre. 

9. 0-78 and 0'61 of the radius from AB and BC reapectitely. 
11. 7'17 ft. from base of block. 



CHAPTER IV. 



Exercises. Paobs 119-166. 

2. 166 lbs. wt. 

3. (i) ff = ^ = 36-9°. 
(iii) *=34-05°, 0=44'4°. 

(v) P=14-21bB. wt. = 76-3°. 
(vii) fl = .33-8°, § = 7'761ba. wt. (viii) P=6-54. 
(ix) P=10-73, = 9. (s) fi=5-66, Q=3-35. 

4. 95-5°, 134 T, 129-8°. 5. 59 and 107 grms. wt. respeetii 

6. (i) 12-7 and 20-8 lbs. wt. respectively. 

7. 2-98 cwte. at A and 1-57 at B. 



(ii) ft=87 1b8.wt.,*=30°. 
(iv) e^8'lSlb9. ■wt.,* = 48°. 
(vi) F=5-38, 0=4'121b8. wt. 



A 


5,340 


5.880 8,980 


12,600 


14.800 


30,600 


B 


8,790 


8,720 7,560 


9,080 


11,400 


29,000 



12. lUmaking Il2-75°withthe30force. 

13. fi=37-4. S=6'3. 14. 0'2 and 1-67 lbs. wt. respectively. 

16, 7-54 and 13-52 Ibfl. wt. respectively. 

17. AB raakcB 21 '3° with the vertical, the pull on A is 10-25 Iba. wt. 

19. Jr=32-81bs. wt. ao. lllbs.wt, at 35-3° with the vertical. 

31. l-29cwt8. 22. 20-5 and 36 Iba. wt. 

38. Through one end oE a draw s. line parallel to OB, describe a oirole 
of radius e with the other end of n aa centre. The circle cuta the 
line drawn parallel to OB in two points, hence c has one of two 
I directions. If c bas a direction perpendicular to OB the ra^nitude 
of c will be the least possible, 
24. (i) 13-4 and 44-8 lbs. wt. (ii) Diminished by 5 3 and 7 '3 Ibe. wt. 

(iii) Increased by 5-3 and 7-3 lbs. wt. (iv) 183 lbs. wt. 
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2B. 207kilogrina. wt.,'40-l''E. otN. 

26. B-5 lbs. wt. at 67-2° with the 23 force. 

». 18'2 Ibfl. wt. towards a point 337° N. of E. 

31. 23-8 lbs. wt. at Id-V with the 10 lb. wt. force. 

32. 20'7 lbs. wt. bisecting the angle .^8(7. 

33. 12'7 Iba. wt. at 45ai''with -4B. 34. 9-33 and 9(16 kilogrms. wt. 
3S. 1 '29 and 2*5 kilogrma. wt. 86. 1 -77 and 3-42 kilogrniB. wt. 

88. 0-4owt8. 

89. First draw the plane. Then set off AC vertically downwards tor the 

weight of the body and draw A B and BC parallel and perpendicular 
to the plane. Set o^ AE along A B for the pull panillef to the plane, 
and theiicdraw ED at 15° with the horizontal cutting CB at i>. 
Scale DE and DC; they give I0'9 and I4'3 cwts. sa the required 

40. Druw parallel to -y a railiua of the eirole and measure the length of the 

are to the highest point (1 '22'). 

41. Thesh>poisO'41 theangle21'S°. 

42. 24 '3°. 48. 39°; 161 lbs. wt. 44. 3-39 owta. 
48. 4-5 and 3 kilogrms. wt. 

46. 15-6 Iba. wt. at 45° with tlie vertical. 

47. 9-3 and 199 lbs. wt. bisecting the angles. 

48. (i) 388,1300 and 388 grnis. wt. bisueting the angles, 
(ii) 1449,1299 and 144jji grms. wt. biaeoting the angles. 

«. 5'71 tona wt. in AG, 4-28 in BC. 80. 8'61 tona wt. in BC. 

61. 2-33 tons. wt. in BC, 446 in AC. 

83. 0'39 tona wt. in AC, 3'83 in BC. 

64. 4-3 tons wt. in ^C, 0-92 in BC. 

66. I '89 kilogrma. wt. in .dC. 1-19 in JS, 0'98 in B(7, 0-68 kilogrma. wt 
reaction at B, 1-02 at .^. 

66. 4-44 tons wt. m AB, 9-62 in AC. 

67. 2-8 fcoffli wt. in AB, 15'9 in AG. 

60. Reaction of nail = weight of picture; tension = 4-621bs. wt. 

61. l'72cwts. inBC, 3'5in JC, (7 being below .d£. 

62. Stress in B^, 5'29 tons wt. 63. Tension is 16-5 Iba. wt. 

64. Firat find the tension in the chain by drawing from the ends of the 
vertical load, vector a horizontal line and one making 30° with 
the vertical. Find the total pull at B of the two parte of the chain 
and then the forces in AB and CB which are in equilibrium with 
thia. Stress in GB is 6'6 cwts., in AB 17'3 cwla. 

66. 18'18, 42'rN. of E. 67. 10 '02 and S -92. 

60. 129, 321, 453, 483 lbs. wt. respectively. 

70. II and 6-69 lbs. wt. respectively. 

72. |i) 421 ibs. wt. along tlie rail, aide thrust 201. 
(ii) 421 lbs. wt. along the rails, side thrust 21, 
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78. (i) 5-3 and 10-55 Ibawt. (ii) 10-55 and 53 Iba. wt 

(iii) 3-7 lbs. at each. 
75. P=3-fl7 lbs. wt,, reaction^n lbs. wfc. Coraponent parallel to 

pIane = 3-67 lbs. wt., vertical component of reaction^ 10-4 lbs. wt. 
7«. 271ba. wt.,75-31b8. wt. 77. 1327 lbs. wt., 558 lbs. wt. 

78. The wedge ia in equilibrium under the horizontal pnah of 28 lbs. wt., 

the rea<ition of the block and a vertical force equal to the table 
reaction less the weight of the wedge. Draw a horizontal lino 
representing to scale the push of 28 lbs. wt. From ita end points 
draw linca vertical and perpendicular to face of wedge supporting 
the block, the latter gives .'•d-Q lbs. wt. as the reaction of the block 
on the wedge. The fi)nner gives 62*5 as the vertical force on the 
wedge, and this consists of 18 lbs. downwards and the reaction of 
the table upwards. The table reaction is therefore 70-5 upwards. 

79. 12-2 and 43-6 Iba. wt. respectively. 

84. 19Blb9. wt. 8T. 5'S5. 12-5, 37*5 lbs. wt. 89. 2'35 lbs. wt. 

90. 2-36 lbs. wt, at 43T with the vertical. 

91. 0-252 cwts. at wall, 0*564 at ground, making 63'45° with the horizontal. 
93. 0-217 cwts. at wall, reaction at ground makes 2325° with the vertical. 
93. T6naioni8 22-l kilogrms. wt. 

97. For the 60° plane the reaction is 2S-9 lbs. wl., the reaction of the 

hinge is SO'S Iba. wt., making 252° with the vertical. 

98. 1-25 cwts. at the top and 1*66 cwts. at the bottom, the latter raaking 

51-6° with the horizontal. 
M. 521 lbs. wt. at hinge, making 24° with the beam, and 2GS lbs. wt. at 
the top. 

100. Q-212 lbs. wt., reaction at C 232 lbs. wt. pacing through tiie 

interaeotion of P and Q. 

101. 42 lbs. wt. at plane and 4S at the peg, making 25-6° with the vertioal. 

102. 83*1° with the vertioal 108. 50-8° with tho vertioal. 

104. 42-r with the vertical. 

105. 51° with the horizontal; reactionaof thephinesare3-66and2-59cwts. 

CHAPTER V. 

ExerclseB. Pages 172-206. 

a. Reaultant of magnitude 3*62 Iba. wt. inolined at IS'S" with BC, the 

axis cuia A B produced at 1" from B. 
3. Resultant of miwiitudo 8'99 Iba. wt,, making 48*7° with Ox and 

cutting it at - 0*31 units from origin. 
8. Magnitude 6-62 lbs. wt. making 783° with the first spoke, axis cnta 
first spoke at 4-6' from its point of contact with the hub. 
11. 12 lbs. wt. at 6-42° from the smaller weight. 
13. 3'86'from the left end weight. 

18. First find the resultant of the first two forces and the given equilibrant. 
The third rope is 3 '9' from the mid -point and nearer the smaller weight. 



where the lost link outa the axis of W^. A line thmugh the pole of 
the vector polygon parallel to the bne joining these two points 
determines flie magnitude of JFj 1I975 Iba. wt.). 

15. - 6 lbs. wt. at 9 ft. from first force and 6 ft. from second. 

16. -ffllbs. wt. at 17-1" from the end. 

17. Magnitnde 27*2 11)8. wt., the axis making 22-1° with FQ and catting it 

at 0-4r from P. 

18. I owt. at 0-72 ydis. from first and 0'28 yds. from second force. 

19. 197' from leading wheel. 26. 4-73 and 397 t<mB. 
26. 23-60 and 23-35 owte. 27. 39-4and 6-6 owta. 
28. No ; reaction 1 -3 owts. downwards, 

31. 23-7 cwts. at roller, reaction at pin makes 41-6° with beam and is of 

magnitude 31 5 owte. 
S3. 185*7 lbs. wt. at pUte, 273 lbs. wt. at hinge, making 42-9° with 

vertioaL 
34. 364 lbs. wt at plate, 472 lbs. wt. at hinge, making 50-5° with 

vertical, 

36. (i) .327 lbs. wt at plate, 499 Iba. wt. at hinge, making 54-5° with the 

gate post 

37. Reaction at cylinder 1-82 cwts., reaction at hinge 1*22 cwts., making 

51-9' with the horizontal. 

38. 348 lbs. wt., making 15-2" with the vertical. 

46. {i) Perpendicular to the pole with a force 1-81 times the weight of the 
pole ; (ii) a force of 1 'Sfe times the weight of the pole at an angle at 
76 -9° with the pole. 

53. 10-3 tons wt., making 16-1° with the vertical. 

CHAPTER VL 
Exercises. Pages 210-251. 

2. RQ and PS in tension ; atreas 9-82 lbs. wt in each. PQ in com- 

pression ; stress 491 Iba. wt. 

3. Reaction at P is 12 45 lbs. wt, stress in PC = 3 72 lbs. wt. and at 

0fl=5-08!ba. wt 

5. A tensile stress of 4 -97 lbs, wt. in the low^r bars ; a compressive stress 

in the horiiontal bar of 14 lbs. wt. 

6. Lower bars have a tensile stress of 4'97 lbs. wt., the vertical bar one 

of 14 lbs. wt. 

7. The diagonal bar makes 475° with the horizontal ; the stresses in the 

two lower bars are 4'43 and 5-42 lbs. wt. 
9. The stresses in ^B.Se and GA are 21-7, 56-3 and 273 Iba. wt 
11. Tensile stress in PQ of 2 tons wt., compressive stress in PT of 1-73 
tons wt, compreasivo atreaa in TSot 1-I5 tons wt. 



13. Compresaive stress in PQ of 2'31 tons wt., in QR a tensile si 

1 -15 t<HlB w.t. 
13. Stress in PQ is 2'31 tons wt. 14. Stress in PU is 8-66 t 

23. 331 lbs. wt. along the line joining P to the midpoint ot QR. 
30. Average compressive stress in AB is 3'93 lbs. wt. 



CHAPTER VII. 
Exercises. Pages 256-280. 

5. Reaction 27 '4 ozs., making I8'4° with the vertical. 

8. (i) Yea ; (ii) no. 4. >.=0-447, ( = 24-1°. 

6. 4a7gmis.wt. 8. 4-09 and 3 79 lbs. wL 

8. Least force 11'7 lbs. wt. at 32 "4° with the horizontal, oorresponding 
friotion ia 0*98 lbs. wt. 

10. Yea ; 155° with the vertical. 

11. 5'64 cwta. at 19 '5° with the vertical, horizontal resistance I'SS owta. 

12. Tjeast pull is 12-8 lbs. wt. at 203° with the horizontal. 

13. Angle of friction 36-9°, reaction 8 lbs. wt. 

14. (a) 3-5. (6) 4-14 cwta. {r) 2-08- {d) At 25° with the horizontal. 

16. 6'23 kilogrms. wt. is the least force, 17'SI in the opposite sense to thi.' 

5 force. 
18. 0-78 tons wt., making 387° with the vertical; (a) 1-02 tons wt. ; ■ 
(6) 0-83 tons wt. 

17. Grea,test force l'3i kilogrms. wt. 

18. 3-32 owta. 19. 643, 3-46 cwta. 



I, thi; former componcnta 
23. 48-5 lbs. wt. 

38. 10-3°. 34. 2-85 ft., least tension 0-896 cwts. 
25. 43-6°. 27. ^ = 0'14. 

28. The M.c. divides ladder in ratio 13/100. 

39. 14-29 lbs. wt. ; ^ = 0-866. 

31. S'S° with the horizontal. 

32. The M.c. divides the beam in ratio 342/100. 
38. The M.C. divides the beam in ratio 211/100. 
34. The M.C. dividea the beam in ratio 323/lOa 
36. The M.a is nearly at the mid point. 

38. 6.r with the vertical. 

39. 76-7° with the vertical. 

41. 70° with the vertical, no other possible position foe limiting equili- 
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CHAPTER Vni. 
Ezercisea. Pages 284-302. 
3. 475 Ibfl. ft. 

8. (i) -38-7. (ii) 137. (ui) -8-5 tons ft. 
8. 5450 tona inches. 9. 13700 t^ms inches. 

11. Take the pole 10 cms. from the force vector. 

12. Measure the line giving the tuomental area on the kilogramme weight 

14. 157 lbs. inches. 16. -ll-ilba. inches. 

20. 2-67 cms. from CD^ 4'2 troiu AD. 

21. 6-66 ema. from CD. 2*05 from AD outside the square. 

S9. 5'4 cms. from lower centra. 30. 5*62 cms. from lower centre. 

CHAPTER IX. 
Exercises. Paoes 315-332. 

1. 1<.M. is 4000 lbs. ft., 8.F. is 500 lbs. wt. 

2. b.m'h are 22,500, 10,000 and 5000 Iba. ft. 
S.P's are 2000 lbs. wt. at 8 ft. 

1700 lbs. wt. at juHt under 16 ft. 
1000 lbs. wt. at Just over 15 ft. 
1000 lbs. wt. at 20 ft. 

3. B.M. at 8 ft. is 21-2 tons ft. 
S.F. at 8 ft is 1 '9 tons wt. 



CHAPTER XL 
Exercises. Paqes 354-367. 
1. 1420£t.-lb8. 8. 16,000 ft. -lbs. 8. 18,500 inoh-lbs. 

4, 1930 ft. -lbs. 5. 48'4ft.-cwts. 6. 117 ft.-cwta. 

B. 799 ft.-lbs. (independent of the radius). 9. 3470ft.-lbs. 

10. 193 ft. -lbs. againat gravity, 57 against friction, 250 by the equilibrating 

force. Total work is zero. 

11. 278 and 367 ft. -lbs. 13. 765ft,-lbB. 

13. 335 ft. -lbs. 14. 2,520,000 ft. -lbs. 

16. 20-7 ft.-lb8. round Band 66-2 round C. 

16. 224,500 fU-lbs. 18. 303 ft. -Iba 19. 64-6 inch-lbs. 

20. 57-9inoh-lb8. 21. 10-3ft.-lbg. 



Abscissa, 13. 
Acceleration, average, 82. 

definition, 83. 

duo to gravity, 83, 1 16. 

moss and force, 135. 

total, 8-2. 
Action and reaction, 137- 

examplpson, 138-142. 
Addition, graphical, 4. 

of nccelerationa, 83. 

of diaplaoomontB, 70-72. 

of momental areas, 188-190. 

of momenta, 287-297- 

of velocities, 78. 

of work done, 361. 
Areas, circular sector, 65. 

circular segment, 56-57. 

equivalent figures, 62, US- 
irregular figures, 58-61. 
SfliaaB-oentres of, 98, 114. 

\id-ordinate rule for, 58. 
'jgative, 48, 49, 106, 107. 
arabolio segment, 60. 
lOlygons, 50-52. 

quadrilateral, 46-4S. 
cross, 49. 
re-entrant, 47. 

rectangle, 46. 

Simpson's rule tor, 59. 

to scale, 36, 37. 



Average acceleration, 82. 



Backstays, 341. 

Bending moment, definition, 314. 

diagrams, 314. 

experiment and explanations, 309. 

for cantilever, 310. 

for continuously loaded beam, 
319-321. 

for freely Bupported bridge, 312. 

for non-parallel forces, 316. 

for several loads, 314. 

for travelling loads, 321-334. 



Bending of beams, 309. 
Bicycle spanner (problem), 273. 
Bow, noiation due to, 177. 
Bowatring roof truss, 1^1. 
Boyle's law, 265. 

Can tilever.216, 225, 308-311, 322,31 
Centre of figure, 89, 303. 

of gravity, 303. 

of mean position, 85-BO, 303, 

of parallel forces, 298, 303. 
Centroid, 89, 303. 
Chain, uniformly loaded. 346. 

of suspension bridge, 344. 
Circular arc, length of, 53-64. 
M.c. of, 98. 
qeosure, 374. 



Componenta, vectors, 84. 

toroiiB, 151-154, 199-2ai. 
' parallel forces, 201, 

three noQ-ooncurrejit forceB, 202. 
Composition of forces, 206-208. 
Conjugnt« direction, 99. 
Continuouely loaded beams, 319-321. 

chains, 345, 346. 
Coordinates, rectangular, 13. 
Couples. 184. 207. 304. 

arma uf, 185. 

moniental areas of. 185. 

of transference, 207. 
Crane, simple wall, 144-147. 

darriok, 149. 
Cremona (Professor), 352. 
Cubes, 33. 
Cube roots, 33, 34. 
Curve of cubes, 33. 

of gas oompreiision, 366. 

of reciprocals, 34. 

uf squares, 29. 

of suspension bri(|ge chain, 344. 

Deconi position of forces. 161-160, 

199-206. 
Derrick crane, 149, 204, 319. 
Dip (of a'suspension bridge), 341. 
Direction, 1, 69. 
Displacement, 69, 70. 
addition of, 71, 72. 

relative, 73. 
Division, 15, 16, 17. 

and muiti plication, IS, 19. 

on squared paper, 17. 
Dyne, 136. 

Ehistio limit, 305. 
Engine crank, force on, 156. 
Equation, to a straight line, 13. 
to curve of suspension bridge. 248, 
.^44, 345. 

y=i~',x', 1,1,31.36. 



under two forces, 1 1 
tinder three forces. 1 
and friction, 257, 25 



Equilibrium and link polygon, 190, 
19.5. 
and vector polygon. 184, 186, 195. 
broken by rotation, 277-279. 
scalar conditions, 1.51. 
Equivalent figures, 62, 113. 

forces, 176 
Erg. 40, 355. 

Experiments I.-VTI. on concurrent 
forces, 119-122. 
deduction, 131, 132. 
VIII. on link polygon oonstnic- 

IX., X., XI. on general conditions 
for equilibrium, 192. 
deductions from, 193. 
XU., XIII., XIV. on friction, 

256, 258. 
deductions from, 258. 
with lever. 369-373. 
deductions from, 373. 

Falling bodies, 83. 
Foot-pound, 38, 355. 
Foroe. componenta, 151-156, 199- 
205. 

equilibrant, 132, 177. 

equivalent, 176. 

mass and aoceleration. 135. 

moment of. 41, 284, 370-373. 

on crank. 166. 

on sail, 169. 

polygon, 176. 

unit, magnitude of, 136. 

mposttion of. 



133. 

deoompc 



■n of. 151. 



,, 119-123. 



JSTon 
experiments oi 
resultant, 132, laa. 
ouplanar composition of, by link 
polygon, 174-176. 
decomposition of. 199-203, 206. 
like and unlike, 180. 
parallel, 180-186. 
reduction of any set, 207. 
resultant, 176, 177. 
Framework, simple bar, 144-149. 

and weight of bars, 225-235. 
French window problem, 206. 
roof truss, 353. 
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FrictiOD and beams cm two planes, 
270. 
and bioyole spanner, 373. 
and cube, 277- 
and drawer, 275. 
and inclined plane, 262-265. 
and motion, 360. 
and ladder, 266-269. 
and lifting jack, 274- 
and reel, 278-280. 
and wedge, 276. 
angle nf, 269. 
ooelGoient of. 268. 
laws of, 258, 360. 

n force for motion nnder. 



Gas, work done in compression, 366. 
Girder, Warren, 222, 2M. 

N, 219. 
Graphical addition, 4. 

Graphical measure of angles, 374, 
of areas, 36-38, 43-61. 
of bending moments, 310. 
of circular arc. 53. 
of momenta, 285. 
of powers, 26. 
of products, 8-13. 
of quotients, 15-17. 
of reciprocals, 35. 
of shearing force, 310. 
of volumes, 62. 
of work done, 38, 366. 
Graphical representation of a 

moment, 285. 
of momental area, 185, 285. 
of work done, 358. 
Graphs of y=:mx, i", x', i.etc., 13, 

31-36. * 

of force on enirine crank, 156, 

157. 
of force on meteoritfl (problem), 

367. 
of friction and normal pressure, 

258. 
of gas compression, 366. 



Graphs of lengths of ropes support- 
ing loads. 127-129. 
of lever law, 369. 
stresses in simple wall crane, 

146. 
of spriog extension, 365. 
of work done, 363. 
Gravity, acceleration due to, S3, 136. 



Heaviside, ve . . 

Henrici (Prof.), notation for graphi- 
cal statics, 177. 
vector notation, 74. 



Hinge, door, n 

reactions on bars, 220-230. 
Hooke's law, 307, 364. 

Inclined plane and beam in equili- 
brium, 270, 271. 

and coefficient of friction, 262. 

and work done, 361. 

problems on, 139-142. 

and reel, 279. 

with friction problems, 262-266. 
Independent vectors, 110. 
Integral powors, 26. 
Irregular figures, area of, 68, 61. 
M.c. of, 302. 

Joints, pin, 144. 

two bar reactions, 226, 228. 
three bar n 



King post truss, 222, 224. 
Kite problem, 160. 
Knife edge, supports, 195. 

Law, Boyle's or Marriotte's, 

Hooke'*s. 306, 364. 

Newton's second, 136. 
third. 137. 
Length of circular arc, 53. 
Lover, experimente on, 369-1 

law of, 373. 

Like forces, 180. 
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Line in division and multiplication, 

17-22. 
Link, polygon cooatmctionB, 173-176, 
178-180. 
oio9od, 190. 

for parallel foroea (like), 180-182. 
(unlike), 182. 
Looaliaed veotora, 132. 

Maas, force and acceleration, 135. 



ne^tive, 106, 107. 

points, SI. 

and weight, 136. 



formula for, 93, 97, 98, 104, 105, 

111. 
graphical construction, 91-93, 111, 



segment, 108. 

of irregular area, 1 13, 302. 

of lines, %. 

of points in a line, 92-94. 

of anadrilateral, 100-101. 

of trapezium, I'M. 

of triangle, 99. 

scalar equations for. 111. 

and wort done, 362. 
Masses to scale, 2. 
Maxwell vector notation, 70. 
Mid-ordinate rule for areas, 58-69. 
Modulus, of a l>ar, 305. 

Young's, 305. 
Moment, Bending, 309, 314. 

geometrical representation of, 285, 

graphical meosare of, 285, 286. 

of a force! 284, 290, 370-373. 

sense of, 287. 

unit of, 285. 
Mom en tal areas, 185. 

addition of, 185. 

unit of, 185. 
Momente and couple, 295, 304. 

and equilibrium, 304, 373. 

bending, .308. 

The mmibera 



Momenta, sum of, 296, 297. 
by link polygon, 287-294. 

theory of. 30*. 
Multiplication of lengths, 37. 

of numbers, 8-11, 20. 

of veotors by eoalars. 85. 

on squared paper, 12, 22, 23. 

Newton's second law ot motion, 
135. 
third law of motion, 137. 
Notation tor displacements, 70. 
for tines representing numbers, 

8. 
for numbers, 8. 



Parabola, equation to, 244. 

and funicular polygon, 244-248. 

and suspension bridge, 343. 

and tel^rapb wire, 345. 
Parallel ftrces (engine probleim), 
180-182. 

like and unlike, 182, 

veotors (like), 74, 110. 
Parallelogram, area of, 46. 

centre of figure of, 89. 

law, 134. 
Particles, 91. 
Path and displacement, 69. 

and work done, 360. 
Pentagonal frame stresses, 234. 
Plane, inclined, 139-142. 

and friction, 262-265. 
Polygon, area of 50 

force, 176. 

funicular, 176. 

link, 173-176. 

vector, 176. 
Powers of numbers, 26, 27. 
Product of force and length (gee 
work done and moment). 

of two lengths. 36-38. 

of numbers, 8. 

of ratios, 25. 
Pulley, smooth, 119, 162. 



Quadrilateral, area of, 47. 

cross, 48. 

frame, 214, 230. 

M.O. of, 100, 101. 

re-entrant, 47. 
Quantities, scales and vector, 1. 

to scale, 1. 
Queen post truss, 223, 2S0. 



Radia 



, S74. 



160. 

normal, 13S. 

of a stirfaoe, 138. 
Reaotion and action («ee Newton). 
Reactions, at joints, ZX, 234. 

by link polygon, IM, 196. 

indeterminate, 317. 

made determinate, 338. 

of walU, 205, 230, 337-339. 
Reciprocal figures. 352. 
Reciprocals, 35. 

squared, 3fl. 
Rectangle reduced fo unit base, 46. 
Reduction of a set of forces, 195, 

206,207. 
Reel, problems on, 278. 
Relative velocity and displacement, 

73, 79-82. 
Resistance, 137. 
Rt^Bultant force, 132, 133, 176. 

by link polygon, 173-176. 

examples in concurrent forces, 
133, 134. 

three forces (non- parallel), 172. 

uniqueneaa of, 177. 
Rigid T>ody, 131. 

frame as a, 212. 
Roots, square, 30. 

cube, 33. 
Rotors. 132. 

Sag, of a telegraph wire, 345. 
Kaning against the wind, 159. 
Scalar quantities. 1. 
Scale, areas to, 36. 

masses to, 2. 

numbers to. 6. 
Scales, change of, 22, 24. 

different, 15. 



Sense and sign, 70. 



for ornitinoonsly loaded beams, 
320-321. 

for freely supported bridge, 312. 

for sevuraJ loads, 314. 

for simple cantilever, 310, 326-335. 

for traveiUing loads, 321-326. 
Similar triangles, 7- 
Simpson's rule for areas, 59. 
Skew symmetry, 95. 
Smooth (bodies), 138. 
Speed, 76, 77. 
Square roots, 29, 30. 
Squared paper and divJBicHi, 17. 

and multipUoation, 12. 

and powers, 29-35. 
Statics, foundation of, 131. 
Straight line, as a vector, 71- 

equation to, 13. 

locus in B.ts. diagram, 332. 

in' division', 17-19. 
in multiplication, 12, 21, 32. 
Stress, compreesive, 137. 
diagrams, three bar frame, 210- 
214. 
braijed quadrilateral, 214-216. 
bridge girder, 218. 
cantilever, 216, 225. 
examples, 221-226. 
pentagonal frame, 234. 
roof truss, 220, 338. 
and vector polygon, 210. 
tensile, 137. 
Stresses by moments, 340-343, 348- 

352. 
Strip division method for at«aE, 

58, 62. 
Subtraction. 5. 
Suspension bridge, 341. 

and parabola, 343. 
Symmetry, right and skew, 99. 
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Telegraph wire, M6. 
Three moments, 304, 373. 
Toggle joint, 205. 
Torque, 41. 
Triangle, area of, 43-46. 

M.c, of, 99. 
TriiLDgles, Bimilar, 7. 
Trass and wind pressure, 338. 

bowstring roof, 221. 

French roof, 352, 353. 

king post, 222, 224. 

C[Uf3rilateml, 251. 

queen post, ^, 260. 

railway platform, 22S, 

eimple three bar, 149. 

taking account of weight of bars, 

voriooa "examples, 215, 222, 223, 
251,339,3«, 351, 353. 
Turning moment, 41, 370. 

Unit area, 36. 

base and reduction of areas to, 43. 

[orce (magnitude), 136. 

length, 78. 

moment (magnitude). 285. 

epeed acceleration, 136. 

speed, 78, 136. 

work, 38. 
Unlike forcea, 180. 



Vectors, components, 

independent, 110. 

Uke, 110. 

multiplication by ecalars, 

and vector Quantities, 73. 
VelocitiM, addition of, 73, 



S4. 



definition o. , 
relative, 79-8! 
and speed, 77- 
unita, 78. 
Volumes, of revolution, 62. 
to scale, 36. 

WaU crane, 198, 204. 

reaction of, 905, 230, 337-33 
Warren girder, 222, 224. 
Weight and mass, 136. 

of bars in frames, 225-235. 
Wind pressure on roofs, 338. 

on a kite, 160. 



and friction, 360, 361. 
and motion, 358. 
by component forces, 361, ! 
by variable force, 363. 
definitioiv, 354, 357- 
graphicai representation, 3. 
in oompreasing a gas, 366. 
in spring extension, 364. 



Young's modiilue, 306. 
'/er to pages. 
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